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Introduction 


Generally speaking, a dynamical system is a space in which the points (which 
can be viewed as configurations) move along with time according to a given rule, 
usually not depending on time. Time can be either continuous (the motion of 
planets, fluid mechanics, etc) or discrete (the number of bees each year, etc). In 
the discrete case, the system is determined by a map f: X ^ X, where X is the 
space, and the evolution is given by successive iterations of the transformation: 
starting from the point x at time 0, the point f{x) represents the new position at 
time 1 and /"(a;) = f o f o ■ ■ ■ o f{x) (/ iterated n times) is the position at time n. 

A dynamical system ruled by a deterministic law can nevertheless be unpre¬ 
dictable. In particular, in the early 1960’s, Lorenz underlined this phenomenon 
after realizing by chance that in his meteorological model, two very close initial 
values may lead to totally different results [na Ea El]; he discovered the so 
called “butterfly effect”. This kind of behavior has also been exhibited in other 
dynamical systems. One of the first to be studied, among the simplest, is given by 
the map f(x) = rx{\ — x) acting on the interval [0,1], and models the evolution of 
a population. If the parameter r is small enough, then all the trajectories converge 
to a fixed point - the population stabilizes. However, May showed that for larger 
values of r, the dynamics may become very complicated m\ 

This book focuses on dynamical systems given by the iteration of a continuous 
map on an interval. These systems were broadly studied because they are simple 
but nevertheless exhibit complex behaviors. They also allow numerical simula¬ 
tions using a computer or a mere pocket calculator, which enabled the discovery of 
some chaotic phenomena. Moreover, the “most interesting” part of some higher¬ 
dimensional systems can be of lower dimension, which allows, in some cases, to 
boil down to systems in dimension one. This idea was used for instance to reduce 
the study of Lorenz flows in dimension 3 to a class of maps on the interval. How¬ 
ever, continuous interval maps have many properties that are not generally found 
in other spaces. As a consequence, the study of one-dimensional dynamics is very 
rich but not representative of all systems. 

In the 1960’s, Sharkovsky began to study the structure of systems given by a 
continuous map on an interval, in particular the co-existence of periodic points of 
various periods, which is ruled by Sharkovsky’s order HU]. Non Russian-speaking 
scientists were hardly aware of this striking result until a new proof of this theorem 
was given in English by Stefan in 1976 in a preprint | 163 | (published one year later 
in uni]). In 1975, in the paper “Period three implies chaos” [ml. Li and Yorke 
proved that a continuous interval map with a periodic point of period 3 has periodic 
points of all periods - which is actually a part of Sharkovsky’s Theorem eleven years 
earlier; they also proved that, for such a map /, there exists an uncountable set such 
that, if x,y are two distinct points in this set, then /"(x) and /"(y) are arbitrarily 
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close for some n and are further than some fixed positive distance for other integers 
n tending to infinity; the term “chaos” was introduced in mathematics in this paper 
of Li and Yorke, where it was used in reference to this behavior. 

Afterwards, various definitions of chaos were proposed. They do not coincide 
in general and none of them can be considered as the unique “good” definition 
of chaos. One may ask “What is chaos then?”. It relies generally on the idea of 
unpredictability or instability, i.e., knowing the trajectory of one point is not enough 
to know what happens elsewhere. The map /: AT —>■ AT is said to be sensitive to 
initial conditions if near every point x there exists a point y arbitrarily close to x 
such that the distance between /"(t) and f^{y) is greater than a given 5 > 0 for 
some n. Chaos in the sense of Li-Yorke (see above) asks for more instability, but 
only on a subset. For Devaney, chaos is seen as a mixing of unpredictability and 
regular behavior: a system is chaotic in the sense of Devaney if it is transitive, 
sensitive to initial conditions and has a dense set of periodic points m- Others 
put as a part of their definition that the entropy should be positive, which means 
that the number of different trajectories of length n, up to some approximation, 
grows exponentially fast. 

In order to obtain something uniform, the system is often assumed to be tran¬ 
sitive. Roughly speaking, this means that it cannot be decomposed into two parts 
with nonempty interiors that do not interact under the action of the transforma¬ 
tion. This “basic” assumption actually has strong consequences for systems on 
one-dimensional spaces. For a continuous interval map, it implies most of the other 
notions linked to chaos: sensitivity to initial conditions, dense set of periodic points, 
positive entropy, chaos in the sense of Li-Yorke, etc. This leads us to search for (par¬ 
tial) converses: for instance, if the interval map / is sensitive to initial conditions 
then, for some integer n, the map /" is transitive on a subinterval. 

The study of periodic points has taken an important place in the works on 
interval maps. For these systems, chaotic properties not only imply existence of 
periodic points, but the possible periods also provide some information about the 
system. For instance, for a transitive interval map, there exist periodic points of all 
even periods, and an interval map has positive entropy if and only if there exists a 
periodic point whose period is not a power of 2. This kind of relationship is very 
typical of one-dimensional systems. 


The aim of this book is not to collect all the results about continuous interval 
maps but to survey the relations between the various kinds of chaos and related 
notions for these systems. The papers on this topic are numerous but very scattered 
in the literature, sometimes little known or difficult to find, sometimes originally 
published in Russian (or Ukrainian, or Chinese), and sometimes without proof. 
Furthermore some results were found twice independently, which was often due to a 
lack of communication and language barriers, leading research to develop separately 
in English and Russian literature. This has complicated our task when attributing 
authorship; we want to apologize for possible errors or omissions when indicating 
who first proved the various results. 

We adopt a topological point of view, i.e., we do not speak about invariant 
measures or ergodic properties. Moreover, we are interested in the set of contin¬ 
uous interval maps, not in particular families such as piecewise monotone, C°° or 
unimodal maps. We give complete proofs of the results concerning interval maps. 
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Many results for interval maps have been generalized to other one-dimensional 
systems. We briefly describe them in paragraphs called “Remarks on graph maps” 
at the end of the concerned sections. We indicate some main ideas and give the ref¬ 
erences. This snbject is still in evolntion, and the most recent works and references 
may be missing. 

This book is addressed to both graduate students and researchers. We have 
tried to keep to the elementary level. The prerequisites are basic courses of real 
analysis and topology, and some linear algebra. 

Contents of the book 

In the first Chapter, we define some elementary notions and introduce some 
notation. Throughout this book, a continuous map /: J —>■ / on a non degenerate 
compact interval / will be called an interval map. We also provide some basic 
results about w-limit sets and tools to find periodic points. 

In Chapter we study the links between transitivity, topological mixing and 
sensitivity to initial conditions. We first prove that a transitive interval map has 
a dense set of periodic points. Then we show that transitivity is very close to the 
notion of topological mixing in the sense that for a transitive interval map /:/—>■/, 
either / is topologically mixing, or the interval I is divided into two subintervals 
J, K which are swapped under the action of / and such that both /^| j and are 
topologically mixing. Furthermore, the notions of topological mixing, topological 
weak mixing and total transitivity are proved to be equivalent for interval maps. 

Next we show that a transitive interval map is sensitive to initial conditions 
and, conversely, if the map is sensitive, then there exists a subinterval J such that 
/"Ij is transitive for some positive integer n. 

Chapterj^is devoted to periodic points. First we prove that topological mixing 
is equivalent to the specification property, which roughly means that any collection 
of pieces of orbits can be approximated by the orbit of a periodic point. 

Next we show that, if the set of periodic points is dense for the interval map 
/, then there exists a non degenerate subinterval J such that either f\j or /^|j is 
transitive provided that is not equal to the identity map. 

Then we present Sharkovsky’s Theorem, which says that there is a total order 
on N - called Sharkovsky’s order - such that, if an interval map has a periodic point 
of period n, then it also has periodic points of period m for all integers m greater 
than n with respect to this order. The type of a map / is the minimal integer n for 
Sharkovsky’s order such that / has a periodic point of period n\ if there is no such 
integer n, then the set of periods is exactly {2" | n > 0} and the type is 2°°. We 
build an interval map of type n for every n € N U {2°°}. 

Next, we stndy the relation between the type of a map and the existence of 
horseshoes. Finally, we compute the type of transitive and topologically mixing 
interval maps. 

In Chapter we are concerned with topological entropy. A horseshoe for 
the interval map / is a family of two or more closed subintervals Ji,..., Jp with 
disjoint interiors such that f{Ji) D Ji U ••• U Jp for all 1 < i < p. We show 
that the existence of a horseshoe implies that the topological entropy is positive. 
Reciprocally, Misiurewicz’s Theorem states that, if the entropy of the interval map 
/ is positive, then /" has a horseshoe for some positive integer n. 
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Next we show that an interval map has a homoclinic point if and only if it has 
positive topological entropy. For an interval map /, a; is a homoclinic point if there 
exists a periodic point z different from x such that x is in the unstable manifold of 
z and z is a limit point of (/"^(a;))„>o, where p is the period of z. 

We then give some upper and lower bounds on the entropy, focusing on lower 
bounds for transitive and topologically mixing maps and lower bounds depending 
on the periods of periodic points (or, in other words, on the type of the map for 
Sharkovsky’s order). In particular, an interval map has positive topological entropy 
if and only if it has a periodic point whose period is not a power of 2. The sharpness 
of these bounds is illustrated by some examples. 

To conclude this chapter, we show that a topologically mixing interval map 
has a uniformly positive entropy; that is, every cover by two open non dense sets 
has positive topological entropy. Actually, this property is equivalent to topological 
mixing for interval maps. 

Chapter is devoted to chaos in the sense of Li-Yorke. Two points x, y form 
a Li- Yorke pair of modulus S for the map / if 

limsup |/”(ai) - /”(?/)| > 6 and liminf |/"(x) - /”(i/)| = 0. 

n->.+oo n-).+oo 

A 5-scrambled set is a set S such that every pair of distinct points in S' is a Li-Yorke 
pair of modulus d; the set S is scrambled if for every x,y G S, x ^ y, {x,y) is a 
Li-Yorke pair (of modulus 5 for some 5 > 0 depending on x,y). The map is chaotic 
in the sense of Li-Yorke if it has an uncountable scrambled set. We prove that 
an interval map of positive topological entropy admits a ^scrambled Cantor set 
for some ^ > 0, and is thus chaotic in the sense of Li-Yorke. We also show that a 
topologically mixing map has a dense (5-scrambled set which is a countable union 
of Cantor sets. 

Next, we study an equivalent condition for zero entropy interval maps to be 
chaotic in the sense of Li-Yorke, which implies the existence of a (5-scrambled Cantor 
set as in the positive entropy case. A zero entropy interval map that is chaotic in the 
sense of Li-Yorke is necessarily of type 2°° for Sharkovsky’s order, but the converse 
is not true; we build two maps of type 2°° having an infinite w-limit set, one being 
chaotic in the sense of Li-Yorke and the other not. 

Then we state that the existence of one Li-Yorke pair for an interval map is 
enough to imply chaos in the sense of Li-Yorke. 

Finally, we show that an interval map is chaotic in the sense of Li-Yorke if and 
only if it has positive topological sequence entropy. 

In Chapter we study some notions related to Li-Yorke pairs. 

Generic chaos and dense chaos are somehow two-dimensional notions. A topo¬ 
logical system /: A —A is generically (resp. densely) chaotic if the set of Li-Yorke 
pairs is residual (resp. dense) in A x A. A transitive interval map is generically 
chaotic; conversely, a generically chaotic interval map has exactly one or two tran¬ 
sitive subintervals. Dense chaos is strictly weaker than generic chaos: a densely 
interval map may have no transitive subinterval, as illustrated by an example. We 
show that, if / is a densely chaotic interval map, then has a horseshoe, which 
implies that / has a periodic point of period 6 and the topological entropy of / is 
at least 
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Distributional chaos is based on a refinement of the conditions defining Li- 
Yorke pairs. We show that, for interval maps, distributional chaos is equivalent to 
positive topological entropy. 

In Chapter we focus on the existence of some kinds of chaotic subsystems 
and we relate them to the previous notions. 

A system is said to be chaotic in the sense of Devaney if it is transitive, sensitive 
to initial conditions and has a dense set of periodic points. For an interval map, 
the existence of an invariant closed subset that is chaotic in the sense of Devaney is 
equivalent to positive topological entropy. We also show that an interval map has 
an invariant uncountable closed subset X on which /" is topologically mixing for 
some n > 1 if and only if / has positive topological entropy. 

Finally, we study the existence of an invariant closed subset on which the map is 
transitive and sensitive to initial conditions. We show that this property is implied 
by positive topological entropy and implies chaos in the sense of Li-Yorke. However 
these notions are distinct: there exist zero entropy interval maps with a transitive 
sensitive subsystem and interval maps with no transitive sensitive subsystem that 
are chaotic in the sense of Li-Yorke. 

The last chapter is an appendix that recalls succinctly some background in 
topology. 

The relations between the main notions studied in this book are summarized 
by the diagram in Figure 

I thank all the people who have contributed to improve this book by remarks or 
translations: Jozef Bobok, Victor Jimenez Lopez, Sergiy Kolyada, Jian Li, Michal 
Misiurewicz, T. K. Subrahmonian Moothathu, L’ubomir Snoha, Emilie Tyberghein, 
Zheng Wei, and Dawei Yang. I particularly thank Roman Hric who helped me to 
fill a gap in a proof. 

I want to thank CNRS (Centre National de la Recherche Scientifique) for giving 
me time (two sabbatical semesters) to write this book, which allowed me to finish 
this long-standing project. 


Sylvie Ruette 
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Figure 1. Diagram summarizing the relations between the main 
notions related to chaos for an interval map /. 










CHAPTER 1 


Notation and basic tools 


1.1. General notation 


1.1.1. Sets of numbers. The set of natural numbers (that is, positive inte¬ 
gers) is denoted by N. The symbols Z, Q, K, C denote respectively the set of all 
integers, rational numbers, real numbers and complex numbers. The non negative 
integers and non negative real numbers are denoted respectively by Z’*' and K"'". 

1.1.2. Interval of integers. The notation |n,TO] denotes an interval of inte¬ 
gers, that is. In, m] := {k € Z j n < k < m}. 

We shall often deal with sets Xi,... ,Xn that are cyclically permuted. The 
notation mod n means Xi+i if i € |1, n — 1] and Xi if i = n. More generally, 
if the set of indices 1 under consideration is |1, n] (resp. |0, n— 1]), then i mod n 
denotes the integer j € I such that j = i mod n. 


1.1.3. Cardinality of a set. If A is a finite set, denotes its cardinality, 
that is, the number of elements in E. 

A set is countable if it can be written as {Xn \ n € N}. A finite set is countable. 


1.1.4. Notation of topology. The definitions of the topological notions used 
in this book are recalled in the appendix. Here we only give some notation. 

Let AT be a metric space and let H be a subset of X. Then Y, Int (H), Bd(y) 
denote respectively the closure, the interior and the boundary of Y. 


Remark 1.1. When talking about topological notions (neighborhood, interior, 
etc), we always refer to the induced topology on the ambient space X. For instance, 
in Example 1.2 below, [0,1/2) is an open set since the ambient space is [0,1]. 


The distance on a metric space X is denoted by d. If x & X and r > 0, the 
open ball of center x and radius r is B{x,r) := {y G X \ d{x,y) < r}, and the 
closed ball of center x and radius r is B{x, r) := {y G X \ d{x, y) < r}. 

The diameter of a set F C W is diam(F) := sup{(i(y,y') | y, y' S F}. If F is 
compact, then the supremum is reached. 


1.1.5. Restriction of a map. Let f: X ^ X' he a map and Y C X. The 
restriction of / to F, denoted by /|y, is the map /|y : F —>• X' . 

X i-A f{x) 


1.2. Topological dynamical systems, orbits, w-limit sets 

Our purpose is to study dynamical systems on intervals. However we prefer 
to give the notation in a broader context because most of the definitions have a 
meaning for any dynamical system, and a few properties will not be specific to the 
interval case. 
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1. NOTATION AND BASIC TOOLS 


1.2.1. Topological dynamical systems, invariant set. A topological dy¬ 
namical system {X,f) is given by a continuous map f'X —> X, where A" is a 
nonempty compact metric space. The evolution of the system is given by the suc¬ 
cessive iterations of the map. If n G N, the n-th iterate of / is denoted by /”, that 
is, 

r := f of o...of. 

'■ -^-^ 

n times 

By convention, /° is the identity map on X. We can think of n as time: starting 
from an initial position x at time 0, the point f'^{x) represents the new position at 
time n. 

Example 1.2. Let /: [0,1] —[0,1] be the map defined by f{x) = 3a;(l — x). 
The successive iterates of x can be plotted on the graph of /, as illustrated in 
Figure the diagonal y = x is utilized to re-use the result of an iteration. 



Figure 1. The first iterates of x plotted on the graph of /. 


Let {X, /) be a topological dynamical system. An invariant (or f -invariant) 
set is a nonempty closed set Y G X such that f(Y) C T; it is strongly invariant if 
in addition f{Y) = Y. If T is an invariant set, let /|v denote the map / restricted 
to Y and arriving in Y, that is, /|y: T —>■ F. With this slight abuse of notation, 
(Y, fly) is a topological dynamical system, called a subsystem of (X,/), and we 
shall speak of the properties of /|y (e.g., “/|y is transitive”). 

1.2.2. Trajectory, orbit, periodic point. In the literature, the words tra¬ 
jectory and orbit often have the same meaning. However we prefer to follow 
the terminology of Block-Coppel |41j because it is convenient to make a dis¬ 
tinction between two notions. In this book, when (X, f) is a topological dy¬ 
namical system and a: is a point in X, the trajectory of x is the infinite se¬ 
quence (/"(t))„>o (there may be repetitions in the sequence) and the orbit of 
X is the set Of{x) := {/"(t) | n > 0}. Similarly, if E is a subset of X, then 

A point x is periodic (for the map /) if there exists a positive integer n such 
that /"(a:) = X. The period of x is the least positive integer p such that P{x) = x. 
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It is easy to see that, if x is periodic of period p and n € N, then /"(x) = a; if 
and only if n is a multiple of p; moreover Of{x) is a finite set of p distinct points: 
Of{x) = {x, f{x),..., fP~^{x)}. If a; is a periodic point of period p, then its orbit 
is called a periodic orbit of period p. Each point of a periodic orbit is a periodic 
point with the same period and the same orbit. If f{x) = x, then x is called a fixed 
point. Let 

PM) := {X e X I r(x) = a:}; 
this is the set of periodic points whose periods divide n. 

A point X is eventually periodic if there exists an integer n > 0 such that /"(x) 
is periodic. 

1.2.3. Omega-limit set. Let {X,f) be a topological dynamical system. The 
uj-limit set of a point x € X, denoted by U!{x, /), is the set of all limit points of the 
trajectory of x, that is, 

^{x,f) ■■= Pi {f’^ix) \k>n}. 

n>0 

The ui-limit set of the map f is 

w(/) := IJ w(x,/). 

x^X 

Lemma 1.3. Let {X,f ) he a topological dynamical system, x £ X and n > 1. 
Then 

i) uj{x, f) is a closed set, and it is strongly invariant, 

ii) a;(/”(x),/) = uj{x,f), 

hi) Vt > 0, coifix), n = r(M, /")), 

n—1 

iv) Uj{x,f) = y uj{f{x),p), 

MO 

v) if co{x^ f) is infinite, then uj{p{x), /^) is infinite for all i > 0, 

vi) /(w(/)) = w(/), 

vii) cv{r) = M)- 

Proof. Assertions (i) to (iv) can be easily deduced from the definition. As¬ 
sertion (vi) follows from (i), assertions (v) and (vii) follow from (iii)-(iv). □ 

Lemma 1.4. Let {X, f) he a topological dynamical system and x G X. Ifuj(x, f) 
is finite, then it is a periodic orbit. 

Proof. Let A be a nonempty subset of oj{x, f) different from oj{x, /). We set 
F' := ijj{x, f) \ F. Both F, F' are finite and nonempty. Let U, U' be two open sets 
such that F C U, F' C U' , C/ n F' = 0 and C/' n F = 0. Thus, for every large 
enough integer n, the point /"(x) belongs to C/ U U' . Moreover, there are infinitely 
many integers n such that /”(x) G U and infinitely many n such that f'^{x) G U'. 
Therefore, there exists an increasing sequence (ni)i>o such that, Vi > 0, /"’(x) G U 
and /"‘■'■^(x) G U' . By compactness, the sequence (/"‘(x))i>o has a limit point 
y & U r\uj{x,f) = F. Since / is continuous, f{y) is a limit point of {f^'~^^{x))i>o, 
and hence f{y) G w(x, f) DU' = F'. Thus /(F) n F' 7 ^ 0, and so a;(x, /) contains 
no invariant subset except itself. This implies that / acts as a cyclic permutation 
on u}{x, /), that is, w(x, /) is a periodic orbit. □ 
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1.2.4. Semi-conjugacy, conjugacy. Let {X, /) and (Y, g) be two topological 
dynamical systems. The system (Y,g) is said to be (topologically) semi-conjugate 
to (X, /) if there exists a continuous onto map ip\ X such that (p o f = g o ip. 
If in addition the map tp is a homeomorphism, {Y,g) is (topologically) conjugate 
to (X,/); conjugacy is an equivalence relation. Two conjugate dynamical systems 
share the same dynamical properties as long as topology is concerned (differential 
properties may not be preserved if p is only assumed to be continuous). 

1.3. Intervals, interval maps 

1.3.1. Intervals, endpoints, length, non degenerate interval, inequal¬ 
ities between subsets of K. The (real) intervals are exactly the connected sets 
of K. An interval J is either the empty set or one of the following forms: 

• J = [a, b] with a,b G M., a < b (if a = b, then J = {a}), 

• J = (a, b) with a S K U {—oo}, 5 G M U {+oo}, a < b, 

• J = [a, b) with a G K, 6 G K U {+oo}, a < b, 

• J = (a, b] with a G K U {—oo}, 6 G K, a < 6. 

Suppose that J is nonempty and bounded (i.e., when a,b G K). The endpoints of J 
are a and 6; let dJ denote the set {a, b}. The length of J, denoted by | J|, is equal 
to 5 — a. 

An interval is degenerate if it is either empty or reduced to a single point, and 
it is non degenerate otherwise. 

If a,6 G K, let (a, 6) denote the smallest interval containing {a, 6}, that is, 
(a, b) = [o, 5] if a < 6 and (a, b) = [&, o] if 6 < a. 

If X and Y are two nonempty subsets of K, the notation X <Y means that, 
Wx G X,yy G Y, X < y (in this case X and Y are disjoint) and X < Y means 
that, \/x G X,yy G Y, X < y (X and Y may have a common point, equal to 
maxX = minY). We may also say that X is on the left of Y. 

Lemma 1.5. Every open set U G M. can be written as the union of countably 
many disjoint open intervals. 

Proof. The connected components of U are disjoint nonempty open intervals, 
and every non degenerate interval contains a rational number, which implies that 
the connected components of U are countable. □ 

1.3.2. Interval maps, monotonicity, critical points, piecewise mono¬ 
tone and piecewise linear maps. We say that /: / —^ / is an interval map if I 
is a non degenerate compact interval and / is a continuous map. 

When dealing with an interval map /:/—>■ I, we shall always refer to the 
ambient space. The topology is the induced topology on /; points and sets are 
implicitly points in / and subsets of /, and intervals are subintervals of I (and 
hence are bounded intervals). 

Remark 1.6. The fixed points of an interval map / can be easily seen on the 
graph of /. Indeed, a; is a fixed point if and only if (x,x) is in the intersection of 
the graph y = f{x) with the diagonal y = x. E.g., in Example |1.2[ the map has two 
fixed points, 0 and c. Similarly, the points of Pn{f) correspond to the intersection 
of the graph of /" with y = x. 
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Let /:/—>■ M be a continuous map, where I is an interval, and let J be a non 
degenerate subinterval of I. 

• The map / is increasing (resp. decreasing) on J if for all points x,y G J, 
x<y=> fix) < fiy) (resp. fix) > /(y)). 

• The map / is non decreasing (resp. non increasing) on J if for all x,y G J, 
X <y^ fix) < fiy) (resp. fix) > fiy)). 

• The map / is monotone (resp. strictly monotone) on J if / is either non 
decreasing or non increasing (resp. either increasing or decreasing) on J. 

A critical point of f is a point x G I such that there exists no neighborhood 
of X on which / is strictly monotone. Notice that if / is differentiable, the set of 
critical points is included in the set of zeros of /'. 

The map / is piecewise monotone if the interval I can be divided into finitely 
many subintervals on each of which / is monotone, that is, there exist points 
oo = min/ < oi < .. .a„_i < a„ = max/ such that / is monotone on [ai,ai+i\ 
for all i G |0,n — 1]. The set of critical points of / is included in {ai,... ,a„_i}. 
Conversely, if the set of critical points of / is finite, then / is piecewise monotone. 

Remark 1.7. The critical points are also called turning points, especially when 
the map / is piecewise monotone. 

Let f: I —)■ M be a continuous map, where I := [a, &], a < b. The map / is 
linear if there exist a, /? € M such that fix) = ax + P for all x G [a, b]. The slope 
of / is slope(/) := a. One has slope(/) = and |slope(/)| = 

/ is piecewise linear if there exist oq = min / < oi < ... < a„_i < a„ = max/ 
such that / is linear on [ai,ai+i\ for all i G |0,n — 1]. In particular, a piecewise 
linear map is piecewise monotone. 

Most of our examples will be piecewise linear. 

1.3.3. Rescaling. If two interval maps / and g are conjugate by an increasing 
linear homeomorphism, they have the same graph up to the action of a homothety or 
a translation. We call this action a rescaling. If g is conjugate to / by a decreasing 
linear homeomorphism, the graph of g is obtained from the one of / by a half-turn 
rotation and a rescaling. Not only are the maps / and g conjugate, but they have 
exactly the same properties (when the conjugacy is decreasing, it just reverses the 
order when order is involved in a property). 

Remark 1.8. When dealing with interval maps, one may assume that the 
interval is [0,1]. Indeed, if /: [a, b] -G [a, b] is an interval map, let tp: [0,1] —>■ [a, b] 
be the linear homeomorphism defined by (fiix) := a+ib—a)x and let g := (p~^ofoip. 
The maps /: [a, 6] —>■ [a, 5] and g: [0,1] —)■ [0,1] are conjugate, and y is a mere 
rescaling of /. 

1.3.4. Periodic intervals. Let f: I —>■ / be an interval map. If Ji,...,Jp 
are disjoint non degenerate closed subintervals of I such that /(Ji) = Ji+i mod p for 
all i G |l,p], then (Ji,..., Jp) (as well as the set C := Ji U • • • U Jp) is called a cycle 
of intervals of period p. Moreover, Ji is called a periodic interval of period p. 

1.3.5. Intermediate value theorem. The intermediate value theorem is 
fundamental and we shall use it constantly. For a convenience, we give several 
equivalent statements. 
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Theorem 1.9 (intermediate value theorem). Let / : J —?> K fee a continuous 
map, where I is a nonempty interval. 

• Let J he a nonempty subinterval of I. Then f{J) is also a nonempty 
interval. 

• Let xi,X 2 G I with xi < X 2 . Then f([xi,X 2 ]) T> {f{xi), f{x 2 )). In partic¬ 
ular, for every c between f{xi) and f(x 2 ), there exists x G [xi,X 2 ] such 
that f(x) = c. 


Proof. The first assertion follows from the fact that the image of a connected 
set by a continuous map is connected (Theorem 8.74 in Appendix) and the image of 
a nonempty set is nonempty. The second assertion is a straightforward consequence 
of the first one with J = [xi,X 2 ]- □ 


Definition of graph maps. A topological graph is a compact connected metric 
space G containing a finite subset V such that G\V has finitely many connected 
components and every connected component of G \ P is homeomorphic to (0,1). A 
topological graph is non degenerate if it contains more than one point. A subgraph 
of G is a closed connected subset of G; a subgraph is a topological graph. A tree is a 
topological graph containing no subset homeomorphic to a circle. A branching point 
is a point having no neighborhood homeomorphic to a real interval. An endpoint 
is a point having a neighborhood homeomorphic to the half-closed interval [0,1). 
The sets of branching points and endpoints are finite (they are included in 14). If 
is a subgraph of G, the set of endpoints of H is denoted by dH. A subset of G 
is called an interval (resp. a circle) if it is homeomorphic to an interval of the real 
line (resp. a circle of positive radius). 




Figure 2. A tree (on the left) and a topological graph (on the 
right). The branching points and the endpoints are indicated by 
big dots. 

A graph (resp. tree) map is a continuous map / : X —>■ A, where X is a non 
degenerate topological graph (resp. tree). If Gi,..., Gp are disjoint non degenerate 
subgraphs of X such that /(Gj) = Gi+i mod p for all i G |l,p], then (Gi,..., Gp) 
is called a cycle of graphs of period p. 

Definition 1.10. Let /: G —)■ G be a graph map. If I c G is either a non 
degenerate interval or a circle, the map /[/ is said to be monotone if it is locally 
monotone at every point x G I, that is, there exists an open neighborhood U oi x 
with respect to the topology of I such that: 

• U contains K{x), where K{x) C / is the largest subinterval of I containing 
X on which / is constant, 

• U and /([/) are homeomorphic to intervals, 
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• f\u- U —>■ f{U), seen as a map between intervals, is monotone (more 
precisely, there exist intervals J, J' gM. and homeomorphisms h: U ^ J, 
h! : /([/) —>■ J' such that h' o f\u o h~^: J —>■ J' is monotone). 

Notice that, when G is a tree, the fact that f\i is monotone implies that /(/) is 
necessarily an interval, whereas in general /(/) may not be an interval (in particular, 
/(/) may wrap around circles). 

1.4. Chains of intervals and periodic points 

The next lemma is a basic tool to prove the existence of fixed points. Below, 
Lemma [l.l3| states the existence of periodic points when some intervals are nested 
under the action of /. 

Lemma 1.11. Let f: [a, 5] —>■ K 6e a continuous map. If f{[a,b]) C [a, 6] or 
f{[a,b]) G> [a, 6], then f has a fixed point. 

Proof. Let g{x) := f{x) — x. If f{[a,b]) C [a, 6], then 

g{a) = f{a) — a>a — a = 0 and g{b) = f{b) — b<b—b = 0. 

By the intermediate value theorem applied to g, there exists c G [a, b] with g(c) = 0. 
If /([a, 5]) D [a, 6], there exist x,y G [a,b] such that f{x) < a and f{x) > b. We 
then have 

g{x) = f{x) - x<a-x<0a.nd g{y) = f{y)-y>b-y>0. 

Thus there exists c S [cc,?/] with g{c) = 0 by the intermediate value theorem. In 
both cases, c is a fixed point of /. □ 

Definition 1.12 (covering, chain of intervals). Let / be an interval map. 

• Let J, K be two nonempty closed intervals. Then J is said to cover K (for 
f) ii K G f{J). This is denoted by J ^ iL, or simply J —>• if if there is 

no ambiguity. If A: is a positive integer, J covers K k times if J contains 
k closed subintervals with disjoint interiors such that each one covers K. 

• Let Jo ,... ,Jn be nonempty closed interval such that Ji_i covers Ji for 

all i G |1, n]. Then (Jq, Ji, ..., J„) is called a chain of intervals (for f). 
This is denoted by Jq —>■ Ji J^. 

Lemma 1.13. Let f be an interval map and n > 1. 

i) Let Jo,..., Jn be nonempty intervals such that Ji G /(Ji_i) for all i in 
|l,n]. Then there exists an interval K G Jq such that f^{K) = Jn, 
f^{dK) = dJn and P{K) G Ji for all i G |0, n]. If in addition Jq,. .. ,Jn 
are closed (and so { Jq, ..., Jn) is a chain of intervals), then K can he 
chosen to be closed. 

ii) Let (Jq, ..., Jn) be a chain of intervals such that Jq G Jn- Then there 
exists x G Jq such that f^(x) = x and p(x) G Ji for all i G |0,n — 1]. 

hi) Suppose that, for every i G |l,_p], ( Jq, ..., J^) is a chain of intervals and, 
for every pair (i,j) of distinct indices in |l,p], there exists k G |0,n] such 
that JI and J^ have disjoint interiors. Then there exist closed intervals 
Ki,..., Kp with pairwise disjoint interiors such that 

V* e [i,p1, riK,) = JI r(dKi) = dj; 

and Vk G |0,n|, Vi G |l,p], f^(Ki) G JI. 
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Proof. We first prove by induction on n the following: 

Fact 1. Let Jq, ... ,Jn be nonempty intervals such that Ji C f{Ji-i) for all 
i G Then there exist intervals Kn C Kn-i C ■ ■ ■ C Ki C Jq such that, for 

all k G |1, n] and all i G |0, fc], 

r{Kk) C J„ f{Kk) = JkjHdKk) = dJk and /'=(Int (Kk)) = Int (J^). 
Moreover, if Jq, ..., J„ are closed, then Ki,. .., Kn can be chosen to be closed too. 

• Case n = 1. We write Ji = [a,b]. There exist x,y G Jq such that f{x) = a and 
f{y) = b. If o (resp. b) belongs to /(Jo), we choose x (resp. y) in Jq. If a (resp. 
b) does not belong to /(Jo), then it does not belong to Ji either, and x (resp. y) 
is necessarily an endpoint of Jo. With no loss of generality, we may suppose that 
X <y (the other case being symmetric). We define 

y' := min{z > x \ f{z) = b}, x' := maxj^; < y' \ f{z) = a} 

and K[ := [x',y']. Then f{K[) = Ji, f{{x',y'}) = {a,b} and no other point in K[ 
is mapped to a or 6 by /. If Ji is closed, then Ki := K[ is suitable. Otherwise, it 
is easy to check that Ki can be chosen among {x', y'), [x', y'), (a;', y'] in such a way 
that f{Ki) = Ji and Ki C Jq. 

• Suppose that Fact 1 holds for n and consider nonempty intervals Jq, ... ,Jn, Jn+i 
such that Ji C /( Ji_i) for alH G |1, n + 1]. Let Ki, ..., Kn be the intervals given 
by Fact 1 applied to Jo,..., J„. Since f^^^{Kn) = f{Jn) O Jn+i; we can apply 
the case n = 1 for the map g := and the two intervals Jn+i. We deduce 
that there exists an interval Kn+i C K^ which is closed if Jo,..., Jn+i are closed, 
and such that 

r^\Kn+l) = J„+l, 

r+\dKn+i) = dJn +1 and (iG„+i)) = Int (J„+i). 


Moreover, P{Kn+i) C Ji for all i G |0,n] because Kn+i C Kn. This ends the 
proof of Fact 1, which trivially implies (i). 


Let (Jq, ..., Jn) be a chain of intervals such that Jo D Jn- Fact 1 implies that 
there exists a closed interval C Jo such that f'^{Kn) = Jn and f^{Kn) C Ji 
for all i G |0,n]. Thus f'^{Kn) Kn and it is sufficient to apply Lemma 1.11 
to g := /"|if„ in order to find a point x G such that /"(x) = x. For all 
i G |0,n — 1], f^{x) obviously belongs to J^. This proves (ii). 


Let (Jq, ..., Jh)i<i<p be chains of intervals satisfying the assumptions of (iii). 
For every i G |l,p], let [K\,... ,Kp) be the closed intervals given by Fact 1 for 
(Jq, ..., Jn), and set Ki := K^. We fix i yf j in |l,p]. By assumption, there exists 
k G |0,n] such that JI and J^ have disjoint interiors. If fc = 0, then Ki and Kj 
have trivially disjoint interiors because they are respectively included in Jg and 
Jg. From now on, we assume that fc > 1. Suppose that K^ n Kj yf 0. The set 
f^{K^ n K’-) is included in J^ n J^ and, by assumption, J^ and J^ have disjoint 
interiors. Therefore the intervals J^ and J^ have a common endpoint, say 6, and 
f^{K^ n K^) = {6}. By definition of iGf, there is a unique point z in Kf such that 
/^(z) = b, and the same holds for Kj. Hence K^ n Kj contains at most one point. 
Since Ki C K^ and Kj C Kj, the intervals Ki and Kj have disjoint interiors. This 
concludes the proof of (iii). □ 
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Definitions for graph maps. The notion of covering extends to graph maps 
provided Definition |1.12| is phrased differently. A modification is needed for two 
reasons: 

• one may want to consider circles as “intervals” whose endpoints are equal, 

• for a graph map /, it may occur that a compact interval / satisfies /(/) D I 
but contains no fixed point, as illustrated in Figure]^ 




Figure 3. Let /: A —A be a continuous map, where A is the 
tree [—1, l]Ui[0,1] C C (on the left), and / is such that /(—I) = 1, 
/(I) = —1, /(O) = i and / is one-to-one on [—1,0] and [0,1] (the 
definition of / on i[0,1] does not matter). Set / := [—1,1]. It is 
clear that /(/) D I. Nevertheless / has no fixed point in /. On 
the right is represented the real part of /]/; the constant interval 
corresponds to the points x G I such that /(x) S i[0,1]. 


Definition 1.14. Let f \ G ^ G be a graph map and let J,K be two non 
degenerate intervals in G. Then J is said to cover K if there exists a subinterval 
J' C J such that /(J') = K and f{dJ') = dK. If Jq, Ji,..., are intervals in A 
such that Ji-i covers Ji for all i G |l,ri], then (Jq, ..., J„) is a chain of intervals 
(this is a slight abuse of notation since, if Ji is a circle, it is necessary to remember 
the endpoint of Ji). 


Using this definition. Lemma 1.13 [ii)-(iii) remains valid for graph maps. In 


particular, if ( Jq, ..., Jn-i, Jo) is a chain of intervals for a graph map /, then there 
exists a point x G Jq such that /"(x) = x and /®(x) G Ji for alH G |1, n — 1]. 

A variant, called positive covering, has been introduced in |16j . Positive cover¬ 
ing does not imply covering, but implies the same conclusions concerning periodic 
points. We do not state the definition because it will not be needed in this book. 
See |16l 117) for the details. 


1.5. Directed graphs 


A (finite) directed graph G is a pair (U, A) where V, A are finite sets and there 
exist two maps i, f: A ^ V. The elements of V are the vertices of G and the 
elements of A are the arrows of G. An arrow a € A goes from its initial vertex 
u = i{a) to its final vertex v = /(a). The arrow a is also denoted by u —^ v. A 
directed graph is often given by a picture, as in Example 1.15 If U = {ui,..., Up}, 
the adjacency matrix of G is the matrix M = {mij)i<ij<p, where Wy is equal to 
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the number of arrows from Vi to Vj. Conversely, if M = (rnij)i<ij<p is a matrix 
such that rriij G for all i,j G one can build a directed graph whose 

adjacency matrix is M: it has p vertices {ui,..., Up} and there are m-ij arrows from 
Vi to Vj for all i,j G 

A directed graph is simple if, for every pair of vertices (u, v), there is at most one 
arrow from u to v. In this case, an arrow u —^ v is simply denoted by u —>■ u since 
there is no ambiguity. A directed graph is simple if and only if all the coefficients 
of its adjacency matrix belong to {0,1}. 

There are several, equivalent norms for matrices. We shall use the following 
one: if M = {mij)i<ij<p, we set ||M|| := X)i<iy<p 

Example 1.15. Figure |5 represents a directed graph with three vertices vi, V 2 , 

7o 2 1\ 

V 3 . Its adjacency matrix is 1 1 1- 

\ 0 0 0 / 



Figure 4. An example of a directed graph. 

Let G be a directed graph. A path of length n from uq to is a sequence 

(1\ (22 <23 dn. 

Uq t Ui y U2 t * * * Uji — i A 

where Uq, ... ,Un are vertices of G and Ui Ui+i is an arrow in G for all i in 
|0, n — 1]. Such a path is called a cycle if ug = Un. 

li A:= Ag ^ Ai ^ ^ An andB := Bg Bi ^ Bm are 

two paths such that A„ = Sq, the concatenation of A and B, denoted by AB, is 
the path 



If A, B are of respective lengths n, to, then AB is of length n + m. 

A cycle is primitive if it is not the repetition of a shorter cycle, that is, it cannot 
be written .4-4 ' A where A is a cycle and n > 2. 

n times 

A straightforward computation leads to the following result. 

Proposition 1.16. Let G be a directed graph and let {vi ,..., Up} denote its set 
of vertices. Let M be its adjacency matrix. For every n G N, let M'^ = j <p. 

Then, Vn > 1, Vi, j G |1 ,p1, the number of paths of length n from Vi to vj is equal 
to . As a consequence, the number of paths of length n in G is equal to 

ii^”ii= E <■ 





CHAPTER 2 


Links between transitivity, mixing and sensitivity 


2.1. Transitivity and mixing 

We are going to see that, for interval maps, the properties of total transitivity, 
topological weak mixing and topological mixing coincide, contrary to the general 
case. Moreover the notions of transitivity and topological mixing are very close. 
Indeed, if / is a transitive interval map which is not topologically mixing, then 
the interval can be divided into two invariant subintervals and is topologically 
mixing on each of them. We shall also give some properties equivalent to topological 
mixing for interval maps. The results of this section are classical (see, e.g., m)- 

2.1.1. Definitions. 


Definition 2.1 (transitivity, transitive set). Let {X,f) be a topological dy¬ 
namical system. The map / is transitive if, for all nonempty open sets U,V in V, 
there exists n > 0 such that n E 7 ^ 0 (or, equivalently, U fl /“"(H) /= 0). 

A transitive set is an invariant set E G X such that /{e : E ^ E is transitive. 

Definition 2.2 (total transitivity). Let {X, f) be a topological dynamical sys¬ 
tem. The map / is totally transitive if /" is transitive for all n > 1, 


The next result provides an equivalent definition of transitivity when the space 
has no isolated point (see e.g. [73] L Lemma 2.4 states two easy properties of 
transitive interval maps. 


Proposition 2.3. Let (X, /) be a topological dynamical system. 

i) If f is transitive, there exists a dense Gg-set of points whose orbit is dense 
in X. If a point x has a dense orbit, then uj{x,f) = X and the orbit of 
f^{x) is dense in X for all n > 0. Moreover, either X is finite, or X has 
no isolated point. 

ii) If there exists a point whose orbit is dense in X and if X has no isolated 
point, then f is transitive. 

hi) If there exists a point x such that ui{x, f) = X, then f is transitive. 

In particular, if X has no isolated point, then f is transitive iff there is a point of 
dense orbit iff there is a point x G X such that uj{x, f) = X. 

Proof. Assume first that / is transitive. Let C/ be a nonempty open set. 
By transitivity, for every nonempty open set V, there exists n > 0 such that 
f~^{U) n H 7^ 0. In other words, Un>o/~”(^) dense in X. Since X is a 
compact metric space, there exists a countable basis of nonempty open sets, say 
{Uk)k>o- For all A: > 0, the set lj„>g f~'^{Uk) is a dense open set by transitivity. 
Let 

G := n u 

fc>0 n>0 
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Then G is a dense G^-set and, if x e G, then /"(x) enters any set Uk for some n, 
which means that Of{x) is dense in X. 

Assume that Xq is an isolated point and set U := {xq}. Since C/ is a nonempty 
open set, G n G 7 ^ 0, that is, Xq has a dense orbit. We set Vb := this is an 

open set. Suppose that Vb is empty. Then = 0 for all n > 1. The space 

X is not reduced to {xq} (otherwise we would have /(xq) = xq and Vb = {a:o})j 
and thus there exists a nonempty open set V not containing xg. This implies that 
f~^{U) nV = 0 for n = 0 and for all n > 1, which contradict the transitivity. 
Therefore, Vb is a nonempty open set. By transitivity, there exists n > 0 such that 
/"(G) n Vb 7 ^ 0. This implies that /"(xq) G Vb and /"^^(xq) = xq. Therefore, the 
point Xq is periodic. Since xg has a dense orbit, this implies that X is finite and 
equal to Gy(xo). In this case, / acts as a cyclic permutation on X and it is clear 
that for every point x G X, X = Of{x) = oj{xo, /). 

By refutation, if / is transitive and X is infinite, then X has no isolated point. 

Assume now that there exists a point x whose orbit is dense in X and that 
X has no isolated point. Let G, V be two nonempty open sets in X. There exists 
an integer n > 0 such that /"(x) G G. The set V \ {x, /(x),..., /"(x)} is open, 
and it is nonempty because X has no isolated point. Thus there exists m > 0 
such that /’"(x) G V \ {x, /(x),..., /”(x)}. It follows that m > n and /’"(x) = 
/'"-"(/"(x)) G /™-"(G) n V, and thus /'"-"G n fo 7 ^ 0. We deduce that / is 
transitive, which is (ii). Moreover, we have proved that, for all nonempty open sets 
V, for all n > 0, there exists m > n such that /'"(x) G V. This implies that the 
orbit of /"(x) is dense for all n > 0, and hence w(x, /) = X. This ends the proof 
of (i). 

Finally, assume that a;(x, f) = X for some point x G X. This implies that 
every nonempty open set contains some point /"(x) with n arbitrarily large. Let 
G, V be two nonempty open sets in X. Then there exist integers n 2 > ni > 0 such 
that /"^(x) G G and /"^(x) G V. Then 712 — ni >0 and /"'^“"^(G) contains the 
point = .rHx)- Thus /"^-’"^(G) n fo 7 ^ 0. This implies that / is 

transitive, which is (iii). □ 


Lemma 2.4. Let f: I ^ I be a transitive interval map. 

i) The image of a non degenerate interval is a non degenerate interval. 

ii) The map f is onto. 


Proof. Let J be a non degenerate interval. Since J is connected, /(J) is also 
connected, that is, it is an interval. Suppose that /(J) is reduced to a single point; 
we write f{J) = {y}. By Proposition |2.3[ there exists a point x G J whose orbit 
is dense, and y = /(x) also has a dense orbit. Thus there exists n > 0 such that 
/"(i/) G J. This implies that y = f^~^^{y), that is, y is a periodic point. But this 
is impossible because the orbit of y is dense in I. We deduce that the interval /(J) 
is not degenerate a nd t hus (i) holds. 

By Proposition 2.3 there exists a point x such that / = {/"(x) | n > 1}. Notice 
that {/"(x) I n > 1} C /(/). Since I is compact, /(/) is compact too, and hence 
I C /(L), which implies that /(/) = /. This is (ii). □ 


Definition 2.5 (mixing, weak mixing). Let (AT, /) be a topological dynamical 
system. The map / is topologically mixing if, for all nonempty open sets G, V in 
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X, there exists an integer iV > 0 such that, Vn > iV, f'^{U) r\V ^ The map / 
is topologically weakly mixing if / x / is transitive, where / x / is the map 

X X X ^ X X X 

{x,y) HA {f{x)J{y)) 

It is well known that topological mixing implies topological weak mixing (see, 
e.g., [73]). Moreover, topological weak mixing implies total transitivity. This is a 
folklore result. It can be proved using the following result, due to Furstenberg [MI- 

PROPOSITION 2.6. Let (X, /) he a topological dynamical system. If f is topo¬ 
logically weakly mixing, then the product system (X",/ x • • • x /) is transitive for 

'■ -^-^ 

n times 

all integers n > 1. 

Proof. For all open sets U, V in X, we define 

N{U, V):={n>0\Un /""(F) ^ 0}. 

Let Ui,U 2 ,Vi,V 2 be nonempty open sets in X. Since / x / is transitive, there 
exists an integer n > 0 such that {Ui x Vi) n (/ x /)“"(C/2 x V2) 7 ^ 0 , that is, 
Ui n /“"(C/ 2 ) 7 / 0 and Vi n /“"(V 2 ) 7 ^ 0- We first remark that this implies 

( 2 . 1 ) VC/i,C/2 nonempty open sets, N{Ui,U 2 ) 7 / 0 - 

Now we are going to show that there exist nonempty open sets U, V such that 
N{U, V) C N{Ui,Vi)nN{U 2 , V 2 ). We set U := C/in/-"(C/ 2 ) and V := Vin/-"(F 2 )- 
These sets are open, and we have shown that they are not empty. Let k G X([/, V). 
This integer exists by ( |2.1[ ) and satisfies Ui n /“"(C/ 2 ) n /“^(Vi) n /“"“^(F) 7 ^ 0- 
This implies that Ui n /“^(F) 7 / 0 and C /2 n /“^(F) 7 ^ 0, and thus N{U, V) C 
N{Ui, Vi) n X(C/ 2 , F)- Then, by a straightforward induction, we see that, for all 
nonempty open sets C/i,..., C/„, F ■ ■ ■, Fi, there exist nonempty open sets U, V such 
that 

N{U, F) c X(c/i, F) n x(c/2, F) n • • • n x(c/„, f„). 

Combined with (|13, this implies that (X", / x • • • x /) is transitive. □ 

Theorem 2.7. Let (X, /) be a topological dynamical system. If f is topolog¬ 
ically mixing, then it is topologically weakly mixing. If f is topologically weakly 
mixing, then /" is topologically weakly mixing for all n> 1 and f is totally transi¬ 
tive. 


Proof. First we assume that / is topologically mixing. Let tFi,IF 2 be two 
nonempty open sets in X x X. There exist nonempty open sets U, U', F, V in X 
such that Lf X U' C Wi and F x F' C IF 2 . Since / is topologically mixing, there 
exists X > 0 such that, Vn > N, f"'{U) n F 7 / 0 and /"(C/') C F' 7 / 0. Hence 
/^(IFi) n IF 7 ^ 0. We deduce that / is topologically weakly mixing. 

From now on, we assume that / is topologically weakly mixing and we fix 
n > 1. Let U, C/', F, V' be nonempty open sets in X. We define 

W :=U X f-\U) X • • • X /“("“^)(C/) X F X /“1(F) X • • • X /“("“^^(F) 

and 

W' := C/' X • • • X C/' X F' X • • • X F'. 

Y ^ Y ^ 


n times 


n times 
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The sets W, W are open in Moreover, x • • • x /) is transitive by 


Proposition 2.6 Thus there exists k > 0 such that f~’^{W) n W ^ 0. This implies 
that n [/' 7 ^ 0 and n P' 7 ^ 0 for all i € |0, n — 1]. We choose 

is |0, n — 1] such that fc + i is a multiple of n; we write k + i = np. We deduce that 
(/ X X P) n {V X V) 7 ^ 0. Therefore, /" is topologically weakly mixing. 

This trivially implies that /" is transitive. □ 


Here is an equivalent definition of mixing for interval maps. 

Proposition 2.8. An interval map f: [a,b] —> [a,b] is topologically mixing if 
and only if for all e > 0 and all non degenerate intervals J C [a,b], there exists an 
integer N such that f'^{J) D [a + e, 6 — e] for all n> N. 

Proof. Suppose first that / is topologically mixing. Let e > 0. Let Ui := 
(a, a + e) and U 2 '■= (b—e, b). If J is a nonempty open interval, there exists Ni such 
that /"(J) n Hi 7 ^ 0 for all n > Ni because / is topologically mixing. Similarly, 
there exists N 2 such that f'^{J) n H 2 7 ^ 0 for all n > A^ 2 - Therefore, for all n > 
max{7Vi, A^ 2 }, f^{J) meets both Hi and H 2 , which implies that /"(T) D [a+£, b—e] 
by connectedness. If J is a non degenerate subinterval, the same result holds by 
considering the nonempty open interval Int (J). 

Suppose now that, for every e > 0 and every non degenerate interval J C [a, 6 ], 
there exists an integer N such that f^{J) D [a + e,b — e] for all n > Let H, V 
be two nonempty open sets in [a,b]. We choose two nonempty open subintervals 
J, K such that J C U, K C V and neither a nor b is an endpoint of K. There 
exists e > 0 such that K C [a + £,b — e]. By assumption, there exists N such that 
f'^iJ) H [a + £,b — e] D K for all n > N. This implies that f’^{U) CiV 7 ^ 0 for all 
n > N. We conclude that / is topologically mixing. □ 


2.1.2. A basic example of mixing map. In the sequel, we shall need to 
show that several interval maps are transitive or mixing. In some simple cases, this 
can be done by using Lemmas |2.10| and |2.11[ combined together. 

Recall that the definition of critical points is given page 

Definition 2.9. Let / be an interval map and A > 1. Suppose that / has 
finitely or countably many critical points. The map / is called X-expanding if, for 
every subinterval {x,y] on which / is monotone, \f{y) — f{x)\ > X\x — y\. 


Lemma 2.10. Let f: I ^ I be a X-expanding interval map with X > N, where 
N is a positive integer. Then, for every non degenerate subinterval J, there exists 
an integer n > 0 such that f'^{J) contains at least N distinct critical points. 


Proof. Let C/ be the set of critical points of /. We set a := X/N > 1. 
Consider a nonempty open subinterval J. If J contains exactly k distinct critical 
points with k G |0,iV — 1], then J \ Cf has fc + 1 connected components, say 
Jq, ... ,Jk, and I JqI + ■ ■ ■ + = |<^|- By the pigeonhole principle, there exists 

i G |0, fc] such that |Ji| > > jp. Since Ji contains no critical point, the map 

/|j. is monotone. Hence \f{Ji)\ > A|Ji| and 

(2.2) |/(J)|>|/(T0l>A|J.|>a|J|. 


Suppose that, for all n > 0, f^{J) contains strictly less than N distinct critical 
points. Then |/"(J)| > a"] J| for all n > 0 by (2.2). But this is impossible because 
|/"(J)| is bounded by |/| whereas a"|J| goes to infinity when n —>■ + 00 . This 
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is sufficient to conclude the proof because any non degenerate interval contains a 
nonempty open interval. □ 


Lemma 2.11. Let f: I ^ I be an interval map, A > 1 and a,b G I with a < b. 
Suppose that f{a) = a and 

Vx e [a, b], f{x) - f{a) > \{x - a). 

Then, for all e > 0, there exists n > 0 such that /"([a, a + e]) D [a, 6]. 


Proof. Let e > 0. If e > 6 — a, then /°([a,a + e:]) D [a, 6]. Suppose on 
the contrary that o + e < b. Then /(a + e) — /(a) > Xe by assumption, and 
hence /([a, a + e]) D [a, a + Ae] by the intermediate value theorem (recall that 
/(a) = a). A straightforward induction on n shows that /"([a, a + e]) D [a, a + A^e] 
as long as a + < b. Since A > 1, there exists an integer n > 1 such that 

a + <b<a + X^e. Hence /"([a, a + e]) D [a, b], □ 


Remark 2.12. We shall use Lemmas |2.10| and |2.11| for piecewise linear maps 
(as in Example 2.13 below) or for maps / :/—>■/ such that the interval I can be 
divided into countably many subintervals on each of which / is linear. In these 
situations, / is A-expanding if and only if the absolute value of the slope of / is 
greater than or equal to A on each interval on which / is linear. 

In Lemma 2.11 the assumption f{x) — f{a) > X{x — a) is verified as soon as 
/l[a,h] is linear of slope greater than or equal to A. 


Example 2.13. We are going to exhibit a family of topologically mixing interval 
maps. These maps are piecewise linear, and the absolute value of their slope is 
constant. These maps are basic examples; they will be reused later to build other 
examples. 

We fix an integer p>2. We define the map Tp: [0,1] —>■ [0,1] by: 


VO < fc < ^ ^ Mx G 


2 k 2fc + l 


VO < A: < ^ ^ ^ , Mx G 


p p 

2A: + 1 2fc + 2 


P 


P 


Tp{x) := px — 2k, 


Tp{x) := —px + 2k + 2. 


The slope of Tp is either p or —p on each interval of monotonicity. More precisely, 




Figure 1. Mixing maps Tp of slope ±p, for p = 2, p = 4 and 
p = 5. The map T 2 (on the left) is called the tent map. 

starting from the fixed point 0, the slope is alternatively p, —p,p,..., (—l)^“^p, and 
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the image of each interval of monotonicity is [0,1]. See Figure]^ for the graph of 
Tp. The map T 2 is the so called tent map. 

Let J be a non degenerate interval in [0,1]. The image of a non degenerate 
interval by Tp is obviously non degenerate, so Tp{ J) is a non degenerate interval for 

there exists n such that Tp{J) contains p — 1 distinct 
Tp{J) contains at least one critical point whose image 


all n > 0. By Lemma 


2.10 


critical points. If p >0 
is 0, and thus 0 S T"+^(J) because 0 is a fixed point. If p = 2, Tp{J) contains 
the unique critical point 1/2, and Tp(l/2) = Tp(l) = 0. In both cases, T”+^(J) 
is a non degenerate interval containing 0. Applying Lemma 2.11 with a = 0 and 
b = ^ (Tp is of slope A = p on [0, i]), we deduce that there exists an integer m> 0 

such that D 0, ^ , which implies that TpD [0,1], and hence 

Tp{J) = [0,1] for all fc > n + m + 3. Conclusion: Tp is topologically mixing. 

2.1.3. Transitivity implies denseness of the set of periodic points. 

Proposition 2.15 below states that the set of periodic points of a transitive interval 
map is dense. This is a consequence of a result of Sharkovsky dm. We are going 
to follow the proof of mi; see also |26j for a different proof. This result will be 
needed in the next section; a stronger theorem will be given in Chapter 

Lemma 2.14. Let f: I ^ I be an interval map, x,y G I and n,m £ N. Let 
J be a subinterval of I containing no periodic point and suppose that x, y, f'^{x), 
f^{y) belong to J. If x < /'"(x) then y < /"(p). 

Proof. We set g := f^. We first prove by induction on k that g'^{x) > x for 
all /c > 1. By assumption, the statement holds for fc = 1. Suppose that p®(x) > x 
for all i £ |1, fc — 1] and that 5 ^(x) < x. We write 

{g\x) I i G |0, fc - 1]} = {xo < xi < • • • < Xfc_i}. 

We have xq = x and x\f^x because x is not periodic. It follows that 

P^(x) < X = Xo < Xi < • • • < Xk-\. 

Let J be the integer in |1, fc — 1] such that xi = p-' (x). By the intermediate value 
theorem, 

p'="'^([xo,Xi]) D [/(x),/"-^(x)] D [xo,Xi]. 

Therefore, by Lemma [l.ll g has a periodic point in [xo,Xi]. But [xo,Xi] C J 
because Xi = min{p®(x) | i G |1, fc — 1]} < g{x). This leads to a contradiction since 
J contains no periodic point for g = f"^. We deduce that p^(x) > x for all fc > 1 
and the induction is over. 

Suppose that /"(p) < p. The same argument as above (with reverse order) 
shows that /^"(p) < p for all fc > 1. Hence 

p>/™(p) and x</™"(x). 

The map t 1 —)■ — t is continuous on the interval (x,p) (recall that (x,p) is 

either [x,p] or [p,x] depending on the order of x,p). Thus, by the intermediate 
value theorem, there exists a point z G (x,p) such that /"*"(z) = z. This leads to 
a contradiction because (x,p) C J. Thus we conclude that p < /"(p) (equality is 
not possible because p is not periodic). □ 

Proposition 2.15. ///:/—>■/ is a transitive interval map, then the set of 
periodic points is dense in I. 
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Proof. Suppose that there exist a,b £ I, with a < b, such that (a, b) contains 
no periodic point. Since / is transitive, there exists a point x € (a,b) with a dense 
orbit (Proposition |2.3[ ). Thus there exist integers m > 0 and 0 < p < q such that 
X < f™{x) < b and a < f‘^{x) < P{x) < x. We set y := P{x). We then have 

a < <y <x < /""(a;) < b. 


But this is impossible by Lemma 2.14 applied to J = (a, &). This concludes the 
proof. □ 


2.1.4. Transitivity, total transitivity and mixing. The next proposition 
states that, if an interval map / is transitive then, either / is totally transitive, 
or the interval can be divided into two subintervals on each of which p is totally 
transitive. Then Proposition |2.17| states that total transitivity implies mixing. 
These two results were proved by Barge and Martin |26l I28| . Blokh also showed 
the same results a little earlier, but in an unpublished paper [45]. We are going to 
follow the ideas of the proof of Barge and Martin. Blokh’s proof, which is different, 
can be found in |55| . 

Proposition 2.16. Let f: [a, &] —>■ [a,b] be a transitive interval map. Then 
one of the following cases holds: 

i) The map f is totally transitive. 

ii) There exists c G {a,b) such that f{[a,c]) = [c, 5], /([c, 6 ]) = [a,c], and both 
maps P\ia,c] /^|[c,h] o-fe totally transitive. Moreover, c is the unique 
fixed point of f. 


Proof. Since / is t ransitive, there exists a point Xq G [a, b] such that u}{xo, f) = 
[a, 5] by Proposition 2.3 We hx an integer n > 1 and we set W" := a;(/*(a;o), /") for 
alH G |0,n—1]. We have [a,b] = WqL)---UWPi by Lemma |1.3| (iv), which implies 
that at least one of the sets Wf,... ,lP"_i has a nonempty interior by the Baire 
category theorem (Corollary 8.52). Moreover, according to Lemma 1.3 ii)-(iii), 

(2.3) e [0, n - 21, f{wn = wp, and /(W”_i) = Wp 

Thus, all the sets Wff ,..., Wf;_i have nonempty interiors by Lemma [2^i). 
Suppose that Int (IT”) C Int (W") 0. Since the set Int (IT”) C Int {W,^ 


3 

open and included in IT" = Cli(/*(xo),/”), there exists fc > 0 such tha_^*”+®(a:o) 


IS 


belongs to Int (IT") nlnt(lT"). Moreover, /"(IT") = IT” (Lemma 1.3/)), and 
thus /'='”+*(xo) e IT" 


3 ' 3 

for all k' > k. This implies that IT” C 
C IT”. Therefore 


IT" 

3 


The same 


argument shows that IT) 

(2.4) if Int (IT”) n Int (W/") 7 ^ 0, then IT” = IT”. 

Let £n be the collection of all connected components of the sets (Int (lT”))o<i<n-i. 
The elements of £„ are open intervals and, by (2.4), two different elements of 
£n are disjoint. For every C G the closed interval /(C) is non degenerate by 
Lemma 2.4 and is contained in IT," for some i G |0, n — 1]. Thus, by connectedness, 
there exists C' G £„ such that /(C) C C'. Moreover, the orbit of Xq enters infinitely 
many times every element of which implies that, for all C, C G £m there exists 
fc > 1 such that f^{C) n C' 7 ^ 0, and hence P{C) C C. It follows that £„ is finite 
and the closures of its elements are cyclically permuted under the action of /. Thus 
we can write £n = {Ci,..., CpP for some integer > 1, the C/s satisfying 

Wg [l,p„-ll, /(C))cC^ and fiCpjcCi. 
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The fact that the orbit of xq is dense implies that Ci U • • • U Cp„ is dense too. Since 
Cl,, Cp^ are disjoint open intervals, we deduce that Ci U • • • U Cp^ is equal to 
[a, b] deprived of finitely many points, which are the endpoints of Ci,..., Cp^. 

If pn = 1, then Wq = • • • = and thus a;(xo, /") = [a, 6 ]. Therefore, if £n 

has a single element for every integer n > 1 , then / is totally transitive and we are in 
case (i) of the proposition. From now on, we suppose that, for a given n, the number 
Pn of elements of £„ is greater than 1. We are going to show that Pn = 2. Let 
c G [a, b] be a fixed point of / (such a point exists by Lemma 1.11). If there exists 
C G £n with c G C, then /(C) = C. Similarly, if c is an endpoint of [a, 6 ], then there 
is a unique C G £n such that c G C, and thus /(C) = C. In both cases, this leads 
to a contradiction because Ci,...,Cp„ are cyclically permuted and > 2. We 
deduce that c belongs to (a, b) and is a common endpoint of two distinct elements 
of say C and CL The fact that c is a fixed point implies that the only possibility 
for permuting cyclically Ci,..., Cp^ is that pn = 2, £„ = {C, C'}, /(C) = C and 
f{C') = C. We thus have = {[a, c), (c, 6 ]} and 

(2.5) /([a,c]) = [c,6], /([c,6]) = [a,c]. 

This implies that c is the unique fixed point of /. Let N := {i G |0, n—1] | C C W/} 
and Af' := {i G |0,n — 1] | C' C bF/}. The sets are nonempty and their 

union is |0,n — 1] by definition of We cannot have C U C' C IF” for some 
i G |0, n — 1]; otherwise the connected set C U C' would be included in IF”, which 
would contradict the fact that C, C are distinct elements of This implies that 
are disjoint. Since Wq, ... ,Wn_i are cyclically permuted by / according 
to (2.3), a set IF/ with i G M (resp. i G Af') is sent to a set IF” with j G Af' 
(resp. j G AA). This implies that N^N' have the same number of eleme nts, and 
that the integer n is necessarily even. So a;(xo,/") C uj{xo,p) by Lemma 1.3 qv). 
Combining this with (2.5), we see that {1 Fq, 1F/} = {[a,c], [c, 6 ]}. Therefore both 
maps /^|[a,c] ^nd /^|[c,b] are transitive. If /^|[a,c] is not totally transitive, then 
the same argument as above, applied to the map /^|[a,c]j shows that /^|[a,c] has 
a unique fixed point, which belongs to (a,c). But this is impossible because c is 
already a fixed point of /^|[o,c]- We conclude that /^|[q,c] is totally transitive, and 
so is P\[c,b] for similar reasons, and we are in case (ii) of the proposition. □ 

Proposition 2.17. Let f: I ^ I be an interval map. If f is totally transitive, 
then it is topologically mixing. 


Proof. We write I = [a,b]. Let J be a non degenerate subinterval of I and 
e > 0. According to Proposition |2.15( the periodic points are dense in I. Thus, 
there exist periodic points x, xi,X 2 with x G J, xi G {a, a + e) and X 2 G {b — e, b). 
Moreover, xi and X 2 can be chosen in such a way that their orbits are included in 
(a, b) because there is at most one periodic orbit containing a (resp. h). We set 

Vi G {1, 2}, Pi := min{/”(xi) | n > 0} and Zi := max{/”(xi) | n > 0}. 

Then yi G (a, xi] C (a, a + e), Z 2 G [x 2 , b) C {b — e, b) and 1 / 2 , G (a, b). Let k be 
a common multiple of the periods of x, yi and 1/2 ■ We set g := /^ and 

+00 

iL := U 

n—0 

The point x G J is fixed under the action of g and thus g^{J) contains x for all 
n > 0. This implies that K is an interval. Moreover K is dense in [a, b] because g 
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is transitive, and hence K D (a, &). It follows that yi,y2,zi,Z2 & K. For z = 1,2, 
let Pi and Qi be non negative integers such that yi S and Zi G We 

set N := max{pi,p 2 , 9i, 92 }- Since , j /2 , , Z 2 are fixed points of g, they belong 

to g^{J) and thus, by the intermediate value theorem, [yi,Zi] C g^(J) = [J) 

for z = 1,2. According to the definition of yi,Zi^ the interval contains the 

whole orbit of 0 ;^. A trivial induction shows that [yi,Zi\ C /"([i/i,-^i]) for all rz > 0. 
Therefore, 

Vrz > kN, \yi,zi] U [y2,Z2\ C /”(J). 

Since yi < a + e and Z2 > h — e, the fact that f^{J) is connected implies that 
\a — £,h + e] c /"(J) for all n > kN. We conclude that / is topologically mixing, 
using Proposition |2.8[ □ 


Corollary 2.18. Let f: I ^ I be a transitive interval map. Then f is topo¬ 
logically mixing if and only if it has a periodic point of odd period greater than 1. 

Proof. We write I = [a, 6]. Suppose first that / is topologically mixing. The 
set of fixed points of / is closed, and it has an empty interior (otherwise, it would 
contradict the mixing assumption). Thus we can choose a non degenerate closed 
subinterval J C (a, 5) such that J contains no fixed point. Since / is topologically 
mixing, there exists an integer N such that f'^{J) D J for all zz > A^ (Proposi¬ 
tion 2 . 81 . We choose an odd integer n > N. Applying Lemma 1.11 we obtain a 


point X G J such that /"(x) = x. The period of x is odd because it divides rz, and 
it is greater than 1 because J contains no fixed point. 

Suppose now that / is transitive but not totally transitive. We are in case (ii) 


of Proposition 2.16 there exists a fixed point c G (a, 6) such that /([a,c]) = [c, 6] 
and /([c, &]) = [a, c]. Consequently, every periodic point has an even period, except 
c. By refutation, a transitive map with a periodic point of odd period different 
from 1 is totally transitive, and thus topologically mixing by Proposition |2.17[ □ 


2.1.5. Transitivity vs. mixing — summary theorems. The next two the¬ 
orems sum up the results 2.7| 2.8 2.16 2.17 and 2.18 The first one is about the 
difference between transitivity and mixing. The second one states several properties 
equivalent to mixing. 


Theorem 2.19. Let f: [a, 6] —^ [a, &] be a transitive interval map. Then one of 
the following cases holds: 

• The map f is topologically mixing. 

• There exists c G (a, 6) such that f{[a,c]) = [c, 6], /([c, 6]) = [a,c], and both 
maps /^|[a,c]j/^|[c,b] ai'e topologically mixing. In addition, c is the unique 
fixed point of f. 

Theorem 2.20. Let f: [a,b\ —>■ [a, 5] be an interval map. The following prop¬ 
erties are equivalent: 

• f is transitive and has a periodic point of odd period different from 1. 

• is transitive. 

• f is totally transitive. 

• f is topologically weakly mixing. 

• f is topologically mixing. 

• For all e > 0 and all non degenerate intervals J, there exists an integer 
N such that f'^{J) D \a -\- £,h — e] for all n > N. 
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Example 2.21. We give an example of a transitive, non topologically mixing 
interval map. The map S: [—1,1] —>■ [—1,1], represented in Figure]^ is defined by: 

( Va:G[—1,—i], S'(a:) := 2a: + 2, 

< Va:G[—i,0], six) :=—2x, 

Va: G [0,1], six) := —x. 




Figure 2. The map S is transitive but not topologically mixing 
because 5^ is not transitive. 


We set J := [—1, 0] and K := [0,1]. We have S{J) = K and S{K) = J, which 
implies that S is not topologically mixing. Since S‘^\k is equal to the tent map T 2 
defined in Example 2.13 the map S^\k is topologically mixing and, for every non 
degenerate subinterval U C K, there exists n > 0 such that S^^{U) = K. The map 
S‘^\,j is similar to S'^Ik except that its graph is upside down. Therefore, if [/ is a 
nonempty open set, then 


• either U Ci J contains a non degenerate interval, and there exists n > 0 
such that S'^^{U) D J, 

• 01 U n K contains a non degenerate interval, and there exists n > 0 such 

that D K. 

In both cases, there exists n > 0 such that S'^{U) U = [—1,1], which 

implies that S is transitive. 


Remarks on graph maps. Rotations are important examples because they 
exhibit behaviors that cannot appear for interval maps. 


Definition 2.22. Let S = K/Z. The rotation of angle a G K is the circle map: 

Ra: S —^ S 

X I —> X + a mod 1 


If a = I with p G Z, 9 G N and gcd(p, q) = 1, it is clear that all points in S are 
periodic of period g, and i?® is the identity map. On the contrary, if a ^ Q (in this 
case, Ra is called an irrational rotation), one can show that Ra is totally transitive 
but not topologically weakly mixing, and there is no periodic point. Consequently, 
if one wants to generalize the results concerning transitive interval maps, the case 
of irrational rotations must be excluded. We shall see that the results of this 
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section extend fairly well to transitive graph maps, irrational rotations being the 
only exceptions up to conjugacy. 

The next result is due to Blokh |48| (see |49l Theorem S, p. 506] for a statement 
in English). 

Theorem 2.23. A transitive graph map with no periodic point is conjugate to 
an irrational rotation on the circle. 


For graph maps, transitivity is still close to total transitivity, which is equiv¬ 
alent to topological mixing unless for irrational rotations. The next two theorems 

(see 


generalize Propositions 2.16 and 2.17 
statement in English). 


they are due to Blokh 


for a 


Theorem 2.24. Let f:G^Gbea totally transitive graph map. If f is not 
conjugate to an irrational rotation, it is topologically mixing. 

Theorem 2.25. Let f: G ^ G be a transitive graph map. Then there exist a 
cycle of graphs (Gi, ..., Gp) such that is totally transitive for all i G |l,p|. 

Alseda, del Rio and Rodriguez proved that a splitting close to the preceding 
theorem holds in a broader situation [4]. More precisely, if {X,f) is a topological 
dynamical system where X is locally connected, then, either / is totally transitive, 
or there exist k > 2 and closed subsets Xi,. .. ,Xk with disjoint interiors, whose 
union is X, such that f{Xi) = Xi+i mod fc and /^jx; is transitive for all i G |1, A:]. 
Then they showed that a graph map has a splitting of maximal cardinality (bounded 


by combinatorial data of the graph), which implies Theorem 2.25 


2.2. Accessible endpoints and mixing 


An interval map /: [a, b] —>■ [a, b] is topologically mixing if the iterates of ev¬ 
ery non degenerate interval J eventually cover “almost all” [a, b] (to be precise, if 
/"(T) D [a -|- £, 5 — e] for all e > 0 and all large enough n). When do the iterates 
of every non degenerate interval eventually cover the whole interval [a, 5]? Blokh 
showed that this property holds if and only if the two endpoints of [a, b] are acces¬ 
sible (see Definition 2.29 below). Proposition 2.30 and Lemma 2.32| about (non) 
accessible points are stated in |45j (see |55j for a published paper). 


Definition 2.26 (locally eventually onto). A topological dynamical system 
{X, f) is locally eventually onto (or leo) if, for every nonempty open set U C X, 
there exists an integer N such that /"(C/) = X for all n> N. 


A dynamical system with this property is trivially topologically mixing. 


Remark 2.27. In the literature, the name topologically exact is synonymous 
to locally eventually onto. 


Alternative definitions of locally eventually onto appear in the literature. They 
are equivalent according to the next lemma. 

Lemma 2.28. Let {X, f) be a topological dynamical system. The following two 
properties are equivalent: 

i) {X, f) is locally eventually onto. 

ii) For every nonempty open set U, there exists n > 0 such that f^{U) = X. 
An interval map f: I ^ I is locally eventually onto if and only if 
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iii) Ve > 0, 3M > 0,VJ subinterval of I, | J| > £ ^ Vn > M, f"'{J) = I. 


Proof. The implication (i)^(ii) is trivial. Suppose that (ii) holds and let U 
be a nonempty open set. There exists an integer n such that f'^{U) = X. This 
implies that / is onto and thus, Vm > n, = X. Hence (ii)=>(i). 


Let /:/—>■/ be an interval map. If (iii) holds, then / is locally eventually 
onto because every nonempty open set U contains an interval J with | J| >0. Now 
we assume that / is locally eventually onto. Let £ > 0. We write / = [a, h] and we 
choose an integer k>\ such that < |. For all t G |0, /c — 1], we set 


J^ ■= 




a), a + 



For every i G |0, fc— 1], we choose an integer Ni such that = I for all n > Ni, 

and we set M := max{A^i | i G |0, fc — 1]}. If J is a subinterval of / with | J| > £, 
then J contains Ji for some i G |0, fc — 1]. Thus = I for all n > M, that is, 

(iii) holds. □ 


Definition 2.29 (accessible endpoint). Let /: [a,b] —>■ [a,b] be an interval 
map. The endpoint a (resp. b) is accessible if there exist x G (a, b) and n > 1 such 
that /"(a;) = a (resp. /"(cc) = b). 

Proposition 2.30. Let f: [a, b] —>■ [a, b] be a topologically mixing interval map. 
Then f is locally eventually onto if and only if both a and b are accessible. 

More precisely, for every £ > 0 and every non degenerate subinterval J C (a, b), 
there exists N such that f^{J) contains [a, b — e] (resp. [a + £, b]) for all n > N if 
and only if a (resp. b) is accessible. 

Proof. We show the second part of the proposition; the first statement follows 
trivially. 

First we suppose that a is accessible. Let xq G (a,b) and no > 1 be such 
that /"“(to) = a. Let £ > 0 be such that xq G [a + £, 6 — £]. Let J be a non 
degenerate subinterval in [a, 5]. Since / is topologically mixing, there exists an 
integer iV > 0 such that /"(J) D [a + e, b—e] for all n> N. Since xq G [a + e, b—s], 
the intermediate value theorem implies that /”+”°(J) D [a,b — £] for all n > N. 
Conversely, if J is a subinterval containing neither a nor b and such that a G /”(J) 
for some integer n > I, then the point a is accessible by definition. This shows that 
a is accessible if and only if, for every £ > 0 and every non degenerate subinterval 
J C (a, 6), there exists N such that /"(J) contains \a,h — e] for all n > N. The 
case of the endpoint b is similar. □ 


Remark 2.31. An interval map /:/—>/ is called strongly transitive if, for 
every non degenerate subinterval J, there exists N >0 such that Un=o /"’('^) = 
This definition is due to Parry [139]. This notion is very close to the property 
of being locally eventually onto. Indeed, if a topologically mixing map is strongly 
transitive, then it is locally eventually onto. Using Theorem 2.19 one can reduce 
the transitive case to the mixing one and sees that a transitive interval map is 
strongly transitive if and only if the two endpoints of I are accessible. In this case, 
for every non degenerate subinterval J, there exists an integer n > 0 such that 

r(j)ur+i(j) = /. 
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The next lemma specifies the behavior of a mixing map near a non accessible 
endpoint. Roughly speaking, a mixing map has infinitely many oscillations in a 
neighborhood of a non accessible endpoint. 


Lemma 2.32. Let f: [a, 6] —>■ [a, 6] be a topologically mixing interval map. 

i) If a (resp. b) is the unique non accessible endpoint, then it is a fixed point. 
If both a and b are non accessible then, either f(a) = a and fib) = b, or 
fia) = b and f {b) = a. 

ii) If a (resp. b) is a fixed non accessible point, then there exists a decreasing 
(resp. increasing) sequence of fixed points (xn)n>o converging to a (resp. 
b). Moreover, for all n > 0, /|[x„+i,a:„] *5 '<^ot monotone. 


Proof, i) If a is not accessible, then a ^ f{{a,b)). Since / is topologically 
mixing, it is onto (Lemma |2.4K ii)). Thus, either /(a) = a, or f{b) = a. If 6 
is accessible and f{b) = a, then a is accessible too. Therefore, if a is the only 
non accessible endpoint, then /(a) = a. Similarly, if b is the only non accessible 
endpoint, then /(6) = b. If both a and b are non accessible then, either /(a) = a 
and fib) = b, or /(a) = b and fib) = a. 


ii) Assume that a is not accessible and that /(a) = a (the case of b is symmetric). 
By definition, a ^ /((a, 6)). According to (i), if b is not accessible, then fib) = b. 
If b is accessible, then /(6) ^ a. In both cases, a ^ /((o,6]). Let e G (0, 6 — a). 
By transitivity, /([a, a + e]) ^ [a, a + e]. Thus there exists y G (o, a + e] such that 
fiy) > a + e. In particular, y satisfies fiy) > y. Suppose that fix) > x for all 
X G [a, y]. We set 


z := min {y, min(/([y, 6]))} . 

Then z > a, fi[z,b]) = fi[z,y\) U fi[y,h]), and both fi[z,y]) and fi[y,h]) are 
included in [z,b] by definition of z. Hence /([z,5]) C [z,b]. But this contradicts 
the transitivity of /. We deduce that there exists x G [a,y] such that fix) < x. 
Thus fi[x,y]) D [fix), fiy)] D [x,y], and necessarily x ^ a. By Lemma 1.11 


there is a fixed point in [x,y\ C (a,a + e]. Since e can be chosen arbitrarily small, 
this implies that there exists a decreasing sequence of fixed points (x„)„>o with 
lim.„_>_|_oo Xn = a. Moreover, is not monotone, otherwise we would have 

fi[xn+i, Xn]) = [xn+i,Xn], which would contradict the transitivity. □ 


Remark 2.33. In Lemma [2.32[ notice that, if a is a non accessible endpoint 
which is not fixed, then /^(o) = a by (i), so statement (ii) holds for the map /^. 


The next result states that the kind of behavior described in Lemma 2.32K ii) is 
impossible if / is piecewise monotone or C^. The piecewise monotone case can be 
found in uni ( more precisely. Coven and Mulvey proved in m that a transitive 
piecewise monotone map is strongly transitive; see Remark |2.31| for the relation 
between locally eventually onto and strong transitivity). Recall that / is piecewise 
monotone if the interval can be divided into finitely many subintervals on each of 
which / is monotone (see page[^. 

Proposition 2.34. Let f: [a, b] -g [a, b] be a topologically mixing interval map. 
If f is piecewise monotone or , then the two endpoints a,b are accessible, and 
thus f is locally eventually onto. 

)■ 


2.32 


Proof. Suppose that a is not accessible. Then /^(a) = a by Lemma 
We set g := p. The map g is topologically mixing because / is topologically 
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mixing. If / is C^, then g is too. The case g'{a) < 0 is impossible because 
g{a) = a. If g'{a) = 0, then there exists c S {a,b) such that g{x) < x for all 
X G (a,c), which is impossible because g is transitive. Thus g'(a) > 0 and g is 
increasing in a neighborhood of a. Similarly, if / is piecewise monotone, then g 
is increasing in a neighborhood of a. In both cases, there exists c G (a, b) such 
that g\[a,c] is increasing. But, according to Lemma 27321 ii), there exist two distinct 


points cc < 2 / in (a, c) such that g\[x,y] is not monotone, a contradiction. The case 
when b is not accessible is similar. We conclude that both a, b are accessible, and 
thus / is locally eventually onto by Proposition |2.30| □ 


Remark 2.35. Proposition |2.34| remains valid under the assumption that the 
mixing map / is monotone (or C^) in a neighborhood of the two endpoints. 

Example 2.36. We give an example of an interval map /: [0,1] -G- [0,1] that 
is topologically mixing but not locally eventually onto. This example appears in 
[28j to illustrate another property. 

Let (an)nez be a sequence of points in (0,1) such that a„ < a„+i for all n S Z, 

and 

lim a„ = 0 and lim a„ = I. 

n—>• —oo n—>-+oo 

For all n e Z, we set /„ := [a„, a„+i] and we define /n: —>■ /„_i U /„ U In+i by 

fn{0'n') ■— fn{^n+l') —■ ^n+1: 

/ ^Clji Un+l \ \ 

Jn I ^ I ■— 0'n+2j Jn I ^ I ■ — On—Ij 

and /„ is linear between the points where it has already been defined. Then we 
define the map /: [0,1] —>■ [0,1] (see Figure by 

/( 0 ):= 0 , /(!):=!, 

Vn e Z, Vx G In, fix) := fnix). 


It is easy to check that / is continuous and that the points 0 and I are not 
accessible. We are going to show that / is topologically mixing. Let J be a non 
degenerate subinterval of [0,1]. Since / is 3-expanding, we can apply Lemma 
there exists n > 0 such that /"(J) contains two distinct critical points. This implies 
that /"“'"^(J) contains Ik for some k G Z. Moreover, it is easy to see that 


2.10 


Vfc e Z, Vm > 0, f'^ih) G) [ak-m,ak+m+i]- 

Since, for a given k G Z, the lengths of [0,afc_m] and [ofe+m+i; 1] tend to 0 when 
m goes to infinity, we deduce that, for all £ > 0, there exists M such that /“(J) 
contains [e, 1 — e] for all m > M. Hence / is topologically mixing. 


Remarks on graph maps. Generalizing the results of this section to graph 
maps poses no difficulty provided the notion of non accessible points is extended to 
points that may not be endpoints. If /: G —>■ G is a topologically mixing graph map, 
a point x € G is accessible if, for every nonempty open set G C G, x € Un>o 
For graph maps, Lemma 2.32 q) becomes: every non accessible point is periodic and 
its orbit is included in the set of non accessible points. We leave to the reader the 
“translation” of the other statements. 
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Figure 3. A topologically mixing map on [0,1] whose two end¬ 
points are not accessible. For every non degenerate interval 
J C (0,1) and every n > 0, ^ [0,1]. 

The map of Example |2.36| can be seen as a circle map by gluing together the 
endpoints 0 and 1, and one gets a topologically mixing circle map with a fixed non 
accessible point (which is obviously not an endpoint). 

2.3. Sensitivity to initial conditions 

Roughly speaking, sensitivity to initial conditions means that there exist arbi¬ 
trarily close points with divergent trajectories. We are going to see that, for interval 
maps, transitivity implies sensitivity and, conversely, sensitivity implies that an it¬ 
erate of the map is transitive on a subinterval. This shows that the notions of 
transitivity and sensibility are closely related on the interval. The first implication 
is quite natural in view of the fact that transitivity is very close to mixing. The 
second implication may seem unexpected. 

2.3.1. Definitions. A point x is e-stable if the trajectories of all points in a 
neighborhood of x follow the trajectory of x up to £, otherwise it is e-unstable. The 
terminology “sensitivity to initial conditions” was first introduced by Guckenheimer 
[85] to mean that the e-unstable points have a positive Lebesgue measure for some 
e > 0. We would rather follow the definition of Devaney m- 

Definition 2.37 (unstable point, sensitivity to initial conditions). Let (W,/) 
be a topological dynamical system and e > 0. A point a; G A is e-unstable (in the 
sense of Lyapunov) if, for every neighborhood U of x, there exists y G U and n > 0 
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such that rf(/"(a:),/”(?/)) > £■ The set of £-unstable points is denoted by Ue{f). A 
point is unstable if it is e-unstable for some £ > 0 . 

The map / is e-sensitive to initial conditions (or more briefly e-sensitive) if 
Ue(f) = A". It is sensitive to initial conditions if it is £-sensitive for some £ > 0. 

The next lemma states some basic properties of the sets C4(/)- The last asser¬ 
tion gives an equivalent definition for sensibility. 


Lemma 2.38. Let (A,/) be a topological dynamical system and £ > 0. The 
following properties hold: 

i) Vn > 1, Ue[r) C UeU). 

ii) Vn> 1, 35 >0, U,if)cUsin. 
hi) fiUeif)) C C/.(/). 

iv) Ueif) C C/e/ 2 (/). 

v) If V is open and V n Ue{f) 7^ 0 , then there exists n > 0 such that 
diam(/”(I/)) > e. 

vi) / is sensitive if and only if there exists 6 > 0 such that, for all nonempty 
open sets V, there exists n> 0 such that diam(/"(y)) > S. 


Proof, i) Trivial. 

ii) The map / is nniformly continnous becanse X is compact. Thns 
(2.6) 35 > 0, d{x, y) < 5 ^ Vi G |0, n - 1], d{f{x), f{y)) < e. 


Let X ^ Usif^). Then there exists a neighborhood U oi x snch that, for all y G U, 
Vfc > 0, d(/^"(a:),/^"(j/)) < 5. Then (2.6| implies d(/^"''''*(a;),/^"+®(i/)) < e for 
all /c > 0 and all i G |0,n — 1]. We deduce that x ^ Us{f). This shows that 

u,if) c usin- 

hi) Let X G Ue{f) and let P be a neighborhood of x . We first show that 


(2.7) there are infinitely many n G N such that 3y G V, d{f^{x), /”(y)) > £. 


Suppose on the contrary that there exists rig such that, if d{f'^{x), f^{y)) > s for 
some y GV and n > 0, then n < uq. By the continuity of the maps /, /^,..., 
there exists 5 > 0 such that 


( 2 . 8 ) 


Vy G X, d{x,y) <6=>\/kG |0,nol, d{f^{x),f^{y)) < e. 


The set W := VnB(x, 5) is a neighborhood of x. Let y G W and n > 0. If n < ng, 
then d{f^{x), f^{y)) < £ by (2.8|. If n > rig, then d{f'^{x), f'^{y)) < e according to 
the choice of ng. This contradicts the fact that x is £-unstable. Hence (2.7) holds. 

Now we consider an open set V containing f{x). Since U := f~^{V) is 
open and contains x, what precedes implies that there exist y G U and n > 2 
such that d{f^{x),f^{y)) > e. We set z := f{y). Then z belongs to V and 
d{r-Hf{x)),r-Hz))> £. Thus fix) G U,if). 

iv) We fix T G Ug{f). Let V be an open set containing x. There exists a point 
y G Ueif) n V, and thus, by definition, there exist z G V and n > 0 such that 
dif^iy), /"(z)) > £. By the triangular inequality, we have either d(/"(a;), /”(y)) > 
s/2, or d(/”(a;),/"(z)) > e/2. We deduce that x G C 7 e/ 2 (/)- 

v) Let V be an open set such that V n Ugif) 7 ^ 0. By definition, there exist x G 
VnUeif), y GV and n > 0 such that d(/”(a:), /"(y)) > £, that is, diam(/”(l/)) > e. 

vi) First we assume that / is £-sensitive, that is, U^if) = X. By (v), for every 
nonempty open set V, there exists n > 0 such that diam(/"'(P)) > e. 
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Now we suppose that there exists <5 > 0 such that, for every nonempty open set 
V, there exists n > 0 such that diam(/”(T^)) > S. We fix £ S (0,S/2). Let x G X. 
Let V be an open set containing x and let n > 0 be such that diam(/”(y)) > <5. 
Thus there exist two points y,z G V such that d(/"(y),/”(z)) > S > 2e. The 
triangular inequality implies that, either (/"(a:), /"(y)) > e, or (/"(ic),/"(^j)) > £■ 
Hence x G Ue{f), and the map / is e-sensitive. □ 


2.3.2. Sensitivity and transitivity. Barge and Martin proved that, for a 
transitive interval map, every point x is e-unstable for some e depending on x [26j . 
We give a different proof, which additionally shows that the constant of instability 
can be taken uniform for all points x. 


Proposition 2.39. Let f: I ^ I be an interval map. 

• If f is topologically mixing, then f is 5-sensitive for all (5 G (0, ^). 

• If f is transitive, then f is 5-sensitive for all 5 G (0, ^). 

Proof. We write / = \a,h]. First we assume that / is topologic ally m ixing. 
Let e G (0, ^), X G [a,b] and 17 be a neighborhood of x. By Theorem 2.20 there 
exists n > 0 such that f^{U) D [a -|- e, & — e]. Therefore, there exist y, z in U such 
that f'^i^y) = a-\- £ and f'^{z) = b — s. This implies that 

5 — a — 2e |/| 

1 ~ Y 

Consequently, x is (^-unstable, where <5 ^ — e. Since e is arbitrary, the map / is 

(5-sensitive for every 5 G (0, ^). 

Now we suppose that / is transitive but not topologically mixing. According to 
Theorem 2.19 there exists c G (a, b) such that /([a, c]) = [c, b], /([c, b]) = [a, c] and 
both maps/^fd ^ and /^|[c &] are topologically mixing. What precedes implies that 

(i)- 

for 


mnx{\r{x)-r{y)\,\r{x)-nz)\}> 


[a,c] 

is (5-sensitive for all 5 G (0, Therefore, according to Lemma 


2.38 


f%,. _ 

(iii), we have [a,c] C Us{f) and /([a, c]) = [c, 6 ] C Us[f). Thus / is ^-sensitive 
all 5 G (0, Similarly, / is (5-sensitive for all 5 G (0, Finally, we conclude 
that / is (5-sensitive for all (5 G (0, because max{c — a, b — c} > ^. □ 


The converse of Proposition [2739| is obviously false. However, somewhat surpris¬ 
ingly, a partial converse holds: the instability on a subinterval implies the existence 
of a transitive cycle of intervals. This result is due to Blokh; it is stated without 
proof in |44j (we do not know any reference for the proof). 

Proposition 2.40. Let f be an interval map. Suppose that, for some e > 0, 
the set of £-unstable points Ug(f) has a nonempty interior. Then there exists a cycle 
of intervals (Ji,..., Jp) such that /| jiu - uJj, is transitive. Moreover, Ji U • • • U Jp C 
Ueif) and there exists i G |l,_p] such that \ Ji\ > e. 


Proof. We consider the family of sets 


F-.= {Y C Ue{f) I H closed, f{Y) C F, Int (F) ^ 0}. 

By assumption, there exists a nonempt y op en interval K GL U^^f). 
/"(AT) C Lfe{f) for all n > 0 by Lemma 


2.38 


iii). The set lj„>g /"(AT) is thus an 
element of F, and hence 7^ 7 ^ 0. Let F belong to F and let J be a non degenerate 


Moreover, 
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interval included in Y. Since Int (J) H t7e(/) ^ 0, there exists n > 0 such that 
^ s by Lemma 2.38[ v). This implies that 

(2.9) every Y ^ T has a connected component C with \C\ > e. 

We endow J- with the partial order given by inclusion. We are first going to show 
that every totally ordered family of elements of !F admits a lower bound in T. 
Let (Y\)agA be a family of elements of F which is totally ordered (that is, all the 
elements of A are comparable and Y\ C Yy if A < A'). We set 

r := n T. 

AgA 


Then y is a closed set, f{Y) C Y and Y C Ue{f). Moreover, each Yx has a finite 
non zero number of connected components of length at least s, and thus so has 
Y. Therefore, Int (y) 0, so y G F and y is a lower bound for (yA)AGA- Zorn’s 

Lemma then implies that F admits at least one minimal element, say Z. 

We now turn to prove that /|z is transitive. The set Z has finitely or countably 
many non degenerate connected components, and at least one of them has a length 


greater than or equal to s by (2.9). Let be the (finite or infinite) family of 

all non degenerate connected components of Z, where /i,..., /^ are the connected 
components of length at least e (for some A: > 1). Let i> 1. Since Int (Ii) H Ue{f) ^ 
0, there exists rn > \ such that |/"'‘(/i)| > e by Lemma 2.38[ v). Therefore, 
there exists S |l,fc] such that /"’(/i) C 1^- Since |l,fc] is finite, this implies 
that there exist integers j € |1,A:] and m > 1 such that C Ij. The set 

Z' := obviously belongs to F. Thus Z' = Z hy minimality, that 

is, Z has finitely many connected components which are cyclically mapped under 
/. We call Ji,..., Jp the connected components of Z, labeled in such a way that 
f{Ji) C Ji+i for all i S |1,P — 11 and f{Jp) C Ji- By minimality of Z, these 
inclusions are actually equalities, that is, (Ji,..., Jp) is a cycle of intervals (note 
that Ji,..., Jfc are closed). If f\z is not transitive, there exist two open sets U, V 
such that 


c/ n y 7 ^ 0, y n y 7 ^ 0 and Vn > o, nu n y) n (y n z) = 0. 

Since Z is the union of finitely many non degenerate intervals, there exists a 
nonempty open interval J CL U 11 Z. We set 

^ U 

ri>0 

Then X belongs to F and X C Z, but XflV = 0, and thus X ^ Z. This contradicts 
the fact that Z is minimal. We conclude that /|z is transitive. □ 


Example 2.41. For a given e > 0, the number of transitive cycles of intervals 
(Ji,..., Jp) given by Proposition 2.40 is hnite because one of these intervals has a 
length at least e and two different cycles have disjoint interiors by transitivity. Nev¬ 
ertheless, infinitely many transitive cycles of intervals can coexist if their constants 
of sensitivity tend to 0, as illustrated in Figure]^ 


Example 2.42. Even if there is e > 0 such that all points are e-unstable, 
the union of all transitive cycles of intervals is not necessarily dense. In order to 
illustrate this fact, we are going to build a sensitive interval map which admits a 
transitive cycle of p -I- 1 intervals and no other transitive cycle of intervals. 
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Figure 4. An interval map / with infinitely many transitive 
subintervals {In)n>i, where In '■= [^, 2 "-i ] ■ The map /|/„ is 
equal to the map T 3 of Example |2.13i up to a rescaling. It is easy 
to show that /|/^ is e„-sensitive with £„ := for all n > 1 . 


We fix an integer p > 1 and we set 


Vi e |0,2p+ 1], := 


2p+l 


and Vi S |0,2p], J* := [x^,x^+i]. 


We define the continuous map /: [0,1] —>■ [0,1] by 


/(xo) := X3, / 


^- I := X2, f[xi) := X3, 

f{X2p—l) •— X2p-\-lj fix2p) •— Xq, /(X2p-|-l) •= Xi, 

and / is linear between the points where it has already been defined (see Figure [^. 
Note that / is of slope 1 on [xi,X 2 p-i] and f{xi) = Xi +2 for all i G |l,2p — 1]. 
It is trivial to see that ( Jq, J 2 , ■ ■ ■, J 2 i, ■ ■ ■, J 2 v) is a cycle of intervals. Moreover, 


is the map T 2 defined in Example 2.13 except that its graph is upside down 


(and rescaled). Since T 2 is topologically mixing, so is By Proposition 2.39 

/P+^|jo is ^-sensitive for <5 := 2 { 2 p+i) ■ Therefore, C := Jq U J 2 U • • • U J 2 p is a 
transitive cycle of p + 1 intervals and C CL Us{f). 

We now turn to show that / is |-sensitive. Let x G [0, 1]. Suppose that there 
exists n > 0 such that /"(x) belongs to C. The form of C implies that there exists 
£0 > 0 such that either /"([x,x + £ 0 ]) C C or /"([x — £o,a;]) C C. Let e G (0,£o]. 
The image of a non degenerate interval is non degenerate and C CL Us{f). Therefore, 
there exist two distinct points y,z CL [x — £, x + £] and an integer k > n such that 
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Figure 5. For this interval map, all points are e-unstable with 
e := g( 2 p-|-i) ) but the system admits a single transitive cycle of 


intervals ( Jq, J 2, • ■ •, J 2 P- 2 , J 2 p), where Ji 


i 2 + 1 

2p+l ’ 2p+l 


If^iy) — /^(-2)l > By the triangular inequality, either |/^(a:) — /^(?/)| > 5 or 
l/^(a^) — > 5- In other words: 

(2.10) y/-+C)cC/|(/). 

n>0 

It remains to consider the points whose orbit does not meet C. These points are 
included in the set 


X := {x e [0,1] I Vn > 0, /"(x) S Ji U J3 U • • • U Jzp-i} 


n>0 


V2 = 0 


We are going to show that X is a Cantor set (see Section 8.6 in Appendix for the 
definition of a Cantor set). Note that 


(2.11) V*e [0,p-2l, : J 2 i+i +i+3 is a linear homeomorphism. 

This fact implies that it is enough to focus on the set X n J 2 p-i- The map 
fK- j: J 2 P -1 —> [0,1] is a linear homeomorphism, and thus the set of points 
X e J 2 P -1 such that /(x) G Ji U J3 U • • • U J 2 p-i is the union of p disjoint closed 
subintervals of equal lengths, which are := J 2 p-i C f~^{J 2 i+i), Q < i < p — 1. 
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Using (2.11), we can see that the map .: itTi —)■ [0,1] is a linear homeomor- 


phism for every i S |0,p— 1], and thus {x £ Ki \ G JiU JsU- • -U J 2 p-i} is 

the union of p disjoint closed subintervals of equal lengths. Applying this argument 
inductively, we can show that A is a Cantor set. In particular, the interior of X 
is empty, and thus [0,1] \ A = [0,1]. A ccordi ng to (2.10), [0,1] \ A is included in 


Us{f). Then / is |-sensitive by Lemma 2.38 iv). 


Finally, we show that C is the only transitive cycle of intervals of /. Suppose 
on the contrary that there exists another transitive cycle of intervals C. By transi¬ 
tivity, the interiors of C and C are disjoint, and thus there exists a non degenerate 
subinterval J C [0,1] such that H Int (C) = 0 for all n > 0. This exactly 

means that J C A, but this is impossible because A is a Cantor set. 


Remarks on graph maps and general dynamical systems. The first part 
of the proof of Proposition 2.39|can be easily adapted to show the following result. 


Proposition 2.43. Let (A, /) he a topologically mixing dynamical system. 
Then / is 5-sensitive for every 5 G ^0, ^ , 

On the other hand, the next result is proved in |25j and |82j . 


Theorem 2.44. Let (A, /) he a transitive dynamical system having a dense set 
of periodic points. Then f is sensitive to initial conditions provided X is infinite. 


For interval maps. Proposition |2.39| can be derived from Proposition |2.43| using 
the fact that, on the interval, transitivity is close to mixing; or it can be seen as a 
particular case of Theorem |2.44 since a transitive interval map has a dense set of 
periodic points by Proposition 2.15] 

The next theorem is a straightforward consequence of a result of Blokh |48j (see 
[521 Theorem 1] for a statement in English). Alseda, Kolyada, Llibre and Snoha 
showed a related result in a broader context: if (A, /) is a transitive topological 
dynamical system and if A has a disconnecting interval (that is, a subset / C A 
homeomorphic to (0,1) such that, Vx G I, X \ {a;} is not connected), then the set 
of periodic points is dense |Tol Theorem 1.1]. 


Theorem 2.45. Let f:G^Ghea transitive graph map. If f is not conjugate 
to an irrational rotation, the set of periodic points is dense. 


Together with Theorem |2.23[ this implies that for a transitive graph map /, 
either / is conjugate to an irrational rotation and has no periodic point, or / has 
a dense set of periodic points. 

The previous theorem, combined with Theorem |2.44[ implies the next result. 

Corollary 2.46. Let f \ G ^ G be a transitive graph map. If f is not conju¬ 
gate to an irrational rotation, it is sensitive to initial conditions. 


It is not difficult to extend the proof of Proposition 2.40 to graph maps, which 
leads to the following result. 


Proposition 2.47. Let f-.G^G be a graph map. Suppose that, for some 
e > 0, the set of e-unstable points U^{f) has a nonempty interior. Then there 
exists a cycle of graphs (C?i,... ,Gp) such that /|giU---uGp transitive. Moreover, 
Gi U • • • U Gp C U^{f) and there exists i G |l,p| such that diam(Gi) > e. 
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2. LINKS BETWEEN TRANSITIVITY, MIXING AND SENSITIVITY 


Since a rotation is not sensitive, Theorems |2.24| and |2.25| imply that, in the 
previous proposition, each subgraph Gi can be decomposed in subgraphs 
that are cyclically mapped under fP and are topologically mixing for fP^'. A similar 
result is stated in [991 Theorem 4.4]. 






CHAPTER 3 


Periodic points 

3.1. Specification 

We saw that, for a transitive interval map, the set of periodic points is dense 
(Proposition |2.15] ). We are going to see that if in addition the map is mixing, then it 
satisfies the specification property^ which roughly means that one can approximate 
any finite collection of pieces of trajectories by a periodic orbit provided enough 
time is left to pass from a piece of trajectory to another. This result was stated by 
Blokh, without proof in m; see |55) for the proof. 

Specification is a strong property. In particular, a topological dynamical system 
{X,f) with the specification property is topologically mixing |731 (21.3)]. There¬ 
fore, specification and topological mixing are equivalent for interval maps. 

Definition 3.1 (specification). Let {X,f) be a topological dynamical system. 
The map / has the specification property if the following property holds: for all 
e > 0, there exists an integer > 1 such that, for all p > 1, for all points 
xi,... ,Xp S X and all positive integers mi,ni, i = 1,... ,p, satisfying 

TOi < ni < 7712 < 772 < • ■ ■ < iTip < 77p and Vi G |2,p], vT-i — Ui-i > N, 
then, for all integers q > N Up — mi , there exists a point x G X such that 
P[x) = x and Vi S |l,p|, Vfc G Inq, iii], d(/''(a;),/'"(a:*)) < e. 

We first state two lemmas. 

Lemma 3.2. Let f: I ^ I be an interval map and 0 < e < For all x G I 
and all integers n > 0, there exist closed subintervals Jq, ..., Jn in I such that: 

• Vi G |0,71 - 1|, /(Ji) = Ji+i, 

• Vi G |0,7i], P{x) G Ji and Ji C [fix) -e,P{x) +e], 

• there exists i G |0,7i] such that Ji contains either P{x) — e or P{y) -I- e. 

Moreover, if x + s G I (resp. x — e G I), then Jq can be chosen in such a way that 
Jo is included in [a;, a: -I- e] (resp. [x — e, x]). 

Proof. We fix a: G / and we set Xk '■= f^{x) for all fc > 0. We show the lemma 
by induction on n. 

• Case 71 = 0: since e < ^, the interval I contains either a; — £ or a: -I- £. We 
can set Jq '■= [a;, a: -I- £] if a; -I- £ G /, or Jq := [a;, x -|- £] if x — £ G I. The interval Jq 
is suitable. 

• Suppose that the lemma is true at rank n — 1, and let Jq, , Jn-i be the 
subintervals given by the lemma. If f{Jn-i) C [x„ —£,x„-|-£], we set Jn := f{In-i) 
and the intervals {Jq, ..., Jn) are suitable. From now on, we suppose that /( J„_i) 
is not included in [x„ — £, x„ -I- £]. Thus, by connectedness, f{Jn-i) contains either 
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Xn — £ or Xn + £■ We may assume that Jq C [x, a; + e], the case when Jq c[x — e, x] 
being similar. According to the assumption on /(J„_i) = /”(Jo), we can define 

y := min{z S Jq | P{z) G {x^ - e, + e}}. 

It follows that f^{[x,y]) equals either [a;„ —e,x„] or [a:„,a;„+e]. We set Jq := [x,y] 
and J' := /*( Jg) for all i G |1, n]. The intervals (Jg,..., J^) are suitable because 
J- C Ji C [xi — £,Xi -\- e] for all i G |0, n — 1] and contains Xn and one of the 
points Xn — £, Xn + £■ This ends the induction. □ 


Lemma 3.3. Let f: [a,b] -g [a,b] be a topologically mixing interval map and 
0 < £ < Suppose that the endpoint a (resp. b) is fixed and non accessible. 

Then there exists S G (0, e) such that, for all x G [a, a + <5] (resp. x G [6 — (5, b]) and 
all n > 0, there exist closed subintervals Jg,..., J„ satisfying: 

• Jq C [a + S,b — (5], 

• Vi G |0,n - 1], /(Ji) = Ji+i, 

• Vi G |0,n], J, C [fix) - £,f{x)+£], 

• there exists i G |0,n] such that |Ji| > |. 

Proof. We prove the lemma when a is a non accessible fixed point. The proof 
for b is similar. If both endpoints are hxed and non accessible, the same S can 
be chosen for a and b by taking the minimum of the values found for a and b 
respectively. By continuity, there exists rj > 0 such that 


(3.1) 


Vy G [a,a + ry], f{y) <a + £. 


By transitivity, /([a, a + £]) is not included in [a, a + e]; that is, there exists z in 
[a, a + s] such that f{z) > a + e. In fact, z G (a + ry, a + e] by (3.1). According to 
Lemma |2. 32 ii), there exists a fixed point c in the interval (a, a + minjiy, |}). We 
set (5 := c — a G (0, |] and K := [c,a + £]. The interval K contains both c and z, 


and hence f{K) G) K hy the intermediate value theorem. Notice that a + e < b — S 

b—a 

4 ■ 

We fix a; G [a, a + (51 = [a, cl and n > 0. We set Xk '■= for all k > 0. 


because ^ < | 


< 


G [a, a + (51 = [a,c] and n > 0. We set Xk '■= f^{x) for all k > 
Let m G |0,n] be the greatest integer such that xo,...,Xm G [a,c]. Notice that 
K C [xi — £,Xi + £l for all i G |0,to]. Applying Lemma Pl i) to the chain of 
intervals {K,..., K) with m +1 times K, we see that there exist closed subintervals 
Jg,..., Jm such that Jjn = K and Ji C K, f{Ji) = Ji+i for all i G |0,to — 1]. 
If m = n, then the proof is over because the length oi K is a + £ — c > e/2. If 
m < n, then Xm+i > c according to the choice of m, and Xm+i = f{xm) < a + £ 

G K. The interval K contains either 
to Xm+\, 


by (3.11 (recall that c < a + rj). Hence Xm+i 
Xm+i — I or Xm+1 + I because |Ar| > |. Applying Lemma 3.2 


I and 

n —TO +1 (instead of a;, £ and n respectively), we see that there exist closed intervals 
Jm+i, ■ ■ ■ iJ'n such that 

• J'm+l C K, 

• Vi G |m + l,n- 1], f{J() = Ji+i, 

• Vi G |m + 1, u], Xj G J'i and J' C + |1 

• there exists i G |m + l,n] such that J' contains either Xi — | or Xi + |, 
and thus the length of J' is at least |. 

It follows that (Jg,..., Jm = AT, J/j+i) is a chain of intervals. Therefore, according 
to Lemma 1.13[i), there exist J(,..., J'^, subintervals of Jq, ..., Jm respectively, 
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such that f{J^) = and f{J') = /(J'+i) for all z G |0,TO — 1]. The sequence 
( Jq, ..., J^) satisfies the required properties. □ 


Theorem 3.4. A topologically mixing interval map f '■ I 
tion property. 


I has the specifica- 


Proof. If has the specification property, then so has / by c ontinuity. More¬ 
over, if / is topologically mixing, then so is by Theorem 2.20 There fore, i t is 
equivalent to prove the theorem for / or for 


Then, in view of Lemma 2.32 


we 

can assume that the non accessible endpoints (if any) are fixed, by considering 
instead of / if necessary. 

Let 0 < £ < We write / = [a, b]. If both a and b are accessible, we define 
Iq := [a, 6]. Otherwise, let 0 < <5 < e be given by Lemma 3.3 and 

lo := [a + (5, b] if a is the only non accessible endpoint, 

Iq := [a, b — 6] if & is the only non accessible endpoint, 

Iq := [a + (5, & — d] if both a and b are non accessible. 

We fix a positive integer p such that < |, and we define 


Vfc G |0, p — 1], Ak ( a + 


k{b — a) {k + l){b—a) 


P 


P 


According to Proposition 2.30 for every k G |0,p — 1], there exists an integer Nk 
such that f^{Ak) D Iq for all n > Nk- We set N := max{iVo,..., Ap_i}. Let 
Jq,. .. ,Jk be intervals such that f{Ji) = Ji+i for all z G |0, /c — 1]. Then, according 
to the definition of N, 


(3.2) 3zG[0,fcl, |J.| >£/4,^Vn>7V, /"(J^) D Iq 


because the assumption | J^j > | implies that Aj C li for some j G |0,p — 1]. 


Fact 1. Let x G I and n > 0. There exist elosed intervals Jq, ..., Jn such that: 


i) Jq C Iq, 

ii) Vi G |0,7z], J, C [fix) - e,f{x)+e], 
hi) Vz G |0, zz - 1], f{Ji) = Ji+i, 

iv) there exists i G |0,n] such that \Ji\ > s/4. 


We split the proof of the fact depending on x G Iq or not. If x G Iq, let 
Jq, ... ,Jn denote the intervals given by Lemma 3.2 They satisfy (ii)-(iv). More¬ 
over, |/o| > 2£ by definition. This implies that either [x —£, x] C Iq or [x, x-|-£] C Iq, 
and thus Jq can be chosen to be a subinterval of Iq (still by Lemma [3.2[ ), which is 
(i). If a is not accessible and if x G [a, a -I- i5], then Lemma 3.3 gives the suitable 
subintervals. The same conclusion holds if x G [f> — d, b] and if b is non accessible. 


Fact 2. Let Xi,... ,Xp be points in I and let mi < ni < m 2 < zz 2 < ■ ■ • < 
TOp < rzp be integers satisfying rui+i — nt > N for all z G |l,p — 1]. Then there 
exist closed intervals {Ji)mi<i<np such that 

• dmi C 

• Vz G |z7Zi,7Zp Ij, fl, Ji) — Ji+ 1 ^ 

• WkG |l,p], Vz G |mfe, rifc], Ji C [/*(xfc) - £, p{xk) + £], 

• Wn>N, r(J„J D Iq. 
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We prove Fact 2 by induction on p. 

• Case p = 1: we apply Fact 1 to a; := and n := rii — mi. The last 

condition is satisfied because of (3.2). 

• Suppose that Fact 2 holds at rank p—1 and let Jmi ,■ ■ ■ ,Jn _i be the intervals 

given by Fact 2 . We apply Fact 1 with x := f'^^{xp) and n := rip — mp and we 
call the resulting intervals ,..., . Then /"(J^ ) D Iq for all n > by 

( 3 . 2 ). We set Ji := for all i G {np-i + l,TOp]. By assumption, 

mp - rip-i > N, and thus Jm^ = 3 Iq by ( [^ . Therefore 

(Jmj,..., Jjrij,-!, J'rrij,) ^ chain of intervals because C Iq by construction. By 
Lemma 1.13 ’i), there exist subintervals J- C Ji such that f{J'i) = /(Jj'+i) for all 
i € |mi,TOp — 1 ]. It follows that the sequence ..., satisfies Fact 2 . This 
concludes the induction. 


It is now easy to prove that / has the specification property. Let Xi, ... ,Xp be 
points in /, let mi < ni < m2 < n 2 < ■ ■ ■ < mp < rip be integers satisfying 

Vi G |l,p — I], mi+i — rii > N and q > rip — mi + N. 

Let Jmi, ■ ■ ■, Jup be the intervals given by Fact 2. Then f^{Jnp) contains Iq for 
all n > N, so f‘‘{Jrm) = /q D J^i- By Lemma [lTT| there 

exists X G Jmi such that /'^(a;) = x. We set y := in order to have 

/'"i(y) = x € Jmi- Then f^{y) = y and 

Vfc G |I,_p|, Vz G |mfc, rifc], f\y) G Ji C [f(xk) - e, f\xk) + e]. 

This is exactly the specification property. □ 

Remarks on graph maps. Theorem |3.4| was extended to graph maps, by 
Blokh |48) : see |52) for a statement in English. 

Theorem 3.5. A topologically mixing graph map has the specification property. 


3.2. Periodic points and transitivity 

We recall Proposition |2.15| for a transitive interval map, the set of periodic 
points is dense. The converse is obviously false, but one may ask the following 
question: if the set of periodic points is dense, does there exist a transitive cycle of 
intervals? The identity and the map /(x) = I — x on [0, 1] give counter-examples. 
Therefore one has to consider only interval maps such that is different from the 
identity. With this restriction, the answer is positive. This is a result of Blokh, 
which is stated without proof in |44| . The same result was proved independently 
by Barge and Martin EH, but their proof relies on complicated notions. We give 
a more basic proof here. 

We start with a lemma. Then Proposition |3.7| states that, if the set of periodic 
points of / is dense, all the points outside P 2 {f) '■= {x \ f^{x) = x} are unstable. 
This result makes a link with the results on sensitivity from the previous chapter 
and will allow us to conclude. 

Lemma 3.6. Let f be an interval map such that the set of periodic points is 
dense. Then, for every non degenerated interval J , the set lJri>o f^i^) most 

two connected components. 

Proof. Let J be a non degenerate interval. By assumption, there exists a 
periodic point in J, say x. Let p denote the period of x. For all i G |0,p — I] 
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and all n > 0, /"p+*(J) contains P{x). Thus the set Un>o/”('^) invariant and 
has at most p connected components; we call them Ji,... ,Jq (with q G |l,p]) in 
such a way that Ji < J 2 < • ■ ■ < Jq- By the intermediate value theorem, for every 
i G |1,9| there exists a(i) G |l,g] such that f(Ji) C Ja(i)- Let ig be the integer 
such that J C Jig. For every i G |l,q|, there exists n > 0 such that f^{J) C Ji, 
that is, a^(io) = i. This implies that the orbit of ig under tr is the whole set, and 
hence a is necessarily a cyclic permutation of {1,..., g}. We want to show that 
g = 1 or 2. From now on, we assume that g > 2. 

If there exists i G |l,g — 1] such that \a{i) — a{i + 1)| > 2, we choose an 
integer k strictly between a{i) and a{i + 1). Let a := sup Ji and b := inf Ji+i. 
Then /(a) G Ja(i) and /(&) G Jo.(i+i), which implies that /((a, 6 )) contains Jk by 
the intermediate value theorem and that (a, h) is not empty. Let V C (a, h) be a 
nonempty open interval such that f{V) C Jk- It follows that 

Vr > 1, /”(!/) c Of{Jk) C Ji U • • • U J,. 

This implies that, Vn > 1, = 0, but this contradicts the assumption that 

V contains periodic points. We deduce that 

ViG|l,g-l|, |cr(i) - cr(* + 1)1 = 1. 

If cr(2) — cr(l) = 1 , we obtain from place to place: cr(fc) = cr(l) -Gk — 1. Since cr is a 
cyclic permutation of length g > 2, we have cr(l) > 2, and thus cr(q) > g + 1, which 
is impossible. We deduce that cr(2) — a{l) = —1 and a{q) = cr(l) — g + 1. The only 
possibility is cr(l) = g and cr(g) = 1 because cr(g) > 1 . Since cr is a cycle of length 
g, we must have g = 2. This concludes the proof. □ 

Proposition 3.7. Let f: I ^ I be an interval map such that the set of periodic 
points is dense. For every point x such that f^{x) x, there exists e > 0 (depending 
on x) such that x is e-unstable. 

Proof. If C/ is a nonempty open interval, the set Of{U) := Ura>o/”(^) 
one or two connected components according to Lemma |3.6[ We fix a point x 
such that f'^{x) 7 ^ x. If there exists an open interval Ug containing x such that 
Of(Ug) has two connected components, we call them Ji and J 2 in such a way that 
Ug C Ji, and we set g := p. In this situation, we necessarily have /(Ji) C J 2 
and /(J 2 ) C Ji. Moreover, for every nonempty open interval U C Ug, we see that 
U C Ji, f{U) C J 2 and Of{U) C Ji U J 2 , and hence Of{U) has two connected 
components too. On the other hand, if Of{U) is a connected set for every open 
interval U containing x, we set g ■= f and Ug := I. With this notation, for every 
open subinterval U C Ug containing x, the set Og{U) is connected. The two points 

a := inf Og{x) and b := sup(!Ig(a:) 

^>0 n>0 

are distinct because g(x) 7 ^ x by assumption. 

First we suppose that Og(x) is not dense in [a, b], which means that there exist 
z € (a, 6 ) and e > 0 such that (z —e,z + e) C {a,b)\Og{x). Let U cUghe an open 
interval containing x. The set Og{U) is connected and contains Og{x), and thus it 
contains (a, b) too. In particular, there exist y G U and k> 0 such that = z, 

and hence 

\gpx)-gpy)\>M\gPx)-z\>e. 

n>0 

We deduce that the point x is e-unstable. 
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Now we suppose that Og{x) is dense in [a, b]. This implies that g{[a, 6]) = [a, b] 
and that g\[a,b] is transitive. Then, by Proposition 2.39 the map g|[a,b] is e'-sensitive 
for every e' S (O, In particular, the point x is e'-unstable. □ 


Proposition 3.8. Let f: I ^ I be an interval map such that the set of periodic 
points is dense. Suppose that is different from the identity map. Then at least 
one of the following holds: 

• there exists a non degenerate closed interval J such that f{J) = J and 
f\j is transitive, 

• there exist two disjoint non degenerate closed intervals Ji, J2 such that 
/(Ji) = J 2 , f{J 2 ) = Ji and /IjiUJs transitive. 


Proof. Recall that p 2 (/) := {a; G / | /^(a;) = x}. This is a closed set and, by 
assumption, the open set I\ P 2 {f) is not empty. By Proposition 3.7 all the points 
of / \ P 2 (/) are unstable, and thus 


+ 00 +00 

/\P2(/)c U c/i(/)c \Ju^)- 

n—1 n—1 


By the Baire category theorem, there exists n > 1 such that Ui_ (/) has a nonempty 

C 

_ 2rL ^ _ ' 71 V./ y 

Uj_[f) by Lemma 


interior. It follows that U^{f) has a nonempty interior too, because Ux(^f) 

there exists a cycle of 


2.38 


2.40 


hi). Then, by Proposition 
intervals (Ji,...,Jp) such that f\,j^u...j is transitive^ Finally, p = I or 2 by 
Lemma 13.61 □ 


Proposition 3.8 makes possible a decomposition of the interval into transitive 
components, as stated in the next theorem and illustrated in Figure 


Theorem 3.9. Let f:L^L be an interval map such that the set of periodic 
points is dense. Then there exists a finite (possibly empty) or countable family of 
sets £ such that: 

i) VC G £, the set C is either a non degenerate closed interval or the union 
of two disjoint non degenerate closed intervals, 

ii) VC £ £, C is invariant and f\c is transitive, 
hi) the sets in £ have pairwise disjoint interiors, 
iv) I\[Jce£CCP 2 {f). 


Proof. We dehne 


£■ := {C C / I C cycle of intervals, f\c transitive}. 

By Lemma |3.6| every element in £ has at most two connected components, and 
thus it satisfies (i) and (ii). Moreover, 

(3.3) if J is a connected component of C S £, then /^(J) C J. 

Let C,C' G £ and V := Int (C) n Int (C'). If V ^0, then, by transitivity, 

IJ /"(P) = C = C'. 

n>0 

Therefore, two different elements of £ have nonempty disjoint interiors, which is 
(ih). This implies that £ is at most countable because for every C £ £, Int (C) 
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contains a rational number rc, and rc ^ tc' ii C ^ C . It remains to prove (iv). 
We set 

Wo := U C. 
ces 

We are going to show first that / \ Wq C ^ 2 (/), and second that Wq \ Wq C P 2 U)', 
these two facts clearly imply (iv). We set W := I \ Wq; this is an open set. If 
f{Y) n Int (Wq) ^ 0, then there exists a non degenerate subinterval J C Y such 
that /(J) C Int (Wq). Since /(Wq) C Wq, this implies that /"(J) n J = 0 for all 
n > I. But this contradicts the fact that J contains periodic points. We deduce 
that f{Y) C / \ Int (Wq) = Y, and thus 

(3.4) /(F) c F. 


Suppose that 


(3.5) 


w\P2(/)F 


and let K' be a connected component of Y such that K' \ P 2 {f) F 0- Since Y is 
open, K' is an open interval. Moreover, there exists n > I such that ^ 0 

because the set of periodic points is dense by assumption. Let K be the connected 
component of Y containing K'. Then f^{K) n W 7 ^ 0 and /"(W) is included in a 


connected component of F by (3.4). So /"(W) C K. We consider the interval map 


g-.= r\K-K^K. 


By Proposition 3.7 all points in if \ P 2 {f) are unstable for /. Therefore, all points 
in if \ P 2 if) are unstable for g by Lemma 2.38 i). Thus 


+ 00 


+ 00 


if'\P2(/)cif\P2(/)C UC/i(5), 


k=l 


k=l 


where K' \ p 2 (/) is a nonempty open set. Then we use the same argument as 
in the proof of Proposition |3.8[ using the Baire catego ry the orem, we find k such 


that Int ^i/i(g )^ ^ 0, so Int {^U^{g)'j 7 ^ 0 by Lemma 
to Proposition |2.40[ there exists a transitive cycle of in 
straightforward to see that the set C' := C U f{C) U 


2.38 


iv). Then, according 


;ervals C C if for g. It is 
■ U /"“^(C) is a finite union 
of non degenerate closed intervals and that f\c' is transitive. Hence C C Xq and 
C n Int (Wq) F 0 because Int (C") 7 ^ 0. On the other hand, C" C F by (3.4), and 


thus C" C i \ Int (Wg), which leads to a contradiction. Therefore, (3.5) does not 
hold, that is, y = i \ Wg C p 2 (/)- 

Now we are going to show that Wg \ Xg C p 2 (/)- We define 

M := { J C i I 3(7 S £, J is a connected component of C}. 


We fix a; S Wg \ Tfg. Let {xn)n>o be a monotone sequence in Tfg converging to x. 
For all n > 0, let Jn G A he such that Xn G Jn- If there exists ng such that Jn = Jng 
for all n > ng, then lim„_)._|_oo a:„ belongs to the closed set Jng, and thus x G Wg, 
which is impossible. Thus the sequence {Jn)n>o is not eventually constant, which 
implies that lim„_>.+oo | Jn| = 0 because two distinct elements in A have disjoint 
interiors. Let e > 0. By continuity, there exists 0 < a < e such that 

yy G I, \x-y\<a^ \f{x) - f{y)\ < e. 
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We choose n such that \x — Xn\ < o. and | J„| < e. Then f‘^[xn) G Jn by (3.3), so 
|a; - fix)\ < lx - x„| + |x„ - /^(x„)| + |/^(x„) - /^(x)| < 3e. 

Since this is true for all e > 0, we deduce that f^{x) = x. In other words, Xo\Xo C 
P 2 (/)- This concludes the proof. □ 




Figure 1. Decomposition into transitive components of a map 
/ when the set of periodic points is dense: two cases. The gray 
areas represent the transitive components, whereas the part of the 
graph of / made of black lines is the set P 2 {f)- The points where 
transitive components accumulate on both sides are not unstable, 
neither are the points in Int (P 2 (/))- 


Theorem 3.9 can be more precise. Let £ be the family of transitive components 
given by Theorem 3.9 and C £ £. We write I = [a, &]. Let J be a connected 
component of C and suppose that J has an endpoint c ^ {a, b}. Theorem |3.9| implies 
that either c is the endpoint of a connected component J' of another element of 
or c € P 2 (/)- In the first case, using the facts that P{J) = J and P{J’) = J', we 
deduce that /^(c) = c. Therefore, all the endpoints of the connected components, 
except maybe a and b, belong to P 2 (/)- In particular, if a connected component 
is made of two disjoint intervals J,K, then Theorem 2.19 implies that /^|j and 
are topologically mixing. Now suppose that C is an interval and that there 
exists a fixed point z outside C (in particular, such a fixed point exists when there 
exist other transitive intervals). We may assume that z < C, the other case being 
symmetric. Then it can be shown that the decomposition given by Theorem |3.9| 
implies that /([a,minC]) = [a,minC’]. Thus minC is a fixed point and f\c is 
topologically mixing by Theorem |2.19| 

Figure [^illustrates what kind of decomposition can exist when there are several 
transitive components. On the left side, all transitive components are intervals and 
/ is topologically mixing on each of them. On the right side, there is only one 
transitive interval in the middle, / may or may not be topologically mixing on 
this interval (this middle transitive interval may not exist), and is topologically 
mixing on every connected component of the transitive components made of two 
intervals. 
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Remarks on graph maps. Theorem |3.9| was first extended to tree maps by 
Roe mi], then to graph maps by Yokoi unj. 

Theorem 3.10. Let f'.G^Gbea graph map such that the set of periodic 
points is dense. Then there exist a positive integer N and a finite (possibly empty) 
or countable family of subgraphs £ with disjoint interiors such that 

• VR € £, the set H is f^-invariant and f^lu is topologically mixing, 

If G is a tree with e endpoints, then one can take N = gcd(2, 3,..., e). 

For topological graphs that are not trees, the integer N in the preceding theo¬ 
rem can be arbitrarily large. For example, the rational rotation Ri gives a system 
in which all points are periodic of period n. 

3.3. Sharkovsky’s Theorem, Sharkovsky’s order and type 

Sharkovsky’s Theorem states that, for an interval map, the presence of a pe¬ 
riodic point with a given period implies the existence of other periods determined 
by so-called Sharkovsky’s order [HU. 

Definition 3.11. Sharkovsky’s order is the total ordering on N defined by: 

3<|5<|7<|9<I---<|2-3<|2-5<I---<|2^-3<|2^-5<I---<|2^<|2^<|2<|1 

(first, all odd integers n > 1, then 2 times the odd integers n > 1, then successively 
2^x, 2^x, ..., ... the odd integers n > 1, and finally all the powers of 2 by 

decreasing order). 

a\>h means b <\ a. The notation <,!> will denote the order with possible 
equality. 

Remark 3.12. In Sharkovsky’s order, 3 is the minimum (as above) in some 
papers whereas it is the maximum in other ones (i.e. all inequalities are reversed). 
The ordering above is the same as in Sharkovsky’s original paper but there is 

no consensus in the literature. Even in Sharkovsky’s papers, both orderings appear. 
In addition, the symbol for the inequalities varies much: one can find <1, <sh, 
h, <C. The spelling of “Sharkovsky” varies much too. 

Theorem 3.13 (Sharkovsky). If an interval map f has a periodic point of 
period n, then, for all integers m\> n, f has periodic points of period m. 

This striking result is one of the first about the dynamics on the interval and, 
more generally, one of the earliest results pointing out the existence of “compli¬ 
cated” behavior in some dynamical systems. 

The original paper of Sharkovsky, in 1964, was in Russian m\- The first proof 
in English, different from Sharkovsky’s, is due to Stefan in 1976 |163j (published 
in [Ill]). In the meantime, Li and Yorke, unaware of the work of Sharkovsky, 
re-proved a particular case, namely that the existence of a periodic point of period 
3 implies that there are periodic points of all periods ra- This illustrates the lack 
of communication between Russian and English literatures. Later, several proofs of 
Sharkovsky’s theorem were given |36L I137L I41j . The presentation we are going to 
give derives from the one of Block, Guckenheimer, Misiurewicz and Young [36] . We 
shall hrst introduce the notion of a graph of a periodic orbit and its main properties; 
then we shall prove Theorem |3.13| in Subsection |3.3.2[ 
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3.3.1. Graph of a periodic orbit. We are going to associate a directed 
graph to a periodic orbit, and show that the existence of other periodic points can 
be read in this graph. 

Recall that (a, b) denotes [a, b] or [6, a] depending on o < 5 or 6 < a. 

Definition 3.14. Let / be an interval map and x a periodic point of period 
n > 2. Let Xi < ■ ■ ■ < denote the ordered points in {cc, f{x ),..., f^~^(x)} and 
let Ij := [xj,Xj+i] for all j S |l,n — 1]. The graph of the periodic orbit of x is the 
directed graph whose vertices are Ii,, In-i and 

Vj, k G |1, n — 1], there is an arrow Ij —)• Ik iff Ik C {f{xj), f{xj+i)). 

In this graph, a fundamental cycle is a cycle of length n, say Jq —>■ Ji —>■••• —>■ 
Jn-i Jo, such that there exists a point c € Of{x) with the property that /^(c) 
is an endpoint of Jk for all fc G |0,n — 1]. 

It is important to notice that if Ii —> Ij is an arrow in the graph of a periodic 
orbit, then covers Ij. Therefore, a cycle in this graph is a chain of intervals, 
starting and ending with the same interval. 

Recall that a cycle is primitive if it is not the repetition of a shorter cycle. 

Lemma 3.15. In the graph of aperiodic orbit, there exists a unique fundamental 
cycle (up to cyclic permutation). In this cycle, each vertex of the graph appears at 
most twice and one of them appears exactly twice. The fundamental cycle can be 
decomposed into two shorter primitive cycles. 


Proof. We consider a periodic orbit of period n > 2 composed of the points 
Xi < ■ ■ ■ < Xn and we set Ij := [xj,Xjj^i] for all j G |1, n — 1]. We fix i G |1, n — 1] 
and c G {xi,Xi+i\. We are going to show by induction on k that 


there is a unique sequence of intervals {Jk)k>o, which are vertices 
(3.6) of the graph of the periodic orbit, such that 

Jo = Ii and Vfc > 0, /^(c) G dJk and Jk —>■ Jk+i- 
Suppose that Jfc-i = [a, 6] is already defined. The interval Jk must satisfy 


(3.7) Jk C (/(a),/(6)) and f^{c) is an endpoint of Jk- 

According to the induction hypothesis for Jk-i, the points f^~^{c) belong to {a, b}. 
Thus either /(a) or f{b) is equal to f^{c), and (3.7) determines uniquely Jk G 
{/i,..., In-i}. This ends the induction. 

From now on, let {Jk)k>o denote the sequence defined above starting with 
Jo := h and c := xi. Since /"(xi) = Xi and xi < Xi for all i G |2,n], the 
interval Jn is necessarily equal to Jq. Therefore, Jo —>■ Ji —>■••• —>■ Jn-i —J" Jo is a 
fundamental cycle. Now, we are going to prove the uniqueness of the fundamental 
cycle. Let Kq —>■ Ki —>■•••—>■ = Kq be a fundamental cycle and d a point 

of the periodic orbit such that /*(d) is an endpoint of Ki for all i G |0,n — 1]. 
Since d G {xi,... ,Xn}, there exists fc G |0,n — 1] such that d = f^{xi). Thus 
f'^~^{d) = /"(xi) = xi is an endpoint of Kn-k, so Kn-k = Jo- Then ( | 3 . 6 | ) implies 
that 


(Aio, Ail; • ■ ■ j dT-n—l, Aio) — {Jk,Jk-\-l,-.-,Jn — l,Jo,---,Jk'), 
that is, the fundamental cycle is unique up to cyclic permutation. 

For every k £ |I,n — I], there exist two distinct integers i,j G |0,n — I] such 
that Ik = [/*(xi), P (xi)]. Consequently, Ji and Jj are the only two intervals of the 
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fundamental cycle that may be equal to Ik ■ This implies that every vertex appears 
at most twice in the fundamental cycle. Moreover, there are only n — 1 vertices in 
the graph and the fundamental cycle is of length n. Thus, one of the vertices of 
the graph appears at least twice in the fundamental cycle. Finally, if we cut the 
fundamental cycle at a vertex Ik appearing twice, we obtain two cycles which are 
primitive because each of them contains Ik only once. □ 

The next lemma is originally due to Stefan mM- We follow the proof of |36j . 
This is a key tool for finding other periods when one periodic orbit is known. 


Lemma 3.16. Let f be an interval map and x a periodic point. If the graph G 
of the periodic orbit of x contains a primitive cycle Jq —>■ Ji —>■••• —>■ Jn-i Jq of 
length n, then there exists a periodic point y of period n such that f^ {y) G Jk for 
all k G |0, n — 1]. 


Proof. By Lemma 1.13[ ii), there exists y such that f^{y) = y and f^{y) G Jk 
for all k G |0,n — 1]. Let p be the period of y, which is a divisor of n. Suppose 
that f^{y) does not belong to Of{x) for all k G |0,n — 1]. Then Jk is the unique 
vertex of G containing f^{y) for all k £ |0,n — 1]. This implies that p = n, 
otherwise the cycle would not be primitive. On the contrary, suppose that there 
exists k G |0,n — 1] such that f^{y) G Of{x). Then y = /"“^(/^(y)) belongs to 
the orbit of a;, and thus x is of period p. Moreover f^{y) is an endpoint of Jk for 
all A: € |0,n — 1], which implies that Jq ^ Ji ^ ■ Jn-i —> Jo is equal to either 

the fundamental cycle or a repetition of it. Finally, p = n because this cycle is 
primitive. □ 


The next lemma describes the graph of a periodic orbit whose period is the 
smallest odd period greater than 1. Such a periodic orbit is called a Stefan cycle, 
and so is any periodic orbit with the same graph as in Figure]^ 

Lemma 3.17. Let f be an interval map having a periodic point of odd period 
different from 1. Let p be the smallest odd period greater than 1, and x a periodic 
point of period p. Let c denote the median point of the orbit of x (that is, c G O f{x) 
and Of{x) contains {p — l)/2 points less than c and {p — l)/2 greater than c). If 
c < f{c), the points of its orbit are ordered as follows: 

fP-\c) < r-^c) < ■ ■ ■< fic) < c < /(c) < f{c) <■■■< fP-^ic). 

If c > /(c), the reverse order holds. Moreover, the graph of this periodic orbit is 
the one represented in Figure^ 


Qr 


h 

k 


Jp-3~ 


J, 


P-2' 

A 


jp-i 


Figure 2. Graph of a periodic orbit of minimal odd period p > 1. 


Proof. By Lemma 3.15| the graph of the periodic orbit of c contains a fun¬ 
damental cycle that can be split into two primitive cycles. One of these primitive 
cycles is of odd length because the fundamental cycle is of odd length p. According 
to Lemma |3. 1 6| and because of the minimality of p, this length is necessarily equal 
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to 1. Therefore, the fundamental cycle can be written as Ji —>■ Ji —?> J 2 —t • • • —t 
Jp-i —t Ji- Moreover Ji ^ Ji for all i S |2,p — 1] because each vertex appears at 


most twice by Lemma 3.15 If Ji = Jj for some i,j with 2<i<j<p — 1, then 
the two cycles 


J 1 — y J 2 —^ * * * — y Ji — Ji — y J . 


4+1 


—>■ Jp_i —t Ji 


and 


J\ —y J\ —y J2 —y * * * —y Ji — Jj —y Jj+i —y ■ ■ * —y 1 —y Ji 

are of respective lengths p + i — j — 1 and p + i — j. These lengths are in |1,p — 1], 
and one of them is odd. But then, using Lemma |3.16[ we get a contradiction with 
the choice of p. Therefore, we have Ji ^ Jj for all i,j G |2,p— 1] with i < j. which 
implies that (Ji, J 2 ,..., Jp-i) is a permutation of the p — 1 vertices of the graph 
of the orbit of x. Similarly, if Ji Jk for some i,k G |l,p — 1] with fc > * + 1, or 
if Ji —)■ Ji for some i G | 2 ,p — 2 ], there exists a primitive cycle of odd length (the 
cycle Ji —t Ji may be added if necessary to get an odd length) with a length in 


|2,p — 1], which leads to a contradiction again by Lemma 3.16 


Let xi < • • • < ajp be the ordered points of C>/(x). We set Ij := [xj,Xj+i] for all 
j G |l,p — 1]. Let k G |l,p — 1] be the integer such that Ji = Ik- We have shown 
that the vertex Ji is only directed to Ji and J 2 - This implies that the intervals 
Ji and J 2 have a common endpoint, and thus J 2 is equal to Ik-i or Ik+i- Since 
f{xj) ^ Xj for all j G |l,p|, it is easy to check that we are in one of the following 
two cases: 

• J 2 = 4 - 1 , Xk+i = f{xk) and Xk-i = P{xk), 

• J 2 = 4 + 1 , Xk = fixk+i) and Xk +2 = Pixk+i). 

We assume that we are in the first case, the second one being symmetric and 
leading to the reverse order. We encourage the reader to redraw the points of 
Figure step by step when reading the proof. We set c := Xk- If p = 3, then the 



Figure 3. Position of the first iterates of c. 

proof is complete. If p > 3 , then P{c) > c, otherwise there would be an arrow 
J 2 —t 4- Hence P{c) = Xi for some i > k + 1. Since there is an arrow J 2 —t J 3 
and no arrow J 2 —t Jj for all j > 3 , the only possibility is that P{c) = Xk +2 and 
•^3 = [/(c),/^(c)] = 4 + 1 - If P{c) > p{c), then necessarily p{c) > p{c) = Xk+ 2 - 
But this implies that J 3 —t 4, which is impossible, and hence /^(c) < P{c). Since 
there is an arrow J 3 —>■ 4 and no arrow J 3 -G Jj for all j > 4, the only possibility 
is that P{c) = Xk -2 and J 4 = [f'^{c), P{c)] = Ik- 2 - We can go on in this way, and 
finally we find that the points are ordered as follows: 

F-\c) < r-\c) <■■■< f{c) < c < f{c) < f{c) <■■■< F-pc)- 
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The point c is the median point of the orbit, and we are in the case c < /(c). The 
order of these points enables us to check that the graph of the periodic orbit is the 
one represented in Figure □ 

In the proof of Sharkovsky’s Theorem, we shall need the next elementary lemma. 

Lemma 3.18. Let f be an interval map and let x be a point. 

i) If X is a periodic point of period n for f, then x is periodic of period n/d 
for f^, where d := gcd(n, k). 

ii) If X is a periodic point of period m for f^, then there exists d a divisor of 
k satisfying gcd(m, d) = 1 and such that x is periodic of period for f. 

Proof, i) Let t be a periodic point of period n for /. We set d := gcd(n, k) 
and k' := k/d. We have (x) = f’^ "(t) = x. Let m > 1 be an integer such that 
/fc7Ti(^) _ This implies that km is a multiple of n, say km = pn for some p G N. 
Then m = ^ = Since gcd(n, k') = 1, the quantity ^ must be an integer, and 
thus (I divides m. We conclude that x is periodic of period for f^. 

ii) Let a; be a periodic point of period m for /^, and let n be the period of 
X for /. Then n divides km because /^'"(a;) = x. Let d be the integer such that 
km = dn. We set p := gcd{m,d). Then ^ and ^ are integers and k'^ = ^n. This 

implies that (x) = f^p{x) = x, and thus p = 1 because x is of period m for 
/^. Since n = ^ and p = gcd(m, d) = 1, we deduce that d divides k. □ 


3.3.2. Proof of Sharkovsky’s Theorem. 


Proof of Theorem 13.131 We first deal with the existence of periodic points 
of period 1 or 2. By Lemma 1.11[ / has a fixed point. We are going to show: 

(3.8) / has a periodic point of period p > 1=>/ has a periodic point of period 2. 

Let n denote the least period greater than 1 and suppose that n > 3. According to 
Lemma |3.15[ the fundamental cycle of a periodic point of period n can be split into 
two shorter primitive cycles, and thus one of them is of length m with m S |2, n— 1 ]. 
But then Lemma |3 .1 6| implies that there exists a periodic point of period m, which 
contradicts the definition of n. Therefore n = 2 and (3.8) is proved. 


Second, we show that if / has a periodic point of period p, 


(3.9) 


p > 1, p odd ^ Vn > p, / has a periodic point of period n. 


According to the definition of Sharkovsky’s order, it is sufficient to prove ( |3.9[ ) when 
p is the smallest odd period greater than 1. For such a p, the graph of a periodic 
point of period p is given by Lemma [3.17[ We keep the same notation as in Figure 
If n is even and n S |2,p — 1], then 


Jp—r 




n+1 


^ Jp—1 ^ Jp—r 


is a primitive cycle of length n. If n is greater than p, we add n — p times the cycle 
Ji —>■ Ji at the end of the fundamental cycle in order to obtain a primitive cycle of 
length n. Then, for all even integers n > 2 and all odd integers n> p, there exists 


a periodic point of period n by Lemma 3.16 This proves (3.9). 


We now turn to the general case. Assume that / has a periodic point x of 
period n = 2'^q, where g > 1 is an odd integer. We want to show that, for all m 1 
with m\>n, f has a periodic point of period m. We split the proof into three cases. 
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i) Case g = 1 and m = 2® for some 0 < e < d. According to Lemma 3.18[ i), 

the point x is of period > 1 for 5 := /t. Thus g has a periodic point y of 

period 2 by (3.8), and y is periodic of period m = 2® for / by Le mma 3.18[ ii). 

ii) Case g > 1 and m = 2‘^r for some r > 2, r even. By Lemma 3.18 i), the point 

X is of period g for g ■= ■ Since g is odd and greater than 1, g has a periodic 


by Lemma 3.18|[ii). 


point y of period r according to (3.9). Then y is periodic of period m = 2“r for / 


hi) Case g > 1 and m = 2“r for some r > q, r odd. By Lemma 3.18 i), the 


point X is of period g for g := . Since g is odd and greater than 1, g has a 

periodic point y of period r by (3.9). According to Lemma 3.18[ ii), there exists an 
integer e G |1, d] such that y is of period 2®r for /. If e = d, then / has a periodic 
point of period m. Otherwise, we set r' := 2‘^“®r. The map / has a periodic point 
of period 2®r with r odd, and the integer m can be written as m = 2®r' with r' 
even. Then the case (ii) above implies that / has a periodic point of period m. 

This concludes the proof. □ 

3.3.3. Interval maps of all types. Because of the structure of Sharkovsky’s 
order, Theorem 3.13 implies that the set of periods of an interval map is of the 
form either {m G N | to > n} for some n G N or {2^ \ k > 0}. This motivates the 
next definition. 


Definition 3.19. Let n G N U {2°°}. An interval map / is of type n (for 
Sharkovsky’s order) if the periods of the periodic points of / form exactly the set 
{to G N I to > n}, where the notation {to G N | to > 2°°} stands for {2^ | k > 0}. 

Every interval map has a type. Conversely, there exist maps of all types. This 
result was shown by Sharkovsky in HU for integer types and in HU for type 2°°. 
We are going to exhibit interval maps of all types. Some of these examples will be 
referred to in other chapters. We first state a lemma, which is a partial converse of 
Lemma 13.161 

Lemma 3.20. Let f be an interval map. Let {xi < ■ ■ ■ < Xn} be a periodic 
orbit of period n > 1, and let G denote the graph of this periodic orbit. Suppose 
that f \[ xi , xi ^. i ] is monotone for all i G |1, n — 1]. // / has a periodic point of period 
TO in then 

• either G contains a primitive cycle of length m, 

• or m is even and G contains a primitive cycle of length to/2. 

Proof. Let y G be a periodic point of period to. If ?/ G {xi,... ,x„}, 

then n = TO and G contains a primitive cycle of length to by Lemma |3.15| From 
now on, we suppose that y ^ {xi,..., x„}. We show by induction that for all A: > 0 
there is a unique vertex Jk in G such that f^{y) G Jk, and in addition Jk —>■ Jk+i- 

• There is a unique vertex Jg containing y because y G [xi, x„] \ {xi,..., x„}. 

• Suppose that Jk = [xi,Xi+i] is already defined. Since / is monotone on Jk, 

the point belongs to /(J^) = (/(xj),/(x i+i))- Since (/(^i),/(^^i+i)) is a 

nonempty union of vertices of G, this implies that there exists a vertex Jk+i in 
G such that f^~^^{y) G Jk+i and Jk —t Jk+i- The vertex Jk+i is unique because 
jfc+i( 2 ^) ^ ^ ^ ,Xn}. This concludes the induction. 

Since /"'(j/) = y, we have Jm = Jo, and thus Jg • • • Jm-i —>■ Jg is a cycle 
in G. This cycle is a multiple of a primitive cycle of length p for some p dividing 
TO. Therefore Jp = Jq and f^^{y) G Jg for all fc > 0. Since P\jo is monotone, the 
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set J '■= f ^{Jo) n Jo is an interval and j is non decreasing. Moreover, 
belongs to J for all fc > 0. If y < a straightforward induction leads to: 

y<f^iy)<f^iy)<---<f"^{y)- 

The reverse inequalities hold if y > In both cases, the fact that y = /^™(y) 

implies y = P^{y)- We deduce that m divides 2p. Since to is a multiple of p, this 
implies that m = p ot m = 2p. □ 

Example 3.21. We fix n > 1. We are going to build a map fp of odd type 
p = 2n + 1 > 1. The map fpi [0, 2n] —>• [0, 2n], represented in Figure]^ is defined 




Figure 4. On the left: an interval map of type 3. On the right: 
an interval map of odd type p = 2n + 1 > 3. 


as follows: it is linear on [ 0 , n — 1 ], [n — 1 , n], [n, 2n — 1 ] and [ 2 n — 1 , 2 n], and 

/p( 0 ) := 2 n, fp{n - 1 ) := n + 1, fp{n) := n - 1 , fp{2n - 1 ) := 0 , fp{2n) := n. 

Notice that n = 1 is a particular case because 0 = n — 1 and n = 2n — 1. This map 
satisfies: 


Vfc e |1, n], fp{n — k) = n + k, 

Vfc G |0, n — 1], fp{n + k) = n — k — 1. 


It follows that fp’^~^{n) = n — k and /p^(n) = n + A: for all fe G |l,n]. Thus 
fp'^'^^i'n) = n, and the point n is periodic of period p = 2 n + 1 . 

We set J 2 fc-i := [n—k, n—k+1] and J 2 k '■= [n-\-k—l, n+k\ for all k G |1, n]. It is 
easy to check that the graph of the periodic point n is the one given in Lemma |3.17[ 
that is: 
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This graph does not contain any primitive cycle of odd length m G |2,p — 1]. 
Thus, by Lemma 3.20 fp has no periodic point of odd period m G |2,p — 1]. This 


means that fp is of type p. 

For further reference, we are going to show that fp is topologically mixing. The 
transitivity of fp was shown by Block and Coven |34) . We are first going to show 
that, for every subinterval J in [0, 2n], 

(3.10) 3ie|l,2nl, JCJ. =»3fc>l, \f^{J)\ > 2\J\. 

If J C Ji, then \ fp{J)\ = 2|J| because slope(/p|jJ = —2. If there exists i G |2,2n] 
such that J C Ji, then fp'^~^{J) C J2n- For all i G |2,2n — I], slope(/p|jJ = —I 
and slope(/p| j 2 ^) = n. It follows that |/p"“*''’^(J)| = ’4|/p"’“®(J)| = n| J|. If n > 2, 
then |/p”“*+^(J)| > 2| J|. If n = I, then fp{J 2 n) = Ji, and thus C Ji 

and |/p”“*^^(J)| > 2|J|. In both cases, there exists an integer fc > 1 such that 


\fp[J)\ > 2 |J|. This proves (3.10). 


Let J be a non degenerate subinterval of [0, 2n]. If, for all integers k, the 
interval /p (J) does not meet {0,1,..., 2n}, then (3.10|) implies that the length of 


fp{J) grows to infinity, which is impossible. Thus there exists an integer k>0 such 
that /p (J) contains one of the points 0,1,..., 2n. Since {0,1,..., 2n} is a periodic 
orbit, k can be chosen such that 0 G fp{J)- Moreover, /p(J) is a non degenerate 
interval according to the definition of fp. The poin t 0 is fixed for g := {fpY and 

there exists i > 0 such 


2.11 


g is of slope 4n > 1 on [O, . Thus, by Lemma 

that g^{f^{J)) D [O, and hence 5 *^^(/^(J)) 3 [0,1]. Moreover, for every 

i G [l,p- 11, 

Jp-2 Jp_i —> Ji —>■ ■ ■—» Jj -G J 2 • • • ^ Ji 

p—l — i arrows 

is a path of length p from Jp -2 = [ 0 , 1 ] to Ji in the graph of the periodic point n. 
This implies that /|'([0,1]) D [JiZi Ji = [0, 2n]. Therefore, (J) = [0,2n]. 

We conclude that fp is topologically mixing. 


Example 3.22. We are going to build interval maps of type n for all integers 
n G N, following the construction in [mi. We start with the definition of the 
so-called square root of a map. If /: [0, b] -G [0, b] is an interval map and <5 G [0, 6], 
the square root of / (more precisely, one realization of the square root of /) is the 
continuous map g: [0, 2b + 6] ^ [0, 2b + d] defined by: 

• \/x G [0, 6], g{x) := f{x) + {b + S), 

• Wx G [& -I- (5,26 -|- (5], g{x) := x — {b + S), 

• g is linear on [6, b + S]. 

The map g is not well defined if 6 = 0 and g{b) > 0. The value chosen for S is 
usually d = 0 if g{b) = 0, and 6 = b otherwise. This construction is represented in 
Figure]^ with 5 = b. This map satisfies: 

(3.11) Vx G [0,6], g'^{x) = f{x), 

(3.12) (;([0, 6]) C [b + S,2b + 6] and g{[b + S,2b + 6]) = [0, 6]. 


It is clear that g has a unique hxed point c, and that c G [ 6 , 6 -f 6 ]. Moreover, 
A := slope((/|[{, ;,_|_ 5 ]) < —1. Thus, if x, g{x),..., g^{x) belong to [ 6 , 6 - 1 -<5], then 
|g^(x) — c| > |A|^|a: — c|. This implies that, for all x G [ 6 , 6 -f 6 ] \ {c}, there exists 
k > 0 such that g^{x) G [0, 6 ] U [6 -I- 5, 26 -I- 6 ]. Thus, by ( |3.12 1, all periodic orbits 
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Figure 5. The map g is the square root of /. If / is of type n , g 
is of type 2 n. 


of g , except c, have at least one point in [0, b ] and are of even period. Moreover, 
(3.11) implies that a point x G [0, &] is a periodic point of period 2m for g if and 
only if it is a periodic point of period m for /. We deduce that, if / is of type n, 
then g is of type 2 n . 

With this procedure, it is possible to build an interval map of type n for every 
positive integer n . We write n = 2 ‘^q with d > 0 and q odd. If q = 1, we start with 
a constant map /: [0,1] —)■ [0,1], which is of type 1. If g > 1, we start with the 
interval map fg of type q defined in Example 3.21 Then we build the square root 


of /, then the square root of the square root, etc. At step d, we get an interval map 
of type n = 2 '^ q . 


Example 3.23. We are going to build an interval map of type 2°°. We follow 
[72j : see also |63] . For all n > 0, we set 


In ■■ = 


1 3n’l 


2 

3 ’^+! 


For every n > 0, let fn- In —t In be the map of type 2" built in Example 3.22 


and rescaled (i.e., conjugate by an increasing linear homeomorphism) to fit into 
Then the continuous map /: [0,1] —[0,1], illustrated in Figure]^ is defined by: 


• yx G In, f{x) := fn{x), 

• /(I) :=1, 

• Vn > 0, / is linear on [l — gjpr, 1 — • 

It is obvious that the only periodic points of / in [l — 1 — are fixed, 

and a; is a periodic point of period p > 1 for / if and only if there is some n > 0 
such that a: is a periodic point of period p for fn- Therefore the type of / is 2°°. 

We remark that, for all x G [0,1], the w-limit set of a: is a periodic orbit of 
period 2" for some integer n > 0. This is not always the case for maps of type 2°°. 
In [72| . there is another example of a map of type 2°° with an infinite w-limit set. 
We shall see such a map in depth in Example |5.56| 
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Figure 6. Each map /„ is of type 2”, the whole map is of type 2°°. 

Remark 3.24. There is a completely different way of proving that all types 
are realized. It consists of the study of a one-parameter family of interval maps 
that exhibits all possible types. The most famous family is the logistic family 
/a( a;) = Aai(l — x), where x G [0,1] and A G [0,4]. For every n G N U {2°°}, there 
exists Xn G [0,4] such that />„ is of type n; the map is called the Feigenbaum 
map. More generally, every “typical” family of smooth unimodal maps exhibits all 
possible types; an interval map /: [0,1] —>■ [0,1] is unimodal if /(O) = /(I) = 0 and 
there is c G (0,1) such that /|[o,c] is increasing and /|[c,i] is decreasing. The proofs 
are non-constructive and rely on quite sophisticate tools like the kneading theory. 
The study of such families of interval maps is out of the scope of this book. See 

pfn (671 (1^1841(971 [Too] . 

In |14[ Section 2.2], Alseda, Llibre and Misiurewicz gave a short proof consisting 
of showing that the family of truncated tent maps exhibits all types. The truncated 
tent maps are defined as g\{x) = min(T 2 (a;), A), where x £ [0,1], A G [0,1] and T 2 
is the tent map defined in Example |2.I3[ The proof is non constructive, as for 
families of smooth unimodal maps, but is much simpler. 

Remarks on graph maps. Sharkovsky’s Theorem |3.13| has motivated a lot 
of work aimed at finding characterizations of the set of periods for more general 
one-dimensional spaces. 

One of the lines of generalization of Sharkovsky’s Theorem consists of charac¬ 
terizing the possible sets of periods of tree maps. The first remarkable results in 
this line are due to Alseda, Llibre and Misiurewicz |13j and Baldwin |21) . In |13j 
the characterization of the set of periods of the maps on the 3-star with a fixed 
branching point, in terms of three linear orderings, was obtained, whereas in |21j 
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the characterization of the set of periods of all dynamical systems on n-stars is given 
(an n-star is a tree made of n segments glued together by one of their endpoints 
at a single point, e.g., := {z G C | z" S [0,1]}). Further extensions were given 

by Baldwin and Llibre |22] for tree maps such that all the branching points are 
fixed, then by Bernhardt |29) for tree maps such that all the branching points are 
periodic. Finally, Alseda, Juher and Mumbrii overcame the general case of tree 
maps [l[Zl|8l[9]. They showed that the set of periods of a tree map is the union 
of finitely many terminal segments of the orders of Baldwin and of a finite set (for 
every integer p > 2, the p-order of Baldwin is a partial ordering on N, coinciding 
with Sharkovsky’s order for p = 2). The precise statement is quite complicated; we 
refer to [HI Theorem 1.1]. 

Another direction is to consider topological graphs which are not trees, the 
circle being the simplest one. Circle maps display a new feature: the set of periods 
depend on the degree of the map and, in the case of degree 1, on the rotation 
interval. 

Consider a circle map /: S —)■ S, where S := K/Z, and a lifting of /, that is, a 
continuous map F: K —>■ K such that tt o F = / o tt, where tt : K —)■ S denotes the 
canonical projection (F is uniquely defined up to the addition of an integer). The 
degree of / (or F) is the integer d G Z such that F(a; + 1) = F(x) + d for all a: G M. 

The characterization of the sets of periods for circle maps of degree different 
from 1 is simpler than the one for the case of degree 1. The case of degree dif¬ 
ferent from 1, —1 and part of the degree —1 case are due to Block, Guckenheimer, 
Misiurewicz and Young |36] . See also [141 Section 4.7]. 

Theorem 3.25. Let f: S ^ S be a circle map of degree d ^ 1. 

• If Ml >‘2,d^ —2, then the set of periods of f is N. 

• If d = —2, then the set of period of f is either N or N \ {2}. 

• If d G {0, —1}, then there exists s G NU {2°°} such that the set of periods 
of f is {m G N 1 TO > s}. 

Moreover, all cases are realized by some circle maps. 

The characterization of the sets of periods of circle maps of degree 1 is due to 
Misiurewicz and uses as a key tool the rotation theory. The reader can refer 

to M for an exposition of rotation theory for (non invertible) circle maps of degree 
1. The sets of periods of circle maps of degree 1 contain the set of all denominators 
of all rational numbers (not necessarily written in irreducible form) in the interior 
of an interval of the real line. As a consequence, these sets of periods cannot be 
expressed in terms of a finite collection of orderings. 

Theorem 3.26. Let / : S —>■ S be a circle map of degree 1, and let [a,b\ be the 
rotation interval of a lifting of f. Then there exist Sq, G N U {2°°} such that the 
set of periods of f is egual to S{a, Sa) Gi M{a,b) U S{b, S},), where 

• M{a, 6) := {q G N 1 G Z, £ G (a, b)}. 

• S(x, s) := 0 if a G M \ Q and S{x, s) := {nq j n > s} if a = ^ with p G N, 
q G Z and gcd(p, q) = 1. 

Moreover, all cases are realized. 

Finding a characterization of the sets of periods of graphs maps when the graph 
is neither a tree nor the circle is a big challenge and in general it is not known what 
the sets of periods may look like. Only two cases have been studied: the graph 
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shaped like a m\, and the graph shaped like 8 [ni], with the restriction, in both 
cases, that the map fixes the branching point. This assumption greatly facilitates 
the study (similarly, tree maps fixing all the branching points were dealt with first). 

A rotation theory has been developed by Alseda and the author for maps of 
degree 1 on graphs containing a single loop |16) . It leads to results similar to, but 
weaker than, the ones obtained from the rotation theory for circle maps. They give 
information about the periods, but this is far from leading to a characterization of 
the sets of periods, even in the simplest case of the graph a m- 


3.4. Relations bet-ween types and horseshoes 

If an interval is mapped across itself twice, the effect on the dynamics is similar 
to Smale’s horseshoe for two-dimensional homeomorphisms [159]. This leads to 
the following definition. The name horseshoe for interval maps was given by Mi- 
siurewicz [123], but the notion was introduced much earlier by Sharkovsky under 
the name of L-seheme 

Definition 3.27 (horseshoe). Let / be an interval map. If Ji,..., J„ are non 
degenerate closed intervals with pairwise disjoint interiors such that Ji U • • • U J„ C 
f{Ji) for all i G |l,n], then (Ji,...,J„) is called an n-horseshoe, or simply a 
horseshoe if n = 2. If in addition the intervals are disjoint, (Ji,..., Jn) is called a 
strict n-horseshoe. 


Remark 3.28. The definition of horseshoe slightly varies in the literature. For 
some authors, a horseshoe is made of disjoint closed subintervals, or is a partition 
of an interval into subintervals such that the image of every subinterval contains 
the whole interval (thus, the subintervals forming the horseshoe are disjoint but not 
closed). The definition above follows |14j . For Block and Coppel, an interval map 
with a horseshoe is called turbulent [40| ; this terminology was suggested by Lasota 
and Yorke [106]. However, turbulent may refer to a point with an infinite w-limit 
set (see e.g. [72]), and so this word might be confusing. 

Sometimes it will be useful to boil down to a particular form of a horseshoe, as 
given by the next lemma. 


Lemma 3.29. Let f be an interval map and {J, K) a horseshoe. Then there 
exist points u, v, w such that f{u) = u, f{v) = w, f{w) = u and, either u < v < w, 
or u > V > w. Note that {u,v), {v,w) form a horseshoe. 


Proof. We assume J < K. Let a,b G J be such that /(a) = minJ and 
f[b) = max AT. We have (a, 6 ) C J and f{{a,b)) D J U AT. 

• Case 1: a < b. Let u G [a, b] be a fixed point {u exists by Lemma 1.11 )] u b 

because f{b) ^ [a, &], hence u ^ K. Since f{K) D J D [a,b], there is w G K 
such that f{w) = u (by the intermediate value theorem). Moreover f([u,b]) D 
[u, max AT] D AT, thus there is u S [u,b] such that f{v) = w. We have u < v hy 
definition (note that u = v is impossible because u ^ K and f{v) G K) and v < w 
because v G J and w G K. Moreover v ^ w because f{w) = u < v < w = f{v). 

• Case 2: b < a. Let u G K he a fixed point; u > a because /(a) ^ K. Let 

w G [6, a] be such that f{w) = u. Since f{[w,a\) D [minJ, m] D J, there is 
V € [w, a] such that f{v) = w. We have w < v < u, and equalities v = u, w = v are 

not possible because v < a < u and f{w) = u > v > w = f{v). □ 

The next lemma is a straightforward consequence of Lemma 1.13[iii). 
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Lemma 3.30. Let f be an interval map and ( Ji, ..., Jp) a p-horseshoe for f. 
Then, for all n > 1, 

i) yi,j € II7PL Ji covers p^~^ times Jj for 

ii) /" has a p'^-horseshoe. 


We shall see in Section 4.2 that horseshoes are intimately related to entropy, 
but what interests us now is the relationship between horseshoes and the periods 
of periodic points. We first show that a map with a horseshoe is of type 3. This 
result appears as part of a proof due to Sharkovsky nm Lemma 4]. It was also 
stated by Block and Coppel m- 


Proposition 3.31. An interval map f with a horseshoe has periodic points of 
all periods. 


Proof. Let ( J, K) be a horseshoe for /. First, we assume that J and K are 
disjoint. Let n > 1. Applying Lemma 1.13[ ii) to the chain of intervals (/q, ...,/«) 
with Ii := K for all i G |1, n — 1] and Iq = In '.= J, we see there exists a periodic 
point X G J such that /"(a:) = x and f^{x) G K for all k G |l,n — 1]. The fact 
that J and K are disjoint implies that the period of x is exactly n. 

Now we assume that J and K have a common endpoint. We write J = [a, b] 
and K = \b, c] (we may suppose with no loss of generality that J is on the left of 
K). If 6 is a fixed point, we set 

d := min{a; > b \ f { x ) € {a,c}}. 

It follows that d > b and the image of [b, d) contains neither a nor c. Thus f{[d, c]) 
contains a and c because [a, c] C f{[b,c]), so [a, c] C f{[d,c]) by connectedness. We 
deduce that {J, [d, c]) is a strict horseshoe. The first part of the proof implies that 
/ has periodic points of all periods. 

Suppose now that b is not a fixed point. Applying Lemma 1.13[ ii) to the chain 
of intervals {J,K,K,J), we see that there exists a periodic point x G J such that 
P { x ) = X, f { x ) G K and P { x ) G K. The period of x divides 3, and thus it is 
equal to 1 or 3. If x is a fixed point, then x G J f ] K = {6}, which is impossible 
because b is not fixed. Thus x is of period 3. Then / has periodic points of all 
periods according to Sharkovsky’s Theorem |3.13| □ 


An interval map with a periodic point of period 3 may have no horseshoe. Such 
a map will be built in Example |4.6I[ However, if / has a periodic point of odd 
period greater than 1, then has a horseshoe. This result was underlying in a 
paper of Block |33] and was stated by Osikawa and Oono in mil see also |40j . 


Proposition 3.32. Let f: I ^ I be an interval map. If f has a periodic 
point of odd period greater than 1, then there exist two intervals J, K containing no 
endpoint of I and such that {J,K) is a strict horseshoe for /^. 


Proof. Let p be the least odd integer different from 1 such that / has a 
periodic point of period p and let x be a periodic point of period p. According 
to Lemma |3.17[ there exists a point xq in the orbit of x such that the points 
Xi := /*(xo ),0 < i < p — 1, are ordered as: 

Xp-i < Xp-3 < • • • < X2 < Xo < Xi < • • • < Xp-2 

or in the reverse order. Suppose that the order above holds, the other case being 
symmetric. 
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The interval f{[xo,xi]) contains [x 2 ,xo\, which implies that there exists d in 
(a;o,Ti) such that f{d) = Xq, and hence d < f‘^{d) = Xi. Since f'^{[Xp-i, Xp- 3 ]) 
contains [xp-i,xi\, there exists a point a S (Xp-i,Xp-^) such that /^(a) > d. Then 
f‘^{[a,Xp- 3 ]) D [xp-i,d], and thus there exists b € (a,Xp- 3 ) such that P[h) < a. 
Similarly, there exists c € {Xp- 3 ,d) such that P{c) < a because f‘^{[xp- 3 ,d]) D 
[Xp-i, f'^{d)] D [xp-i,d\. Then J := [a, 6] and K := [c, d] are disjoint intervals and 
form a horseshoe for /^. Finally, J and K do not contain any endpoint of / because 
Xp-i < a and d < xi. □ 


We end this section with two small results, related to horseshoes and periodic 
points of odd period; both will be referred to later. The first one states that, if / 
has no horseshoe, every orbit splits into two sets U and D with U < D such that 
all points in U (resp. D) are going “up” (resp. “down”) under the action of /. 
The second one is a tool to prove the existence of periodic points when only partial 
information on the location of the points is known. 

The next result, already implicit in a paper of Sharkovsky uni proof of 
Lemma 4], was proved by Li, Misiurewicz, Pianigiani and Yorke under a slightly 
weaker assumption |1111 Corollary 3.2]. 


Lemma 3.33. Let f be an interval map with no horseshoe, and let xq be a point. 
Let U{xo) := {x G Of(xo) | f(x) > x} and D{xo) := {x € Of(xo) | f(x) < x}. If 
these two sets are nonempty, then supl7(a:o) < infZ?(a;o) and there exists a fixed 
point z G [sup {/(to), inf Z3(a;o)]. 


Proof. We set := f^{xo) for all n > 0. Let n, m be integers such that 
Xn G U(xq) and Xm G D(xq). We are going to show that Xn < Xm- Suppose on 
the contrary that Xn > Xm- We assume that m > n, the case m < n being similar. 
The point is not fixed because Xm = > Xn- Thus, according to the 

definition of U(xo) and L>(xo), we have 

(3.13) /(^m) ^ ^ /(^n)- 


By continuity, there exists a fixed point in [xm,Xn]- Let y be the maximal fixed 
point in [xm,,Xn]- Then y < Xn and, since f{xn) > Xn, 


(3.14) 


Wx G iy,Xn], f{x) > X. 


By (3.13), there exists an integer k G |n + 1 ,to] such that Xi > y for all i G |n, fc] 
and Xk+i < y. We show by induction on i that Xi < Xk for all i G |n, fc]. 


• Case i = n: since f{xk) = Xk+i < y < Xk, the point Xk does not belong to (y, Xn] 
by (3.14), and thus Xn < Xk- 


• Suppose that Xi < Xk for some i G |n, fc — 1|. If Xi+i > Xk, then {[y,Xi], [xi,Xk]) 
is a horseshoe for /, which is a contradiction. Hence < Xk- 


For i = k, the induction statement is that Xk < Xk, which is absurd. Hence 
Xn < Xm- We deduce that snpU{xo) < infIl(a:o). Moreover, the definitions of 
U{xo),D{xo) imply that /(sup(17(a;o))) > snpU{xo) and f{mi{D{xo))) < inf D{xo)- 
Thus there exists a fixed point z G [sup I/(a;o), inf L>(a;o)] by continuity. □ 


The next result was shown by Li, Misiurewicz, Pianigiani and Yorke mo]. 


Proposition 3.34. Let f be an interval map and let x be a point. Let p > 3 
be an odd integer and suppose that either f^{x) < x < f{x) or P(x) > x > f{x). 
Then f has a periodic point of period p. 
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Proof. We assume that f^{x) < x < f{x), the case with reverse inequalities 
being symmetric. We also assume that / has no horseshoe, otherwise / has periodic 
points of all periods by Proposition |3.31[ 

We set Xn ■= f'^{x) for all n > 0. We define the sets 

U := {xn I Xn+i > n e |0,p]} and D := {xn \ Xn+i < a;„, n S |0,p]}. 


By assumption, Xp < xq < xi, which implies that xq G U and 
(3.f5) there exists j G |l,p— 1] such that Xj+i < Xj, 


so Xj G D. Since U and D are not empty, Lemma 3.33 implies that 

max U < min D and there exists a fixed point z G [max U, min D]. 


li Xi = z for some i G |0,p], then Xp = z > max {7 > xg- Since Xp < Xg, this 
implies Xq = z, which is a contradiction because Xg is not a fixed point. We deduce 
that max 17 < z < mini?, and thus 


Xp < Xg < max[7 < z < mini? < xj. 

We claim that there exists k G |0,p — 1] such that 

either Xfe,a:fc+i G 1/ or Xk,Xk+iGD. 

Otherwise, all the points Xi with even index i G |0,p] would be in U (because 
Xg G U) and all the points Xi with odd index i G |0,p] would be in D, and thus 
Xg < z < Xp because p is odd. This would contradict the assumption that Xp < xg. 
Therefore the claim holds, which implies that 


(3.16) either Xk < Xk+i < z or z < Xk+i < Xk- 

We assume that the case Xk < Xk+i < z holds in ( |3.I6 |, the other case being 
symmetric. We set Jk := [a;^,max 17] and Ji := {xi,z) for all i G |0,p] with i ^ k. 
Then f{Jk) G) [xfe+i,minZ?] D [xfe+i,z] and /(Ji) D (xi+i,z) for all i G |0,p] with 
i yG k. Then ( Jq, .. ., Jp) is a chain of intervals. Moreover, we have Jg C Jp. Thus 
there exists y G Jg such that P{y) = y hy Lemma 1.13 ii). Let q be the period 
of y, this is a divisor of p. li q = 1, then y G Jg (G Jj = [xg,z\ H [z,Xj\ (recall 
that j is such that Xj > z by (3.15)), and hence y = z. But this is not possible 
because y G Jk = [x/c,max[/], with max 17 < z. We deduce that g > 1. Since p is 
odd, then q is odd too, and 1 < q < p. Then Sharkovsky’s Theorem 3.13 gives the 
conclusion. □ 


3.5. Types of transitive and mixing maps 


We saw that a mixing interval map has a periodic point of odd period greater 
than 1 (Theorem 2.20). Moreover, Example 3.21 shows that, for every odd g > 1, 
there exists a mixing map of type g. If an interval map / is transitive but not 
mixing, then, according to Theorem 2.19 there exists a subinterval J such that 
P\j is mixing, and thus p is of type g for some odd g > 1. Actually, g is always 
equal to 3 in this case, which implies that / is of type 6. This result was proved by 
Block and Coven |34j ; it is also a consequence of a result of Blokh |42) . We start 
with a lemma, stated in 


Lemma 3.35. Let f: [a, 6] —)■ [a,b] be a transitive interval map. If f has no 
horseshoe, then it has a unique fixed point. Moreover, this fixed point is neither a 
nor b. 
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Proof. Suppose that / is transitive and has at least two fixed points. Then 


Theorem 2.19 implies that / is topologically mixing. The set of fixed points Pi{f) 


has an empty interior by transitivity, and it is a closed set. This implies that there 
exist two points xi < X 2 in Pi{f) such that {xi,X 2 ) H Pi{f) = 0 and thus, either 

Va; e {xi,X 2 ), f{x) < x, 


or 


(3.17) 


Va; e (a:i,a; 2 ), f{x) > x. 


We assume that (3.17) holds, the other case being symmetric. If 

Va; e {xi,b], f{x) > Xi, 

then the interval [xi, 6 ] is invariant, which is impossible by transitivity except if 
xi = a. In this case, o is a non accessible endpoint because a ^ /((a, 6 ]), and 
thus there exists a sequence of fixed points that tend to a by Lemma |2.32[ But this 
contradicts the choice of Xi and X 2 - We deduce that there exists t G (xi, 6 ] such that 
f{t) < xi- Actually, t belongs to [x 2 , 6 ] because of (3.17). Since /(X 2 ) = X 2 > xi, 
there exists z G [x 2 , t] such that f{z) = Xi by the intermediate value theorem. Thus 
we can define 

z := min{x G [xi, 6 ] | /(x) = Xi}. 


Actually z G [x 2 , b] because of (3.17). If /(x) ^ z for all x G (xi, z), then /(x) < z 
for all X G (xi,z) (because /(xi) = xi < z), and the minimality of z implies that 
/(x) > xi for all X G (xi,z). Thus the non degenerate interval [xi,z] is invariant 
and z ^ /([xi,z]), which is impossible because / is transitive. We deduce that 
there exists y G (xi,z) such that f(y) = z. If we set J := [xi,y\ and K := [y, z], 
then {J,K) is a horseshoe. 

If / is transitive and has no horseshoe, what precedes implies that / has at 
most one fixed point. Thus / has a unique fixed point according to Lemma nm 
If a (resp. b) is the unique fixed point of /, then /(x) < x for all x G (a, b] (resp. 
/(x) > X for all X G [«,&)), and thus / is not onto. This is impossible because / is 
transitive, so we conclude that the unique fixed point of / is neither a nor b. □ 

Proposition 3.36. Let f: I ^ I be a transitive interval map. Then has a 
horseshoe and f has a periodic point of period 6. Moreover, 

• if f is topologically mixing, then it is of type p for some odd p > 1, 

• if f is transitive but not mixing, then it is of type 6. 

Proof. If / is topologically mixing, it has a periodic point of odd period g > 1 
by Theorem |2.20| Sharkovsky’s Theorem |3.13| implies that the type of / is an odd 
integer p in |3, g] and / has a periodic point of period 6. Moreover, has a 
horseshoe by Proposition |3.32[ 

If / is transitive but not topologically mixing, then it has no periodic point of 
odd period greater than 1 by Theorem |2.20[ and thus the type of / is at least 6 
for Sharkovsky’s order. Moreover, according to Theorem |2.19[ there exists a fixed 
point c G I which is not an endpoint of I and such that, if we set J := [mini, c] and 
K := [c,max/], the subintervals J,K are invariant under /^, and both maps /^jj, 
are topologically mixing. Then p\j is tr ansitiv e and has a fixed endpoint, 
and thus it has a horseshoe according to Lemma 3.35 Therefore p has a periodic 


point of period 3 by Proposition |3.3I| The period of this point for / cannot be an 
odd integer, and thus it is equal to 6 . We conclude that the type of / is 6 . □ 























CHAPTER 4 


Topological entropy 

4.1. Definitions 

The notion of topological entropy for a dynamical system was introduced by 
Adler, Konheim and McAndrew [Tj. Topological entropy is a conjugacy invariant. 
The aim of this first section is to recall briefly the definitions and introduce the 
notation used in the sequel, without entering into details. The readers who are not 
familiar with topological entropy can refer to [167] or I73|. 

4.1.1. Definition with open covers. Let {X,f) be a topological dynamical 
system. A finite cover is a collection of sets C = {Ci,..., Cp} such that Ci U • • • U 
Cp = X. It is an open cover if in addition the sets Ci,... ,Cp are open. A partition 
is a cover made of pairwise disjoint sets. The topological entropy is usually defined 
for open covers only. Nevertheless we give the definition for any finite cover because 
we shall sometimes deal with the entropy of covers composed of intervals which are 
not open. 

Let C = {Cl,..., Cp} and V = {Di ,..., Dq} be two covers. The cover CW \s 
defined by 

C V P := (C, n D, I i G [1 ,p1, j G [1,(?1, c, n D, ^ 0}. 

We say that T) is finer than C, and we write C ^ H, if every element of T) is included 
in an element of C. Let N(C) denote the minimal cardinality of a subcover of C, 
that is, 

N{C) := minjn | 3fi,..., G X = Ci^ U • • • U Cifi}. 

Then, for all integers n > 1, we define 

7V„(C, /) := X (C V r\C) V • • • V /"("-'HC)) • 

If there is no ambiguity on the map, C" will denote C V f~^{C) V • • • V 

Note that N{C) < fiC. Moreover, if 7^ is a partition (not containing the empty 

set), then "P" is a partition too, and N{V'^) = #(7^") for all n > 1. 

Lemma 4.1. Let (a„)n>i be a sub-additive sequence, that is, On+k < On + Ofc 
for all n > 1 and all k > 1. Then hm„_>.+oo exists and is equal to inf„>i ^Un- 

Proof. The inequality 

(4.1) liminf —a„ > inf —a„ 

n— >-+oo n n>l n 

is obvious. Let A: be a positive integer. For every positive integer n, there exist 
integers q,r such that n = qk -\- r and r G |0, fc — 1]. The sub-additivity implies 
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that a„ < qak + ar, and thus limsup„_^_|_(^ ^a„ < \ak- Therefore, 
(4.2) limsup—a„ < inf —a^, 

n—^+oo n h 


and the lemma follows from (4.11 and (4.2). 


□ 


It is easy to show that, for all finite covers C, the sequence log A^„(C, /))„>^ 
is sub-additive. Thus Lemma |4.1| can be used to define the topological entropy of 
the cover C by: 


htopiC, /) 


lim 


> + O 0 


logiV„(C,/) 

n 


l0giVn(C,/) 
n>l n 


The next lemma follows straightforwardly from the definitions. 


Lemma 4.2. Let {X,f) be a topological dynamical system. If C and D are two 
finite covers such that C -< V, then htop{C,T) < htop{'D,T). 

The topological entropy of a dynamical system (X, /) is defined by 

htopif) ■= swplhtopfU, f) I U finite open cover of X}. 

The topological entropy is a non negative number (it may be infinite). It satisfies 
the following properties: 


Proposition 4.3. Let (X, /) be a topological dynamical system. 

• For all integers n> 1, htopif^) = nhtopif). 

• IfY is an invariant subset of X, then htopiflv) < htopif). 

• if (y, g) is a topological dynamical system that is conjugate to {X, f), then 

htopif) ~ htopig). 


When dealing with entropy in the sequel, we shall often use that htopif^) = 
nhtopif), without referring systematically to Proposition 4.3 


4.1.2. Definition with Bowen’s formula. The topological entropy can be 
computed with Bowen’s formula. The following notions were introduced in |59j . 

Let X be a metric space with a distance d, and let /: X —)■ X be a continuous 
map. Let e > 0 and n > 1. The Bowen ball of center a:, radius e and order n is 
defined by 

Bnix^e) := {y e X I d(/'=(a;),/'"(y)) < £, fc G |0,n - 1]} 

n—1 

= {^niBinx),e)). 

i=0 

Let E C X. The set E is {n,e)-separated if for all distinct points x,y in E, there 
exists fc G |0,n — 1] such that d(/^(a;),/^(y)) > e. The maximal cardinality of an 
(n, e)-separated set is denoted by s„(/, e). The set E is an {n, e)-spanning set if 
X C [Jx^E h3nix,s). The minimal cardinality of an (n, £)-spanning set is denoted 
by rnif,s). 

Lemma 4.4. Let (X, /) be a topological dynamical system, £ > 0 and n G N. 

i) IfO<s'< e, then s„(/,£') > s„(/,£) and r„(/,£') > r„(/,£). 

ii) r„(/,£) < Snif,e) < r„(/, |). 
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Proof, (i) Obvious. 

(ii) Let E be an (n, e)-separated set of maximal cardinality s„(/, e). By maximality, 
for every y G X \ E, E LI {y} is not (n, e)-separated, that is, y G Uxge Bn{x,s). 
Moreover, E is clearly included in lJa;G£; Bn{x,e). This means that E is an {n,e)- 
spanning set, and so rn{f,s) < s„(/, e). Let F be an (n, |)-spanning set of cardi¬ 
nality rn{f, §)■ For every x G X, there exists y{x) G F such that x G Bn{y{x), |). 
If xi,X 2 are two distinct points in E^ then y{xi) 7 ^ y{x 2 ) (otherwise this would 
imply that d{P{xi), P{x 2 )) < e for all z G |0,n — 1]). Thus that is, 

s„if,e) <rnif,^). □ 

The next result is due to Bowen mi see also HH]. 

Theorem 4.5 (Bowen’s formula). Let {X, /) he a topological dynamical system. 
Then ^ ^ 

htopif) = limlimsup-logs„(/,£) = lim limsup - logr„(/,e). 
n —^-t -00 n £ ^0 —>.+oo n 

Proof. First, the limits 

lim lim sup — log s„ (/, e) and lim lim sup — log ?"„(/, s) 

£“>■0 n—H -00 n e—>0 n 

i), and they are equal by Lemma |4.4[ ii). Let h denote the 
value of these limits. We are going to show that htopif) = h. 

Let £ > 0 and n G N. Let E be an (n,£)-separated set of cardinality Sn{f,s). 
Let U he a finite open cover such that the diameter of all elements of U is less 
than £ (such a cover exists because X is compact). Two distinct points in E are in 
distinct elements ofiY", so s„(/,£) < Nn{U). This implies that 

limsup - log s„(/,£) < htop(U,f), 

n—>-+oo TT' 

and so h < htopif)- 

Let V be a finite open cover and let ^ > 0 be a Lebesgue number for V, that is, 
for all x G X, there exists P G V such that Bix, S) C V. Let £ G (0, 6) and let F be 
an (n, £)-spanning set of cardinality r„ (/,£). For all y G F and all fc G |0,n — 1], 
there exists Vy^k G V such that i3(/^(y), 6) C Vy^k- Let x G X. By dehnition of F, 
there exists y G F such that x G Bniy,s), hence f^ix) G J5(/^(y),£) C Bif^iy),S) 
for all k G |0, n — 1]. Thus 

n—1 

X G V r'^iVy-k)- 

k^O 

This implies that V := f~^i^v.k) | y G F} is a subcover of V”, and so 

Nniy) < NiV) < #F = r„(/,£). This implies that 

htopiVJ) < limsup - log (/,£), 

n—>-+oo 'kl 

and so htopif) — h- Finally, we get htopif) = h. □ 

4.2. Entropy and horseshoes 

4.2.1. Horseshoes imply positive entropy. Recall that (Ji,..., Jp) is a 
y-horseshoe for the interval map / if Ji,..., Jp are non degenerate closed intervals 
with pairwise disjoint interiors such that Ji U • • • U Jp C /(Ji) for all i G |l,y]. 


exist by Lemma 4.4 
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The next proposition appears under this form belatedly in the literature (e.g., 
[4T1 Proposition VIIL8]). However it basically follows from the computations of 
Adler and McAndrew in |^. 


Proposition 4.6. Let f: I 
then htopif) > logp. 


/ be an interval map. If f has a p-horseshoe, 


1.13 


)■ 


Proof. We first suppose that / has a strict p-horseshoe, say (Ji,...,Jp). 
There exist disjoint open sets Ui,... ,Up in I such that Ji C Ui for all i G |l,p]. 
Let 17p+i ■= I \ Ur=i Ji- Then U := {Ui ,..., Up, C/p+i) is an open cover of / and 
17p+i n Jj = 0 for all i G |l,p|. Let n > 1. For all n-tuples (iq, ... ,in-i) S |l,p]", 
we set 

:= {x G / I VA: G |0, n - 1|, f'^{x) G 

Since (Ji,..., Jp) is a p-horseshoe, the set is not empty by Lemma 

Moreover, it is contained in a unique element of , namely 

Thus Nn{U, f) >p^ for all integers n > 1, so 

htop{f)>htop{Ll,f)= lim > \Qgp 

rt-^+oo n 

We now turn to the general case, i.e., / has a p-horseshoe. Let n > 1. According 
to Lemma r3.30[ /" has ap"-horseshoe. We number thep" intervals of this horseshoe 
from left to right in I and we consider only the intervals whose number is odd. In 


this way, we obtain a strict 
proof to /"■, we get 


-horseshoe. Then, applying the first part of the 


htopiP) > log 


By Proposition 4.3 we have hopif) = and thus hopif) > logp- 1^. 


Finally, htopif) — logP by taking the limit when n goes to infinity. 


□ 


4.2.2. Misiurewicz’s Theorem. Misiurewicz’s Theorem states that the ex¬ 
istence of horseshoes is necessary to have positive entropy. This theorem was first 
proved for piecewise monotone maps by Misiurewicz and Szlenk [nsiiiiQ], then 
Misiurewicz generalized the result for all continuous interval maps HM mg. 
There is no significant difference between the piecewise monotone case and the 
general case. 

Theorem 4.7 (Misiurewicz). Let f-. I I be an interval map of positive topo¬ 
logical entropy. For every A < htopif) every N, there exist intervals Ji,..., Jp 
and a positive integer n > N such that (Ji, ..., Jp) is a strict p-horseshoe for /" 
and 1^ > A. 

n — 

We are first going to state three technical lemmas about limits of sequences, 
then we shall prove Theorem |4.7[ 

Lemma 4.8. Let (a„)„>i and (6„)„>i be two sequences of positive numbers. 
Then 

lim sup — log(a„ -f &n) = max | lim sup — log On , lim sup — log 

n—>-+oo n—>-+oo n—>-+oo 
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The same result holds for finitely many sequences of positive numbers: 

limsup - log(a^ + • • • + a*) = max < limsup - loga^ | i G |1, k} I . 

n—>-+oo ^ n—>-+oo ^ J 

Proof. We show the lemma for two sequences, the general case follows by a 
straightforward induction. We set 

L := max | lim sup — log a„, lim sup — log 1 . 

n—>-+oo ^ n—>-+oo ^ J 

Since a„ + > a„ and a„ + 6„ > &„, it is obvious that 

limsup — log(a„ + bn) > L. 

n—J- + C50 

Conversely, for every e > 0, there exists an integer ng such that, for all n > uq, 
an < and This implies that 

Vn > no, - log(an + 6„) < L + e + 

n n 

To conclude, we first take the limsup when n —^ +oo, then we let e tend to zero. □ 
Lemma 4.9. Let (a„)„>i and {bn)n>o be two sequences of real numbers. Then 

limsup —log exp(afe + < max ilimsup —limsup— 1. 

n—J-+CXD ^ h—1 n—J-+CXD ^ n —>^+00 j 

Proof. We set 

L := max i lim sup —, lim sup — 1 . 

n—J-+C50 ^ n —>-+00 J 

We assume that L < + 00 , otherwise there is nothing to prove. For every e > 0, 
there exists an integer uq such that 


(4.3) 


Vn > no, —<L + s and —<L + s. 
n n 


We set M := max |0, ^ | n G |l,no — 1]}. Let n, k be two integers such that 

n > 2no and k £ |l,n]. Necessarily, they satisfy either k > no 01 n — k > uq. We 
split into three cases. 

• If fc > no and n — k > no, then by (4.3): 

Rfc 4” bn—k ^ k(^L + £:) + (n — ^)(T -)-£:)= n(L + e). 


If fc > no and n — k < no, then by (4.3) and the definition of M: 
Ofc + bn-k < k{L + e) + {n — k)M < n{L + e) + ngM. 


• If fc < no and n — k > no, then by (4.3) and the definition of M: 
Ofc + bn-k < kM + (n — k){L + e) < uqM + n{L + e). 

In the three cases, we have Ok + bn-k < n{L + e) + ngM, and thus 

Vn > 2no, - logy^ exp(afe + bn-k) < -logn + L + e+ 

n ^' n n 

fc=i 
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We first take the limsup when n —>■ +oo; then we let e tend to zero, and we get 


1 ^ 

limsup - logy^ exp(afc + bn-k) < L, 

71 ^ + 00 ^ , 

k—1 


which proves the lemma. 


□ 


Lemma 4.10. Let (a„)„>i be a sequenee of real numbers and € K. Suppose 
that there exists C > 0 such that On+i < a„ + C for all n> 1, and that 

0 < a < 13 < lim sup —. 

n—>-+oo 'kl 

Then, for all integers N, there exists n> N such that an > Pn and a„+i > a„ + a. 


Proof. We suppose that the lemma is false, that is, there exists N such that 
(4.4) Vn > N, On > Pn Un+i < o„ + a. 

If On > Pn for all n > N, then On+N < cln + ctn for all n > 1 by (4.4 1 , which 
implies that 

limsup —< a. 

n—>-+oo ^ 

But this contradicts the assumption on a. Thus there exists an integer n > N 
such that On < Pn. We set Nq := min{n > IV | a„ < Pn}. Suppose that Op < Pp 
for some integer p > N and that r is a positive integer such that > Pn for all 
n G |p+l,p+r]. We are going to show that r is bounded by a constant independent 
fromp. By (4.4), wehave ttp+r ^ np^i+a(r — l). Since Op+i < Op + C and Op </3p, 
we have 


(4.5) P(p + r) < Op+r < Pp + C + a(r - 1). 

This implies that Pr < C + a(r — 1 ), and thus r < M if we set 

C-a 


M := 


— a 


Notice that M > 
^ < 


0 because a„ < ai + (n — 1)C for all n > 1, and hence 
lim sup„_,._i_oo ^ < C, which implies that C — a > 0; moreover, P — a > 0 by 
assumption. Let n be an integer greater than Nq + M. We consider two cases. 

• If a„ > Pn, what precedes implies that there exists an integer p G [n — M, n) such 
that Op < Pp and Oi > Pi for all i G |p + 1,n]. Then, by (4.51, we have 

an ^ Pp 4- C a{M — 1) < Pn + C + aM. 


• If a„ < Pn, the inequality a„ < + C + aM trivially holds. 

Since the inequality On < pn + C + aM holds in the two cases, we have 

limsup — < p. 

n—>-+oo 

But this contradicts the assumption on p. We conclude that the lemma is true. □ 


Proof of Theorem 14.71 First we are going to prove the theorem under the 
extra assumptions that htopif) > log3 and log3 < A < htopif)- We choose A' such 
that A < A' < htopif). According to the definition of topological entropy, there 
exists a finite open cover U such that htop{U,f) > A’. We choose a partition V 
consisting of finitely many disjoint non degenerate intervals such that V is finer 
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than U. Then htop{'P,f) > htop(pl,f) by Lemma 4.2 so htopiV,/) > A'. We have 
N{V^) = #(7^") because 7^” is a partition, and thus 

htopiV,f)= lim -log#(T’”). 

Ti—)-+oo n 

If Q is a family of subsets of /, we define, for all n > 1 and all A G Q, 
Q’^:=|(Alo,...,Al„_i) |Vie [0,n-ll,^, e Qand f| 

and Q^\A := {{Ao, ..., Al„_i) G Q" | Aq = A}. 

We have #{V^) = J^Aev #(^"1^)- Thus, by Lemma 4.8 there exists A gV such 
that 

(4.6) htopiVJ) =limsup-log#('P”|A). 

n—^+oo ^ 


Let be the family of A G 7^ satisfying (|4.6|). We claim that: 

(4.7) 


1 


VA G htop(V,f) = lim sup - log# (J"” I A). 

n—>-+oo 


Proof of (4.7). The inequality > is straightforward. We are going to prove 
the reverse inequality. We fix A G Let (Aq, ..., A„_i) G 7^"|A and let k 
be the greatest integer in |l,n] such that A^ G T for all i G |0, fc — 1]. Then 
(Ao,..., Afe_i) G J'^IA and, \ik <n, (A^,..., A„_i) G for some B G V\T. 

Thus 


(4.8) #(P"|A)<^ #(J-'=|A) ^ #(p"-fc|i3) +#(J-"|A). 

k=l y B^V\F / 

We set bo '.= 0 and 

Vn > 1, a„ := log#(J^”|A) and 6„ := log ^ #(-p”|S). 

Bev\J^ 


Then (4.8) can be rewritten as 

n 

#('P”|A) < ^ exp(afc + 6„_fc). 




Inserting this inequality in (4.6), we get 


htop{V,f) < lim sup-log ( y'exp(afc + hn-k) ) ■ 

n—>^+00 ^ ‘ ' 


\k^l 


Thus, by Lemma [4~^ 
(4.9) 


htopiB, /) < max |limsup —^ linisup — 1 . 

n —>^+00 U n—^-\-QQ n J 


According to the definition of B, we have 

1 


WB gVXB, limsup - log #(^”1^) < htopiVJ), 

n—>-+oo ri 


and thus limsup„_,,_|_j^ ^ < htop{V, /) by Lemma 4.8 Finally, in view of (4.91, we 
have htop{V,f) < limsup„_^_|_oo This concludes the proof of (4.7). □ 
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Let Aq, ..., An-i G T. We set A'q := Aq and A[ := Ai n f{A^_i) for all 
i G |l,n — 1]. We claim that: 

(4.10) A'^_^ = f^-'^ {{xo\ Wi G 10, n-lj,f{xo) G Ai}) 

= r-' n ■ 

Indeed, 

^n—l G A,^_-y 

^X'yi—2 G A^_2, y(^n— 2 ) — ^n—1 G Aj^—i, 

3j:yi_3 G A^_r^, f (^Xji—^) — Xji—2 G Aji—2 and f (Xyj_3) — f(^Xn—2) — ^n—lt 


3a:o e Aq, fixo) = xi G Ai, f{xo) = X 2 G A 2 , ... P ^(xq) = Xn-i G A^-i- 


Therefore, (4.101 holds, which implies, according to the definition of 

(4.11) (^ 0 , . . . , ^n-l) G -F” ^ ^ 0. 

If 7 ^ 0, then A' is nonempty and A) C f{A'i_^) for all i G \i,n— 1]. Thus, 


by Lemma 1.13 for every (Aq, ..., A„_i) G J-^, there exists a nonempty interval 
JAo...Ar^-i such that 

(4.12) r-'(JA„...A„_J=Gl'„_i and 

(4.13) Vie|0,n-ll, r(JAo...A„_J C A'c A,. 

Moreover, ( Jao...a„_i)(Ao,...,a„_i)gJ=''‘ is a family of pairwise disjoint intervals. If 
(Aq, ..., A„_i) e J'" an d’ a„ € J^, then /”(TAo...A„_i)nA„ = / (A(j_;^)nA„ = A'^, 
and thus, according to (4.11), 

r(JAo...A„_ J n A„ 7 ^ 0 ^ (Ao,..., A„) e 

Therefore 

(4.14) #(.F"+i|A)= ^ #{BGT\r{JAo...A,,PnB^(!,}. 

(Ao.....A„_i) G JP" 

Ao = A 

For all A, B G J-, we set 

c(A, B, n) := #{(Ao,..., A„_i) e ^" | Aq = A, /"( Jao...a„_i )G)B}. 

We shall need the following result: 

(4.15) VA, B,C G B, Vn, to > 1, c(A, B, n)c{B, C, to) < c(A, C, to + n). 
Proof of ( 4.15| ). For all A,B G J- and all n > 1, we set 

C(A, B, n) := {(Aq, ..., A„_i) g J-" | Aq = A, /"( Jao...a„_ J D B}. 

Let (Aq, ..., A„_i) G C(A, B, n) and (Bq, ..., Bm-i) G C(B, C, to). We are going to 
show that (Ao,...,A„_i,Bo,...,Bm_i) G C{A,C,n + m) The set /”(Jao...a„_i) 
contains B by definition, and C Bq = B hy (4.13). This implies (by 

Lemma 1.13 i)) that there exists a nonempty interval K C Tao...a„_i such that 
P{K) = Jso...Sm-i■ Moreover, by (4.13), this interval satisfies: 


Vi G [0,n-ll, r{K) C A, and Vj G I0,to-11, r-^+^[K) = C B^. 
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Consequently, 


n—1 


n+m— 1 


Kcif]r\A,)n f| ,r*(i3*-n). 


i=0 


This implies the following facts. First, {Aq, ..., An-i, Bq, ..., Bm-i) € 
by ( |4Tl| ) + (|4T0t, using the fact that K ^ Second, the set f^+^-'^(K) is in¬ 
cluded in by combining (4.12) and (4.10). Then, since 

we have D C by definition oiC{B,C,m), so 

C'- We conclu de that (Aq, ..., A„_i, Bq, ..., 

C{A,C,n + m). This clearly implies (4.15). 

We fix A G We have 

^ c{A,B,n) 

BeB 

= # {((Ao,..., B) eB^xB\Ao=A, r(JAo...A„_ J D B} 

^ #{i3 G ^ I r(JA„...A„_J D B}. 

(Ao,....A„_i)gJP" 

Ao = A 

Consider {Aq, ..., An-i) G B”. If /"( Jao...a„_i) meets k intervals of B, then 
/”(Jao...a„_i) contains at least A: — 2 of them because /"(Tao...a„_i) is an interval. 
Therefore 


^ c{A,B,n) > 


E 


(#{B G I r(JAo...A_J n B ^ 0} - 2) . 




(Ao,....A„_i) G JP" 
An = A 


Combining this inequality with (4.14), we get: 
(4.16) 


^ c{A,B,n) > #(J-"+V) - 2#(B”|pl). 


bgb 


4.10 


We set a(j := log#(J'”|A) for all u > 1. According to (4.7), we have 

a' 

htopiV,/) =limsup—. 

n —>-+00 

Moreover, a'^^i < + log for all n > 1. Therefore, we can apply Lemma 

with a = log 3, f3 = X' and C = log and we see that, for all integers N, 

(4.17) 3n > N, #(J'"|A) > and #(J-"+i|A) > 3#(J'"|A). 

For an integer n satisfying ( |4.17 1, we inject these inequalities in (4.16) and we get 

^ ciA,B,n) > 3#(J-"|A) - 2#(J-"|A) = #(B"|A) > e^'^ 


Ber 


Therefore 


limsup —logy^ c(A,B,n)>X'. 

„ , I_ 71 


n—>-+oo ^ 




According to Lemma 4.8 for all A G there exists B = (p{A) G B such that 
lim sup — log c(A, ‘^{A) ,n) > X! > X. 

n—>-+oo B 


□ m 
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Since T is finite, the map ip\ T ^ T has a periodic point, that is, there exist 
Aq ^ T and p G N such that = Aq. Using the preceding inequality with 

A = (p^(Ao), i = 0,... ,p — 1, we have 

(4.18) Vi G [0,p- 11, ViV, > 1, Bn, > N„ c{p\Ao),^^+\Ao),n,) > 

For every i G |0,p — 1], let Ni be a positive integer and let Ui > Ni be given by 

(4.18) . We set n := n-i and k := c{Ao, Ao,n). We have 

p-i 


k = c{Ao,Ao,n) > i^o), (Aq), n^) by ( |4.15 l 


> 


z=0 

p-1 

z=0 


,niX 


= e 


nX 


by (4.18). 


According to the definition of c(Ao,Ao,n), this means that there exist k disjoint 
intervals Ji,..., Jk C Aq such that D Aq for all i G |1, A:]. Thus (Ji,..., Jk) 

is a fc-horseshoe for /", and ^ log A; > A. 

This result implies the theorem in the general case in the following way. Suppose 
that htopif) > 0 and 0 < A < htopif)- We choose A" such that A < A" < htopif); 
then we choose an integer q such that qX” > log 3 and q{X'' — A) > log 2. By 
Proposition 4.3 htopif^) = qhtopif) > qX”. Therefore, applying what precedes 


to we obtain that, for every integer N, there exist positive integers n, k with 
n > N and a A;-horseshoe (Ji,..., Jfc) for such that ^ log A: > qX”. We order 
the intervals of this horseshoe such that Ji < J 2 ■ ■ ■ < Jk and we set k' := [I]. 
Then the intervals Ji with odd indices are pairwise disjoint and form a A:'-horseshoe 
for and we have 

log k' ^ log fc - log 2 ^ _ log 2 

qn ~ qn ~ qn 


> X. 


This ends the proof of the theorem. 


□ 


Remarks on graph maps. The notion of a horseshoe can be extended to 
graph maps in the following way. 


Definition 4.11. Let / : G —)■ G be a graph map. Let / be a closed interval 
of G containing no branching point except maybe its endpoints, and let Ji,..., 
be non degenerate closed subintervals of I with pairwise disjoint interiors such that 
f[Ji) — I for all i G 11 , 11 ]. Then (Ji,..., J„) is called an n-horseshoe for /. If in 
addition the intervals are disjoint, (Ji,..., J„) is called a strict n-horseshoe. 


Llibre and Misiurewicz proved that, with this dehnition. Proposition |4.6| and 
Theorem 4.7 remain valid for graph maps [ml 


Theorem 4.12. Let f be a graph map. If f has an n-horseshoe, then htopif) > 
logn. Conversely, if htopif) > 0? then for all X < htopif) N > 1, there 

exist integers n > N, p > 1 and a strict p-horseshoe for /" such that 1^^ > A. 


4.3. Homoclinic points 

The notion of a homoclinic point for a diffeomorphism of a smooth manifold 
was introduced by Poincare; this is a point belonging to both the stable and the 
unstable manifolds of a hyperbolic point (see, e.g., 1119]). In [33] . Block defined 
unstable manifolds and homoclinic points for an interval map. 
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Definition 4.13. Let / be an interval map. Let 2 be a periodic point and let p 
denote its period. Let V{z) denote the family of neighborhoods of z. The unstable 
manifold of z is the set 

w-iz,n--= n 

FGV(z) n>l 

Equivalently, x G VE“(z,/^) if and only if there exist sequences of points {xk)k>o 
and of positive integers ink)k>o such that lim Xk = z and Vfc > 0, f^"’‘{xk) = x. 

~ A;—>-+oo 

Definition 4.14. Let / be an interval map. A point cc is a homoclinic point if 
there exists a periodic point z such that: 

i) Xy^Z, 

ii) X G lT“(z, fP), where p is the period of z, 
hi) zGcoixJP)- 

The point x is an eventually periodic homoclinic point if it satisfies the above 
conditions (i) and (ii) and if there exists a positive integer k such that /^^(x) = z 
(this condition is trivially stronger than (hi)). 

Remark 4.15. The notion of a homoclinic point introduced by Block in |33j 
corresponds to what is called an eventually periodic homoclinic point in the above 
dehnition. In m, homoclinic points are called homoclinic in the sense of Poincare 
to make a distinction with the previous kind of homoclinic point, which is more 
restrictive. We rather follow the terminology of [T02l[TT^. 

4.3.1. Preliminary results about unstable manifolds. We shall need a 
few results about unstable manifolds. We state them for hxed points. In view of 
the definition, there is no loss of generality since a periodic point of period p for / 
is a fixed point for fP. 

The next easy lemma states that an unstable manifold is connected and invari¬ 
ant. The other three lemmas of the section are more technical. 

Lemma 4.16. Let f: I ^ I be an interval map and let z be a fixed point. Then 

i) W^{z,f) is an interval containing z (it may be reduced to {z}), 

ii) /(W“(z,/))cW“(z,/). 

Proof. For every £ > 0, the set lJn>i /"((-^ — e, z -I- £) D J) is an interval 
containing z because it is a union of intervals containing the fixed point z. It 
follows straightforwardly from the definition that 

/) = n U - e, Z + £) n /), 

£>0 n>l 

which is an intersection of intervals containing z. Thus IT“(z, /) is also an interval 
containing z, which gives (i). 

Let X G lT“(z,/). This means that for all V G V{z), there exists n > 1 such 
that X G f'^(y). Thus f{x) G /"^^(E). This implies that f{x) G IT“(z,/), which 
proves (ii). □ 

Lemma 4.17. Let f be an interval map. Let zi,Z 2 be two fixed points with 
zi < Z 2 and such that there is no fixed point in (zi, Z 2 ). Then there exists i G {1,2} 
such that (zi,Z 2 ) C W^{zi,f). 
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Proof. The assumption that (zi,Z 2 ) contains no fixed point implies that 

(4.19) either Vx € (zi,Z 2 ), f{x) > x, 

(4.20) or \/x e {zi,Z 2 ), f{x) < x. 


We assume that (4.19) holds and we are going to show that {zi,Z 2 ) C W”(zi,/). 
If (4.20) holds, then by symmetry we have (^ 1 , 2 : 2 ) C W'^{z 2 ,f)- 

Let y S {zi,Z 2 )- Let P be a neighborhood of zi and x € {zi,y) n V. We set 
(5 := min{/(f) — t \ t G [x,y]}. By compactness, (4.19) implies 5 > 0. If t € [x,y], 
then 

(4.21) f{[zi,t]) D [zi,t + 6]. 

We define a sequence {bn)n>o by 

• bo := X, 

• if bn < Z 2 , bn +1 '■= max/([ 2 :i, &„]); if bn > Z 2 , the sequence is not defined 
for greater indices. 


By (4.19), the sequence (bn)n>o is increasing and = max/”([zi,a;]). According 
to (4.21 1 , if bn € [x, y], then bn+i >bn + 5, so > 60 + (’^ + 1)<5 by induction. 
Since [x,y] is bounded, this implies that there exists no such that bng > y- Thus 
y £ f^°{[zi,x]) C f^°{V). This implies that y S IT“(zi,/), and we conclude that 
(21,22) C W“(zi,/). □ 

Lemma 4.18. Let f: I ^ I be an interval map. Let z be a fixed point and let 
y be a point such that y ^ z and y G IT“( 2 , /). Then for every neighborhood V of 
2 , there exist y' G V H IT“( 2 , /) and an integer n > 1 such that f^iy') = y. 

Proof. Suppose that the result is false, that is, there exists a neighborhood 
y of 2 such that 


(4.22) 


Vn> 1, y^nvnw^izj)). 


We can assume that V is an interval. We also assume that y > z, the case y < z 
being symmetric. 

Since y G W^(z,f) and according to the definition of an unstable manifold, 

(4.22) implies: 


(4.23) 


V n IT“( 2 , /) is not a neighborhood of 2 . 


By Lemma 4.16[ i), W^lf^z) is an interval containing [ 2 ,y]. Thus V n W^{z,f) is 
also an interval containing 2 , and (4.23) implies: 


(4.24) 


2 = min {V n iy"( 2 , /)) = min IT“( 2 , /) 
and 2 min/. 


Let b G V Cl {z, y). Since f{z) = 2 and 2 ^ mini, there exists a point c such that 

(4.25) c G V, c < z and Vx G [c, 2 ], f(x) < b. 

By ( |4.24 |, c ^ W'^{z,f ). Thus, by definition of W'^{z,f), there exists d G (c, 2 ) 
such that 


(4.26) 


Vn > 1, c(f r{[d,z]). 
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We set dn := min/"([d, z]) for all n > 0. Then dn < z and (4.26) implies that 
dn > c for all n > 0. We show by induction on n that 


n—1 


(4.27) 


Vn>0, n[d,z]) C [dn,z]U |J fi[z,b]). 


i=0 


• (4.27) is satisfied for n = 0. 

• Suppose that (4.27) holds for n. Then /([d„,z]) C [dn+i,b) = [dn+i,z\ U [z,b) 
using (4.25) and the fact that d„ € {c,z]. Then 


z]) C /([d„, z\) U IJ f{[z, b]) by the induction hypothesis, 

i=l 

n 

C [dn+i,z] U [J /*([z, 6]) by what precedes. 


i=0 


This is (4.27) for n + 1. This proves that (4.27) holds for all n > 0. Moreover, 
according to ( 4.22[ ), y ^ /”([z, 6]) for any n > 1 because [z,b] C 14 n W“(z,/). 
By (4.27), y ^ /"([d, z]) for all n > 1 (recall that b < y). Thus y ^ /"((d, 6)) 
for any n > 1. But this contradicts the fact that y G W"(z,f) because (d, 6) is a 
neighborhood of z. This concludes the proof. □ 


Lemma 4.19. Let f be an interval map. Let z be a fixed point and let y be a 
point such that y G lT“(z,/) and y > z. Then there exists x G W'^{z,f) such that 
f{x) = y and x < y. 


Proof. We prove the lemma by refutation. Suppose that 

(4.28) yx GW^izJ), X <y => f{x) <y. 

Then a straightforward induction, using the fact that /(lT“(z, /)) C lP“(z, /) (by 
Lemma 4.16), gives: 

(4.29) Vx G lL“(z, /), X < y 


yn > 0, /”(x) G W“(z, /) and /”(x) < y. 


Let y be a neighborhood of z such that sup V < y. According to Lemma |4.18| 
there exist x G lT“(z, f) DV and n > 1 such that /"(x) = y. The fact that x GV 
implies x < y. But this contradicts (4.29). We deduce that (4.28) does not hold, 
that is, there exists xq G iy“(z, /) such that xq < y and /(xq) > y. Since /(z) = z, 
the continuity of / implies that there exists x G (z,Xo) such that /(x) = y. Then 
X < y. Moreover, W'^{z,f) is an interval (by Lemma 4.16) and it contains z and 
xo, and so W'^{z, f) contains x too. □ 


4.3.2. Homoclinic points and horseshoes. In |33] . Block showed that an 
interval map / has an eventually periodic homoclinic point if and only if / has a 
periodic point whose period is not a power of 2. As we shall show in Theorem |4.58[ 
/ has a periodic point whose period is not a power of 2 if and only if / has positive 
entropy, which is also equivalent to the fact that /” has a horseshoe for some n 
(note that this theorem is posterior to |33j L We are going to show a result very 
close to Block’s: / has an eventually periodic homoclinic point if and only if some 
iterate of / has a horseshoe. Moreover, the integer n such that /” has a horseshoe 
and the period of the eventually periodic homoclinic point are related. 

The next result is a variant of |331 Theorem 5]. 
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Proposition 4.20. Let f be an interval map having a horseshoe. Then there 
exist points x,z such that x =/= z, f{z) = z, f{x) = z and x G W^(z,f). In 
particular, x is an eventually periodic homoclinic point. 


Proof. According to Lemma 3.29[ there exist points a,b,c such that /(o) = 
/(c) = a, f{b) = c and, either a < b < c, or a > b > c. We assume that a < b < c, 
the other case being symmetric. Then ([a, 6 ], [ 6 , c]) is a horseshoe; in particular 
there exist fixed points in [a, 6] and in [6, c]. We set 

zi := maxjai S [a, b] | f{x) = x} and Z 2 '■= minjcc S [b, c] \ f{x) = x}. 

There exist xi G [ 6 , c] and x^ G [a, 6 ] such that f{xi) = Zi for i G {1,2}. Since b is 
not a fixed point, we have zi < b < Z 2 and Xi ^ Zi for i G (1, 2}. Moreover, there is 
no fixed point in (zi, Z 2 ). Therefore, according to Lemma 4.17 there exists i G {1,2} 
such that (zi,Z 2 ) C W“(zi, /), and hence b G /). By Lemma 4.16 the points 

c = f{b) and a = /(c) belong to W^{zi, /) too, and thus [a, c] C W'^{zi, f) because 
W^{zi,f) is an interval. Since Xi,X 2 £ [a,c] C W^{zi,f), we conclude that the 
proposition holds for z := Zi and x := Xi. □ 


The next proposition is mi Theorem III. 16], which is more precise than the 
original result of Block [331 Theorem A2]. 


Proposition 4.21. Let f be an interval map. Let y be an eventually periodic 
homoclinic point with respect to a fixed point (that is, there exist a point z and a 
positive integer k such that y z, f{z) = z, y G W^{z,f) and f^{y) = z). Then 
has a horseshoe. 


Proof. Let A: > 1 be the minimal integer such that /^'(y) = z. We set y' := 


/^ ^(y). Then y' G W'^{z,f) by Lemma 4.16 y' z because of the choice of k 


and f{y') = z. We assume y’ > z, the case y' < z being symmetric. 

If there exists x G {z, y') such that f{x) = y', then {[z, a;], [x, y']) is a horseshoe 
for /, and for /^ too. From now on, we assume that: 

(4.30) 


Vx G (z,y'), f{x) ^ y. 



because f{z) = f{y') = z y'). Since f{y') = z < y’, the definition of w and the 
continuity of / imply that 


(4.31) 


Vx G {w,y’), /(x) < y'. 


Suppose that /(x) > w for all x G {w,y'). 
f{{w,y')) C {w,y'). Thus 


Combined with (4.31), this implies 


Vx G {w,y'),yn > 0, /"(x) yf w. 

But this contradicts Lemma |4.18| because {w,y') is a neighborhood of z and w is 
in IF“(z,/). We deduce that there exists x G {w,y') such that /(x) < w. Since 
f(z) = z > w, the continuity of / implies that there exists v G {w,y') such that 
f{v) = w and v z. If u G (w,z), then ([w, x], [u, zj) is a horseshoe for /. If 
v G {z,y'), it is easy to check that [z,v\,[v,y'] form a horseshoe for p. This 
concludes the proof. □ 


Remark 4.22. Propositions |4.20]and|4.2l] can be restated for some iterate of /: 
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• If /" has a horseshoe, then there exists an eventually periodic homoclinic 
point with respect to a periodic point whose period divides n. 

• If / has an eventually periodic homoclinic point with respect to a periodic 
point of period p, then has a horseshoe. 

It seems that the next result was first stated by Block and Coppel [4T1 Propo¬ 
sition VI.35]. We give a different proof. 

Proposition 4.23. Let f be an interval map having a homoclinic point. Then 
there exists a positive integer n such that /" has a horseshoe. 


Proof. Let y he a, homoclinic point with respect to the periodic point z and 
let p be the period of z. Then y G IT”(z, fP) and z G uj{y, fP). An induction using 
Lemma 4.18 shows that there exist a sequence of points {yn)n>o and a sequence of 
positive integers (A:„)„>i such that 


• yo ■■= y, 

• Vn > 1, G IT“(z,/P) and fP^'^{yn) = yn-i, 

Vn = z. 


• lim 

n—>-+oo 


This implies that yn ^ z for all n > 0 (because y ^ z). We assume that there are 
infinitely many integers n such that ?/„ > z (otherwise, there are infinitely many 
integers n such that yn < z and the arguments are symmetric). Thus there exist 

n' > n>h such that z < yn> < Vn- We set xq := Vn, xi := yn', rn := J2i=n+i 
and g := f"^P. In this way, z < Xi < Xq and g{xi) = Xq. 

The point z belongs to uj{y,fP) = u!(xi,fP). Since z is a fixed point for 
fP, Lemma 1.3 implies that z belongs to u}{xi,fP'^) for all n > 1, in particular 
z G oj{xi,g). Thus there exists j > 1 such that g^{xi) < Xi (by choosing g^{xi) 
close enough to z). This implies that there exists k G |2,j] such that 

g^{xi)<xi and Vz G |1, fc — 1], ^ 2:1 

(notice that A: = 1 is not possible because g{xi) = xq). We deduce that 

(4.32) xi G [g'^{xi),g''~^{xi)]. 

The interval g^~^{[xx,xej]) contains the points g’^~^{xej) = g^{xi) and g^~^{xi). 
Thus g^~^{[xi,XQ\) also contains xi by ( 4.32[ ). This implies that g^{[xi,XQ]) con¬ 
tains g{xi) and g^{xi) with g{xi) = xq and g^{xi) < xi, so 


(4.33) 


g'^ilxuxo]) D [Xi,Xq]. 


On the other hand, g{[z,xi]) D [z,a;o] D [z,xi\. Thus there exists x^ G iz,xi) 
such that g{x 2 ) = Xi, and we have 

(4.34) g{[x2,xi]) [xi,xq]. 

As above, since z G w{xi,g^) and z < X 2 , there exists j > 1 such that g’^^{x\) < X 2 . 
Then g’^^{[ xi,xq\) contains g*^^{xi) < X 2 and it also contains xq by ( 4.33| ). Thus 

(4.35) g^^{[xi,Xo]) D [x2,xo] = [x2,Xi] U [xi,xq]. 


Let J := [x 2 ,xi\ and K := [a:i,aio]. The coverings given by ( |4.34 | and (4.35) are 
represented in Figure 
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Figure 1. The coverings between the intervals J := [x 2 ,xi] and 
K := [xi,xo\. 


If we consider the following chains of coverings: 



we see that J,K form a horseshoe for = yp(i+2fei)_ □ 

According to Propositions |4.20| and |4.23[ the existence of a homoclinic point 
implies that /" has a horseshoe for some n; and if /"■ has a horseshoe, then / has 
an eventually periodic homoclinic point. This leads to the following theorem. 

Theorem 4.24. Let f be an interval map. The following are equivalent: 

i) htopif) > 0, 

ii) / has an eventually periodic homoclinic point, 
hi) / has a homoclinic point. 

Proof. The implication (ii)=>(iii) is trivial. According to Misiurewicz’s The¬ 
orem |4.7[ the topological entropy of / is positive if and only if there exists n > 1 
such that /" has a horseshoe. Then the implications (i)=>(ii) and (iii)=>(i) follow 
straightforwardly from Propositions 14.20] and [4?^ respectively. □ 


Remarks on graph maps. The notions of an unstable manifold and a homo¬ 
clinic point can be extended with no change to graph maps. In view of the definition 
of horseshoe for graph maps, it is natural to think that Proposition 4.20 can be 
generalized to graph maps. Indeed, Makhrova proved that a tree map of positive 
entropy has a homoclinic point nm Corollary 1.2]; and Kocan, Kornecka-Kurkova 
and Malek showed the same result for graph maps nnn Theorem 1]. Recall that a 
graph map / has positive topological entropy if and only if /"■ has a horseshoe for 
some n by Theorem 4.12| 


Theorem 4.25. Let f:G^Gbea graph map of positive topological entropy. 
Then f has an eventually periodic homoclinic point. 


The converse of Theorem 4.25 holds for tree maps [na Corollary 1.2] but not 
for graph maps nni Example 3]. 


Theorem 4.26. Let f:T^Tbea tree map. If f has a homoclinic point, then 

htopif) > 0 - 

Proposition 4.27. There exists a circle map f: S ^ S of zero topological 
entropy having an eventually periodic homoclinic point. 
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4.4. Upper bounds for entropy of Lipschitz 
and piecewise monotone maps 

An interval map can have an infinite topological entropy, as illustrated in Ex¬ 
ample 4.28 However Lipschitz (in particular C^) interval maps and piecewise 
monotone interval maps have finite topological entropy. 

Example 4.28. We choose an increasing sequence (a„)„>o with oq := 0 and 
lim„_>_|_oo an = 1. Let a_i := 0. We set /„ := a„] for all n > 1. We consider a 

continuous map /: [0,1] —)■ [0,1] which is rather similar to the map of Example|2.36 


but with 2n-\-1 linear pieces in In- This map is represented in Figure More 
precisely, / is defined by 

/( I ) :=1 

if i odd, 


Vn > 0, /„(a„) 
Vn > 1, Vz e |1,2n], / ^a„_i -b i ■ 
and / is linear between these points. 


^n—1 

2n + l 


an-2 

On+l 


if i even. 



Figure 2. This map is topologically mixing and its topological 
entropy is infinite. 


The map / clearly has a (2n + l)-horseshoe in /„ for every n > 1, Therefore, 


htopif) = +00 by Proposition 4.6 Moreover, the same arguments as in Exam¬ 


ple [2(^ show that / is topologically mixing. 


The next result is a particular case of m Proposition (14.20)], which states 
that, if {X, /) is a topological dynamical system with Ai C and if / is A-Lipschitz 
for some A > 1, then htopif) < dlogX. 
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Proposition 4.29. Let f: I ^ I be an interval map and A > 1. If f is 
\-Lipschitz, then htopif) < log A. 

Proof. Let e > 0 and n > 1. Let E = {xi < X 2 < ■ ■ ■ < ais} be an {n,e)- 
separated set of cardinality s := s„(/,e). For every i S |l,s — 1], there exists 
fee |0,n — 1] such that |/*^(xi+i) — f'^{xi)\ > e. Since / is A-Lipschitz with A > 1, 

\f''{xi+i) - f’'ixi)\ < A''|a;i+i - x^\ < A"|a;i+i - Xi\. 

Thus Xi+i — Xi > A“"£ and — xi > (s — 1)A“”£. Since Xg — xi < |/|, this implies 
that 

s< -^A” + l. 

£ 

Finally, htopif) ^ log A by Bowen’s formula (Theorem |4.5[ ). □ 

In [130j . Misiurewicz and Szlenk showed that the topological entropy of a 
piecewise monotone interval map / is equal to the exponential growth rate of the 
minimal number c„ of monotone subintervals for /". Furthermore, htopif) Is loss 
than or equal to ^ log c„ for all n > 1, which may be useful to estimate the entropy 
of a given map since we may not know c„ for all n. We first state two lemmas 
before proving this result. 


Definition 4.30. Let f he a piecewise monotone map. A monotone cover 
(resp. partition) for /" is a cover (resp. partition) C such that, for all C G C, C is 
an interval and /"|c is monotone. 

Lemma 4.31. Let f be an interval map. If A and B are monotone covers for /" 
and respectively, then AM is a monotone cover for Jn particular, 

if A is a monotone cover for f, then A” is a monotone cover for /” for all n> 1. 

Proof. Let J G A and K G B. We set g := /"|j. Since g is monotone, the set 
g-'^iK) = Jn/""(A:) is an interval. Moreover, = f'"\K o g\g-i(K) is 

monotone as a composition of two monotone maps. This implies that AV f~'^iB) 
is a monotone cover for f'^+^. The second assertion of the lemma trivially follows 
from the first one. □ 


The next result is stated in [133 Remark 1]. 


Proposition 4.32. Let f: I ^ I be a piecewise monotone interval map and 
A a monotone cover. Then htopif) — htopiA,f). 


Proof. Let U be an open cover, and let V be the open cover composed of 
the connected components of the elements of U. We fix an integer n > 1 and an 
element A G M”. We set V" D A ;= {P n A | V G V"}. For all i G |0,n — 1], A 
is a subinterval of an element of Ab a nd thus P\a is monotone because A* is a 
monotone cover for /* by Lemma 4.31 Thus, for every U G V, AC\ f~^iU) is an 


interval (note that this interval may not be open because A is not assumed to be 
open). This implies that all elements of V" n A are subintervals of A. Moreover, 
their endpoints are in the set 


n— 1 

U U dAnmu). 

i=o uev 

Therefore the number of endpoints of the elements of V"nA is at most 2nf)V. Since 
a nonempty interval is determined by its two endpoints and by its type (open, close. 
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half-open, half-close), we deduce that #(V" n A) < 4(2n#V)^ = (4n#V)^. Let V„ 
(resp. An) be a subcover of minimal cardinality of V" (resp. A^). We then have 

#V„ < ^ #(V„ n ^) < #(I„)(4n#V)2. 


It follows that 

logA^„(V,/) < logNniAJ) -f 21og(4n#V). 
Dividing by n and taking the limit when n goes to infinity, we get 


htopiVJ) < htopiAJ). 

Moreover, htopiph /) ^ iT-topO^, f) because V <U. Since what precedes is valid for 
all open covers U, we deduce that htopif) < htopiA,f). It remains to show the 
reverse inequality. 

We fix n > 1. Let B := A V f~^A V • • • V f~^^~^'>A. From now on, we work 
with the map g := /" and the iterated covers (like B^) will be relative to g. By 
Lemma [4. 31 [ is a monotone cover for g. Let e > 0 be such that 

e < min{|i?| \ B G B,B non degenerate}. 

Let E := UbgB endpoints of B. We define the open cover 

U := {Int (B) \ B & B} \J {{x — £,x + e) C\ I \ X & E}. 

For every x G E, the interval (x — £,x + e) meets at most three elements of B (one 
of them may be reduced to {x}) because of the choice of e. Thus, for all U G U, 
#{B GB\UnB^fl}}<S. This implies that 

Vk > l,vy G #{B G I FnB 7 ^ 0} < 3^ 

Consequently, if Uk is a subcover of minimal cardinality of , we have 

Nk{B,g)< #{BGB'^\VnB^(!l}<3'^#Uk=3'^Nk{U,g). 

VdUk 

Dividing by nk and taking the limit when k goes to infinity, we get 

(4.36) —htop{B,g) < —htop{J^,g) ^ - — < —htop{g) H- 

n n nn n 

Since ^htop{B,P) = htop{A, f) and ^htop{g) = htopif), we deduce from 

that htopiA, f) < htopif) + Finally, taking the limit when n goes to infinity, 

we conclude that htopiA, f) < htopif)- 


(4.36) 


Proposition 4.33. Let f be a piecewise monotone interval map and, for all 
n > 1, let Cn be the minimal cardinality of a monotone partition for /". Then 


htopif) = lim - logc„ = inf - logc„. 
n->'+oo n n>l n 


Proof. For every n > 1, let An be a monotone partition for /"■ with minimal 

An V f~'^iAk) is a monotone 


4.31 


cardinality, that is, = c„. By Lemma ^_ 

partition for and thus, by definition of Cn+k, 

Cn+k < #iAn V f~"iAk)) < #An ' #Ak = Cn ' Ck- 

This means that the sequence (logc„)„>i is sub-additive. Thus, by Lemma 
lim„_>_|_oo b logc„ exists and is equal to inf„>i b logc„. Applying Proposition 


4.1 


4.32 
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to /" and An, we ge t /ttop( /") = htop{An, f"')- Since htop{An, D < log7V(^”) = 
log#^" (see Section 4.1.11, we have ft.top(/") < log#^„ = logc„. Consequently, 




top{f)< lim -logc„. 
ra—>+00 n 


It remains to show the reverse inequality. 

We fix n > 1. From now on, we work with the m ap g := /", and (An)^ will 

{An)'^ is a monotone 


4.31 


denote the iterated partition relative to g. By Lemma 
partition for so Cnk < Nk{An, g)- Dividing by nk and taking the limit when k 
goes to infinity, we deduce that 


lim log Cnk < -htop {An ,g)- 
fc-j-Too nk n 


According to Proposition 
1 


4.32 


ktop{An, g^ — ktop{g{• Thus 


lim — log Cm = lim \ logc„fc < -/itop(/”) = htop 
m-f+oo m fe->+oo nk n 


if)- 


This concludes the proof. 


□ 


Remark 4.34. The bounds of Propositions [T^ and [4.33| are optimal since they 
can be reached: the map Tp in Example 2.13 is p-Lipschitz and has a p-horseshoe. 


and thus htop{Tp) = logp by Propositions 4.6 and 4.29 Moreover, it can be easily 
computed that, for all n > 1, the minimal cardinality of a monotone partition for ^ 


is Cn = p". Therefore, the inequality htop{Tp) < ^ logc„ given by Proposition 
is an equality for all n in this example. 


4.33 


4.5. Graph associated to a family of intervals 

4.5.1. A generalization of horseshoes. The existence of a horseshoe im¬ 
plies positive entropy because an exponential number of chains of intervals of a 
given length can be made by using the intervals forming the horseshoe. This idea 
can be generalized by counting the number of chains within a family of closed in¬ 
tervals. A convenient way to determine the possible chains of intervals is to build 
a directed graph. This idea is originally due to Bowen and Franks |61j and was 
improved by Block, Guckenheimer, Misiurewicz and Young |36j . 

Definition 4.35. Let / be an interval map and let Ii, ... ,/p be non degen¬ 
erate closed intervals with disjoint interiors. The graph associated to the intervals 
Ii,... ,Ip is the directed graph G whose set of vertices is {/i,..., Ip} and, for all 
i,j € |l,p], there are exactly k arrows from Ii to Ij if k is the maximal integer 
such that Ii covers k times Ij. 

If P = {po < Pi < • • • < Pn} is a finite set containing at least two points, 
the P-intervals are [po,Pi], [pi,P 2 \, ■ ■ ■ ,[Pn-i,Pn]- The graph associated to the 
P-intervals is denoted by G(/|P) and its adjacency matrix by M(/|P). 

Remark 4.36. If P = {xi < ... < Xn} is a periodic orbit, the graph G(/|P) 
contains the graph of the periodic orbit introduced in Definition |3.14| These two 
graphs coincide if / is monotone on every P-interval. 


The next result follows easily from the definitions. 
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Proposition 4.37. Let / he an interval map and let be non de¬ 

generate closed intervals with disjoint interiors. Let G he the graph associated to 
/i, ... ,Lp. Then, for every n-tuple {ii, ... ,i„} € |l,p]", {Li^,Li^, ... is a chain 
of intervals if and only if there is a path Ii„ in G. 

We are going to show that the topological entropy of an interval map is greater 
than or equal to the logarithm of the spectral radius of the adjacency matrix of 
the graph associated to a family of intervals. We need some more definitions and 
results about matrices. One can refer to [1501 Chapter 1] or jlOll §1.3] for the 
proofs. 

Proposition 4.38. Let M be a square matrix of size nxn. A complex number 
A is an eigenvalue of M if and only if X is a root of the characteristic polynomial 
of M, which is xm{X) := det(M — Xld), where Id is the identity matrix of size 
nxn. 


Definition 4.39 (spectral radius). Let M he a square matrix. The spectral 
radius of M is 

A(M) := max{|A| | A eigenvalue of M}. 

The next results can be easily proved by using the Jordan normal form of a 
square matrix. 


Proposition 4.40 (Gelfand’s formula). Let M be a square matrix. Then 
A(M)= lim ||M”||^. 

n—>-+oo 


Lemma 4.41. Let A,B be two square matrices of the same size. Then A(7l^) = 
A(A)* for all positive integers k. 


Proof. According to Proposition 4.40 


A(A'=)= lim 

n—>-+oo 




the last equality comes from the facts that (fcn)„>i is a subsequence of N and the 
map t i-A is continuous. □ 


Definition 4.42. Let A = {aij)i<ij<p be a square matrix. The matrix A is 
non negative, or equivalently A > 0, if Oy > 0 for all i,j € |l,p|, and positive, or 
equivalently A > 0, if ctij > 0 for all i,j G |l,p]. If B is another matrix of the same 
size, then A < B (resp. A < B) means that B — A > 0 (resp. i? — A > 0). 

For all integers n > 1, let (a"j)i<ij<p be the coefficients of A”. The matrix A 
is called: 

• irreducible if for all i,j £ |l,p], there exists n > 1 such that a’j > 0, 

• primitive if there exists n > 1 such that A” > 0. 

Lemma 4.43. Let A be a non negative square matrix. Then there exists a 


permutation matrix P such that M 

= p- 

lAP 

is equal to 


( 

Ml 

0 

0 

••• 0 \ 




Ma 

0 

0 

(4.37) M = 



* 

M3 

0 


\ 


* 

* 

••• Mfe y 
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where, for every i G |l,fc], Mi is either an irreducible square matrix or is equal to 
the 1x1 matrix (0), and the *’s represent possibly non zero submatrices. 

In particular, if G is a directed graph, the vertices of G can be labeled in such 
a way that the adjacency matrix of G is of the form given by (4.371. 


Theorem 4.44 (Perron-Frobenius). Let A be an irreducible non negative square 
matrix. 

i) A(A) is a positive eigenvalue, which is a simple root of the characteristic 
polynomial of A. If in addition A is primitive, then |/i| < A(A) for every 
eigenvalue p A (A). 

ii) If B is another matrix of the same size such that 0 < B < A and B A, 
then \{B) < A(A). 


Corollary 4.45. Let A be a non negative square matrix. Then A(T) is a 
non negative eigenvalue and \p\ < A(A) for every eigenvalue p; A(A) is called the 
maximal eigenvalue of A. 


Proof. According to Lemma 4.43[ there exists a perm utation matrix P such 
that M := P~^AP is of the form given by Equation (4.37|. Let i € |l,fc]. If Mi 
is the 1x1 null matrix, then 0 is its only eigenvalue, that is, X{Mi) = 0. If Mi is 
irreducible, then, by Theorem 4.44 X{Mi) is a positive eigenvalue of Mi and every 
eigenvalue p of Mi satisfies \p\ < X{Mi). Let A := max{A(Mi), A(M 2 ),..., X{Mk)}. 
The set of eigenvalues of M is equal to the union of the sets of eigenvalues of the 
matrices {Mi)i<i<k- Moreover, the set of eigenvalues of A is equal to the set of 
eigenvalues of M. Consequently, A(A) = A, A is an eigenvalue of A and, if p is an 
eigenvalue of A, then |/r| < A. □ 


We are now ready to prove the result stated at the beginning of the section. 
Its proof is given by Block, Guckenheimer, Misiurewicz and Young in [36j with few 
details. 


Proposition 4.46. Let f be an interval map and let /i,... ,/p be non degen¬ 
erate closed intervals with disjoint interiors. Let G be a subgraph of the graph as¬ 
sociated to Ii,... ,Ip and M the adjacency matrix of G. Then htopif) > logA(M). 


Proof. According to Lemma 4.43 we may re-label the intervals Ii,... ,Ip in 


such a way that the adjacency matrix of G is of the form given in (4.37). We set 


A := A(M). By Corollary 4.45 A is an eigenvalue of M. We assume that A > 0, 
otherwise there is nothing to prove. We keep the notation of (4.37). Since A is 
the maximal eigenvalue of M, it is also the maximal eigenvalue of Mp for some 
p £ |1, fc]- Let I be the finite set of indices supporting Mp. For all integers n > 1, 
we write (Mp)” = (m^j)ij^x. Then, by Proposition 4.40 


lim — log 

n—)-+oo n 




= log A. 


Thus, by Lemma |4.8[ there exist two indices io,jo G 2i such that 


(4.38) 


n—>-+oo 

According to Proposition 


lim sup - log m" ■ = log A. 


1.16 


for all i,j S T and all n > 1, is equal to 
the number of paths of length n from Ii to /, in the directed graph G. Since Mp 
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is irreducible (notice that Mp ^ (0) because X{Mp) > 0), there exists rig > 1 such 
that > 0. Thus there exists a path A of length uq from to li^ in G. For 

every path B of length n from ho to the concatenated path BA is a path of 
length n + no from li^ to itself. Therefore, the number of paths of length n + Uq 
from lig to itself is greater than or equal to the number of paths of length n from 


lig to Ijg. In other words, for all n > 1. Combined with (4.38), this 

implies: 

lim sup — log to" j >logA. 

n^+oo n 

We fix e S (0, A) and a positive integer n such that 


(4.39) 


-logmro*o ^ log(A-e). 
n “ “ 


Then N := is the number of paths of length n from 7^^ to itself in G 

and, by Proposition |4.37[ there exist N distinct chains of intervals of the form 
(lig, lin ■ ■ ■ with io fixed, = io and ij G T for all j G |l,n — 1]. Then, 
according to Lemma [l.l3 hi), there exist N closed subintervals Ki,..., Kn with 
pairwise disjoint interiors such that, Vj G |l,fV], Kj C Ii„ and f^{Kj) = Bg. 



Remark 4.47. If (/i,...,/p) is a p-horseshoe, then the graph associated to 
(/i,... ,/p) contains a subgraph whose transition matrix is M = with 

niij = 1 for all i,j G |I,p]. Moreover, ‘(1,1,..., I) is clearly an eigenvector of M 
for the eigenvalue p, so A(M) > p. This shows that Proposition 4.6 is a particular 
case of Proposition |4.46[ 


4.5.2. The connect-the-dots map associated to a finite invariant set. 

When considering the graph associated to P-intervals, a particularly convenient 
case is when P is a periodic orbit, or more generally a finite invariant set. Knowing 
only the values of / on P is sufficient to determine a subgraph of G(/|P). This 
subgraph is intimately related to the “connect-the-dots” map fp associated to / 
on P (for all x G P, plot the points {x, f{x)); then connect linearly the dots to get 
the graph y = fp{x)). 


Definition 4.48. Let /:/—>■/ be an interval map and let P = {po < pi < 
■ ■ ■ < Pk} be a finite subset of / with fc > 1. The map / is P-monotone if /(P) C P, 
/ = [po,Pk] and / is monotone on every P-interval [po,Pi], • ■ •, [Pk-i,Pk]- The map 
/ is P-linear if in addition / is linear on every P-interval. 

If P is an invariant set, let fp: [po^Pk] —> [POiPk] denote the unique P-linear 
map agreeing with / on P. The map fp is called the connect-the-dots map asso¬ 
ciated to f\p: P ^ P. For short, we write G{fp) and M{fp) instead of G{fp\P) 
and M(/p|P). 


Let P = {po < Pi < • ■ ■ < Pk} be a finite invariant set with fc > 1 and, for 
every i G |0, fc], let a{i) G |0,fc] be such that f{pi) = Pa{i)- The graph G{fp) is 
determined by the values of / on P. Indeed, for every i G |0, / — 1], there is an 
arrow [p^,p^+i] [Pj,Pj-ki] in G{fp) if and only if [pj,pj+i] C {Pa{i),Pcr(z+i)), i-e., 
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either a(i) < j < j + 1 < cr{i + 1) or aii + 1) < ?' < j + 1 < Notice that, if / 
is P-monotone, then G(/|P) = G(/p). 

The next lemma follows trivially from the definition. 

Lemma 4.49. Let f be an interval map and P a finite invariant set. Suppose 
that f is P-monotone. Then, for every P-interval J, either f is constant on J or 
f{J) is a nonempty union of P-intervals. 

Remark 4.50. If P = {po < pi < • ■ ■ < pk}, a map / :/—?> J is Markov with 
respect to the pseudo-partition [po,Pi ],..., [Pk-i,Pk] if 4 = [po,Pk] and, for every 
P-interval J, f\j is monotone and /(J) is a union of P-intervals. This notion is 
very close to P-monotonicity. Indeed, / is Markov with respect to the P-intervals 
if and only if / is P-monotone and f{pi) 7 ^ f{pi+i) for all i £ |0, /c — 1] (i.e., / is 
non constant on every P-interval). The main additional property of Markov maps 
is that, for every point x G I, there exists an infinite path Aq Ai A 2 
■ ■ ■ An ^ ■ in G(/|P) such that /"(a;) G An for all n > 0. 


Lemma 4.51. Let f be an interval map, P a finite invariant set and n a positive 
integer. Then M(/"|P) > M{fp)'^. 


Let Ii ,. 

LTel 


.., Ifc be the P-intervals. We write M{fp)'^ := {aij)Kij<:k. 
Qij is the number of paths of length n from L to 


Ij in the 


Proof. 

By Proposition 

graph G{fp). Each path is a chain of intervals for fp, and also for /, which implies 
that Ii covers Ij Oij times for /. This exactly means that the (z, j)-coefficient of 
M(/”|P) is greater than or equal to a^-. Hence M(/”|P) > M(/p)”. □ 


The next result was first stated by Coppel in [ 68 j . It shows that the graph 
associated to a P-monotone map represents well the dynamics from the point of 
view of entropy. 


Proposition 4.52. Let f: I — 7 / be an interval map and let P be a finite 
invariant set. If f is P-monotone, then 

htopif) = htopifp) = max( 0 ,logA(M(/p))). 

Proof. Let A be the family of all P-intervals. This is a cover of I. Let C (Z A 
be the family of P-intervals on which / is constant. For every n > 1, we set 

Bn ■“ "I ./ ^i^i) I -^0 In-i is a path in G{fp), In-i ^ , 


Bn-.= \{^r\h)\kGlO,n-ll lo 


Ik is a path in G{fp), Ik G C 


0=0 


and Bn '.= Bf^ U B~. We are going to show that is a subcover of M". It is clear 
that Bn C Al", and the elements of of the form f~'^{Ii) are in too. Let 
J G Bn with J = PliLo k < n—1. By definition, /(/fc) is reduced to one 

point {x}. Since Al is a cover, there exist Ik+i, ■ ■ ■, In-i G A such that p{x) G Ik+i 
for alH G |l,n — 1 — /c]. We have J = nr=o^ so J G Al". This proves that 

Bn C Al". We now show that is a cover of I by induction on n. 

• Pi = ^ is a cover. 

Let J G with J = n7Znn{h). By 


• Let n > 2. We have P„_i C B„ 


definition, In -2 ^ C, so /(/n- 2 ) is a nonempty union of P-intervals by Lemma 4.49 
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say /(/„_ 2 ) = AiVJ ■ ■ ■ U Aj with Ai,...,Aj G A. Then, for every i G |1, j], 
/q —>■ • • • In -2 —is a path in G{fp), Ji := J D {Ai) is an element of Bn 

and J = Ji U ■ ■ ■ U Jj. Therefore, if Bn-i is a cover of /, then Bn is a cover too. 
This ends the induction. 


Since Bn is a subcover of A^, we have /) < =f^Bn- By Proposition 1.16 

||M(/p)^|| is the number of paths of length k in G{fp). Thus 


^Bn<Y.\\M{fp)% 

and hence 

-logA^„(yl,/) < -log#;B„ < -log (^n max \\M{fpf\\) . 
n n n \ fee|o,ri-i] J 

If the sequence (II-^(/p)^II)j,>o is bounded, then 

lim — logfn max ||M(/p)^|| ) =0, 
n-i.+oo n \ feGlO.n-ll ^ / 


and thus htop{A, /) = 0. Otherwise, there exists an increasing sequence of integers 
ini)i>o such that |lM(/p)"'|j = maxfcg|o,„,| ||M(/p)'"|| for all i > 0. This implies 
that 


htop{A,f) = lim - log Nn{A, f) 
n—^+oo n 

< limsup - log(n||M(/p)"'||) = limsup - log(||M(/p)"-||) 

< logA(M(/p)) by Proposition [T^ 


Since Al is a monotone cover, we have htopif) = htop{A, f) by Proposition 4.32 


so 


htopif) < niax(0,logA(M(/p))). Proposition 4.46 and the fact that htopif) > 0 
imply the converse inequality htopif) > max(0,logA(M(/p))). We conclude that 
htopif) = max(0,logA(M(/p))). □ 


The converse of Proposition |4.52 does not hold in general: there exist interval 
maps / with a finite invariant set P such that htopif) — htopifp) although / is not 
P-monotone and is not constant on any subinterval. See Figure for a counter¬ 
example. However, we shall see later that it does hold for transitive maps, i.e., a 
transitive interval map / such that htopif) — htopifp) is necessarily P-monotone 
(Proposition |4.74[ ) . 

For every finite invariant set P, G'(/p) is a subgraph of G(/|P), and thus 


Proposition 4.46 implies that htopif) — htopifp)- Tii® next proposition shows that 


the entropy of / can be approached arbitrarily close in this way. This result was 
first stated by Takahashi HM], but it appears that this proof is valid only for 
piecewise monotone maps, as noticed by Block and Coven, who gave a complete 
proof in |35| . See also the extensive paper of Misiurewicz and Nitecki [HZ]. 


Proposition 4.53. Let f be an interval map. Then 

htopif) = sup{htopifp) I P finite invariant set} 
= snp{htopifp) I P periodic orbit}. 
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y=f(x) 



Figure 3. The set P = {po:Pi:P 2 ,P 3 } is invariant and it is easy 
to show that htop{f) = htopifp) = log 2 , but / is not P-monotone. 


Proof. The inequality htopif) > sup{htop{fp) \ P finite invariant set} follows 
from Propositions |4.46 and 4.52[ and the inequality 

sup{htop{fp) I P finite invariant set} > sup{htop{fp) \ P periodic orbit} 

is trivial. We are going to show that htopif) ^ sup{htopifp) \ P periodic orbit} 
when htopif) > 0 (if htopif) = there is nothing to prove). Let A, A' be such that 
0 < A < A' < htopif)- By Misiurewicz’s Theorem 


4.7 


there exist an arbitrarily 
large integer N and a strict p-horseshoe for f^ such that > A'. We denote by 
Ii < I 2 < ■ ■ ■ < Ip the intervals composing this horseshoe and we set g := f^. By 
applying Lemma 1.13 ii) to the chain of intervals 

/2 7i —>■ /s —>■ /i —> • • • — Ip-i 

/2 /p /s —>■ /p Ip-l Ip ^ I 2 , 

we can build a periodic point x of period 4p — 8 for g such that 

• for alH = 0,... ,p — 3, g^^ix) belongs successively to J 2 , Is,..., /p_i and 
^ 21 + 1 ( 2 .) belongs to Ji; we set yt := g^^ix)] 

• for all i = p — 2,..., 2p — 5, g^’'ix) belongs successively to / 2 , /a,..., Ip-i 
and ( 7 ^*+^(a;) belongs to Ip] we set zt := 5 ^*(x). 

Let Q Ogix). For every i S |2,p — 1], It contains only two points of Q, 
namely yt, Zi, and thus (yt, Zi) is a Q-interval. Moreover, giyt) € Ii and gizi) € Ip, 
which implies that (giyi), gizi)) contains / 2 U- • -U/p-i by connectedness. Therefore, 
the intervals ((j/i, 2 i)) 2 <i<p -2 form a (p— 2 )-horseshoe for the map gg, which implies 
that htopigq) > log(p — 2) by Proposition 4.6 We set Mq := Migg). 

Now we come back to the map /. Let P := Ojix). Since x is periodic for 
g = f^, it is also periodic for /. Moreover, Q is a periodic orbit for the map ifp)^ 
because fp and / coincide on the set P D Q. Therefore, 

htopiifp)^) > max(0,logA(MQ)) = htop{9Q) 
by Propositions 4.46| and |4.52[ and thus 

= ^htopiifp)^) > ^ log(p - 2 ). 


^topifp) 
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Since ^ logp > A', we have htopifp) > ^ ^ log If N is large enough, then 

^ log 2 < A' — A and p can be arbitrarily large. In particular, < 2 if p > 4, so 
^ log log 2 < A' — A. We thus have htopifp) ^ We deduce the required 

result by taking A tending to htopif)- □ 

Remarks on graph maps. The notion of graph associated to a family of 
intervals is meaningful for graph maps provided Definition |1.14| is used for covering, 
and Proposition |4.46| holds for graph maps with no change. 

For graph maps, one can define P-monotone maps when the finite invariant set 
P contains all the branching points of the graph (which requires that the orbit of 

to P-monotone graph maps in this case (see, e.g., a remark in |15j b However, the 
connect-the-dots map associated to a finite invariant set P is not well defined in 
general (it is well defined when the space is a tree and P contains the branching 
points). 

Definition 4.54. Let /: G —?► G be a graph map and let P be a finite invariant 
set containing all the branching points and all the endpoints of G. A P-basic 
interval is any connected component of G \ P. The map / is called P-monotone 
if / is monotone in restriction to every P-basic interval. If / is P-monotone, let 
M{f\P) denote the adjacency matrix of the graph associated to the family of all 
P-basic intervals. 

Proposition 4.55. Let f:G^Gbea graph map and let P be a finite in¬ 
variant set containing all the branching points and all the endpoints of G. If f is 
P-monotone, then htopif) = max(0,log(A(M(/|P)))). 

In [^, Alseda, Juher and Mumbni showed that an equality similar to Propo¬ 
sition |4.53| holds for graph maps; an inequality was previously proved by Alseda, 
Mafiosas and Mumbni m Since connect-the-dots maps cannot be defined, it is 
necessary to introduce an equivalence between actions on a pointed graph, in order 
to be able to tell when a P-monotone map is a “good” candidate to replace the 
connect-the-dots map. The next definition follows |15) . 

Definition 4.56. Let G be a topological graph and let P(G) denote the set 
of all branching points of G. Let A be a finite set of G. Let Ga denote the graph 
G deprived of the connected components of G\ (AUP(G)) containing an endpoint 
of G. Let : G —>■ Ga denote the retraction from G to Ga (that is, is the 
identity on Ga and, if G is a connected component of G \ Ga and x G C, then 
rAix) is the unique point in G n (A U P(G))). Let f: G ^ G and g: G ^ G 
be two graph maps and assume that A is both /-invariant and 5 -invariant. Set 
f --r AO f\GA and g :=rAO Then one writes (G, A,/) - (G, A,^) if there 

exists a homeomorphism {p: Ga Ga with piA) = A such that / and o g o p 
are homotopic relative to A. 

Theorem 4.57. Let f: G ^ G be a graph map, and let P(G) and P(G) denote 
respectively the set of branching points and endpoints of G. For every finite f - 
invariant set A, there exists a map gA- G ^ G such that 

• P := A U P(G) U P(G) is gA-invariant, 

• Pa is P-monotone, 

. (G,A, 5 ^)^(G,A,/), 


every branching point is finite), and there is no difficulty to extend Proposition 4.52 
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• htopidA^) ^ ^topif')- 

Furthermore, htopif) = sup{/itop(<?A) \ A is a periodic orbit of f}. 


4.6. Entropy and periodic points 

4.6.1. Equivalent condition for positive entropy. We are going to show 
that an interval map has positive topological entropy if and only if it has a periodic 
point whose period is not a power of 2. This relation between entropy and periods is 
one of the most striking results in interval dynamics. This result can be expressed 
in term of types for Sharkovsky’s order: an interval map has positive entropy if 
and only if it is of type n with n <\ 2°°. This explains why Coppel calls chaotic an 
interval map having a periodic point whose period is not a power of 2 [6^1^ . the 
type 2°° being the “frontier” between chaos and non chaos. 

This result was proved in several steps. First, Sharkovsky showed in 1965 that 
an interval map / is of type n <l 2°° if and only if has a horseshoe for some k 
[na ; see [ng for a statement in English. The same result was re-proved by Block 
[33j . Then Bowen and Franks stated that the presence of a periodic point whose 
period is not a period of 2 implies positive entropy [61j . This result relies on the 
observation that horseshoes imply positive entropy (Proposition |4.6[ ) . Finally, the 
last step is due to Misiurewicz and Szlenk for piecewise monotone maps [HQ] and 
Misiurewicz for all interval maps HIS [HU. This is a corollary of Misiurewicz’s 
Theorem (Theorem |4.7[ ), proved in the same papers, stating that an interval map 
with positive entropy has a horseshoe for some iterate of the map. 


Theorem 4.58. For an interval map f, the following assertions are equivalent: 

i) the topological entropy of f is positive, 

ii) / has a periodic point whose period is not a power of 2, 

hi) there exists an integer n > 1 such that /" has a strict horseshoe. 


Proof. If htopif) > 0, then, according to Misiurewicz’s Theorem 4.7 there 
exists a positive integer n such that /" has a horseshoe. Therefore /" has periodic 
points of all periods by Proposition |3.3H and thus / has a periodic point whose 
period is not a power of 2. This shows (i)=4>(ii). 

If / has a periodic point of period 2‘^q, where q is an odd integer greater t han I 
and d> 0, then has a periodic point of period q and thus, by Proposition 
has a strict horseshoe. That is, (ii)^(iii). 

If /" has a horseshoe, then, according to Proposition 
> 0. Hence (iii)=^(i). 


3.32 


4.6 


htopif) = ^htopiD > 

□ 


4.6.2. Lower bound for the entropy depending on Sharkovsky’s type. 

The relation between the entropy of an interval map and its type is much more 
accurate than the one stated in Theorem |4.58[ and one can give a lower bound 
for the entropy depending on the periods of the periodic points. First, Bowen and 
Franks proved that, if / has a periodic point of period n = 2'^q, where q > 1 is odd, 
then htopif) > ^log2 |61j . Then Stefan improved this result and showed that, 

under the same assumption, htopif) > *°|/^ |164j . Finally, Block, Guckenheimer, 
Misiurewicz and Young gave an optimal bound by proving that, under the same 
assnmption, htopif) ^ > where Xq is the maximal real root of X'^ — 2Y®“^ — 

1 [36] . Actually, the value already appears in Stefan’s proof, where Xq is 
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proved to be greater than Moreover, there exist maps of type 2‘^g whose 

entropy is equal to ■ Examples of such maps were given without details in 



We start with a lemma, which is the key point of the proof. 


Lemma 4.59. Let / be an interval map having a periodic point of odd period 
greater than 1. Let p be the minimal odd period greater than 1, let Gp be the graph 
of a periodie orbit of period p and Mp its adjacency matrix. Then Mp is a primitive 
matrix and X{Mp) is egual to the unique positive root Xp of — 2XP~'^ — 1. 
Moreover, for all odd p > 1, 


\f2 < Ap+2 < Xp < 'J2 + 


(V2)P+i' 

Proof. According to Lemma 3.17[ the graph Gp is of the form: 


Q 

A 


A 




Jp-2 ^ Jp-1 


This gives the following adjacency matrix: 

0 


(1 
1 


(4.40) 


Mp = 


V 


0 

1 

0 


1 \ 
0 

1 


1 

0 / 


More precisely, if Mp = 


on the diagonal: mu = 1 and Vz S |2,p — 1],mii = 0, 

below the diagonal: Vz S |l,p — 2], mi+u = 1, 

1.1 u- iri m f I if z is odd, 

last column: Vz € p,p — l|, mip-i = 


• for all other indices, mu = 0. 


0 if z is even. 


We write (Mp)” = (m” )i<,j<p_i for all n > I. Then is the number of paths 
of length n from Ji to Jj in Gp (Proposition |l . 16[) . For all z, j G |l,p— ll, the path 


di ^ Ji+1 


Jl —>■ Ji 


—y J 1 —y J 2 ‘' —y J j 


— 2 arrows 


is a path from A to Ij of length 2p — 2. Thus {MpY^ ^ > 0 and Mp is primitive. 
In order to find the maximal eigenvalue of Mp, we compute the characteristic 


polynomial Xp(d^) •= det(Mp — Aid) (see Proposition 4.38). We develop it with 
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respect to the first row (the coefficients left blank are equal to zero): 



-X 

0 


I -A 



1 

1 


0 I 


XpiX) = {l-X) 



- 

. -A 




1 



1 



I -A 





Qp-2{X) 


We get Xp{^) = (1 ~ X)Qp- 2 (X) — 1- It remains to compute Qk{X) for all odd 
k. If we develop twice the determinant Qk{X) with respect to the first row, we get 
Qk{X) = X^Qk- 2 {X) + X. We have Qi = —X and an easy induction gives 


fc-3 

2 

for all odd k>3, Qk{X) = -X’^ + ^ 

i=0 


Therefore 


P-3 


for all odd p > 3, Xp{X) = XP-^ - XP-'^ - '^{-Xy. 

i=0 

We set Pp{X) := {X + l)xp(X). A straightforward computation gives 

Pp{X) = XP- 2XP-^ - 1. 

We do a short study of the polynomial function x i—)■ Pp{x) on IR+. Its differential 


IS 


P'Jx)=pxP ^-2(p-2); 


.P-3 _ „p-3 


{jpx^ - 2(p- 2)). 


Thus, for X G (0,+oo), Pp(x) > 0 ^ x > Xp := . This implies that Pp is 

decreasing on [0, Xp\ and increasing on [xp, +oo), and also that Xp < \f2. Moreover, 
-Pp(O) = —1, and lim 3 ._,,_|_oo Pp{x) = +oo. We deduce that there exists a unique 
Ap > 0 such that Pp{Xp) = 0. Since Xp is the maxim al real root of Pp, it is also the 

this implies that X{Mp) = Xp. 


4.45 


maximal real root of Xp = Jc+i ■ Corollary 

Now we are going to bound Xp. Since Pp{x) = xP~^{x'^ — 2) — I, we have 
Pp{'j2) = —1, and thus Xp > (recall that Pp is increasing on [xp,+oo) D 
[•\/2,+oo)). Moreover, since 


Ar 


^(A^-2) = l, 


we have XP{Xp — 2) = A^ > 2, which implies Pp+ 2 (Ap) > 0. Therefore, Xp +2 < Xp 
for all odd p > 3. We set pp := + /^p+i ■ We have 


yp = 2- 


1 


2P+1 {V2)P-^ 













4.6. ENTROPY AND PERIODIC POINTS 


87 


0-2 f 1 


1 


and Up > '/2. Therefore 

PM = yPp-^{yl-2)-l = yr^[^ + 

> (^) 

> 0 . 

We deduce that Xp < yp = + ^y 2 )p+i • concludes the proof. 


\^2P+i 


p-2_ 


(^ 2)^-2 


(V2)P-2 
- 1 


- 1 


□ 


Theorem 4.60. If an interval map f has a periodic point of period 2‘^q with 
d > 0, q > 1, q odd, then htop{f) > ^° 2 d'’ , where Xq is the unique positive root of 
2X9-2-1. 

Moreover, for all integers d > 0 and all q > 1 with q odd, there exists an 
interval map with a periodic point of period 2‘^q and whose topological entropy is 
equal to *2|^. 

Proof. First we suppose that d = 0 and that q is the minimal odd period 
greater than 1. Let Gq be the graph of a periodic orbit of period q. According to 
Lemma 4.59 the spectral radius of the adjacency matrix of Gq is equal to Xq. Thus 


4.46 


htopif) > log A, by Proposition _ 

Now we suppose that x is a periodic point of period 2'^q with q > 1, q odd. The 
point X is periodic of period q for . Let p be the minimal odd period greater 
than 1 for the map . What precedes shows that htopiP ) > log Ap. Since p < q, 
Lemma 4.59 implies that Xp > Xq, and thus 

log Xq 


T-topif) — 


ir)> 


2^ 


For the sharpness of the bound, see Examples |4. 61 and 4.62 below. 


□ 


Example 4.61. Let n be a positive integer and p := 2?t, + 1 (i.e., p is an 
odd integer greater than 1). We consider the map fpi [0,2n] —>• [0, 2n] built in 


Example 3.21 We already proved that it is topologically mixing and that its type 
for Sharkovsky’s order is p. We recall that the map fp (represented in Figure]^ is 
linear between the points 0, n — 1, n, 2n — 1, 2n, and 

• Vfc e |1, n], fp{n — k) = n + k, 

• Vfc S |0, n — 1], /p(n + fc) = n — fc — 1. 

We set P := {0,1, 2,...,, 2n} and, for all k £ |1, n], 

J 2 k-i '■= [n — k,n — k + 1] and J 2 k ■= [n + k — l,n + k]. 

Then P is a periodic orbit of period p and the graph associated to P is: 


Q. 


(4.41) 


J 3 

A 




J, 


p-2' 

A 


jp-i 


Moreover, fp is P-linear and the matrix Mp = M(/p|P) is exactly the one given 


by ( |4.40[ ) in the proof of Lem ma |4. 59[ Hence X{Mp) = Xp, where Ap is defined in 


Theorem 4.60 By Proposition 4.52 htop{fp) = logAp. This proves that the bound 
of Theorem 4.60| is sharp for d = 0. 
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Figure 4. This interval map is of type p = 2n + 1, it is topologi¬ 
cally mixing and its topological entropy is equal to logAp. 


Finally, we remark that, for p = 3, we get a map of type 3 with no horseshoe 
because htopifa) < log 2. This shows that the converse of Proposition : 
hold, as said in Chapter 


3.31 


does not 


4.60 


This will prove that the 


Example 4.62. Our goal is to show that, for all integers d > 0 and all p > 1 
with p odd, there exists an interval map of type 2‘^p such t hat its topological entropy 
is equal to , where Xp is defined in Theorem 
bound of Theorem 4.60| is optimal. 

In Example |3.22 we defined the square root of an interval map and showed 
that the square root of a map of type n is of type 2n. We recall this construction. 
If /: [0, b] —>■ [0, b] is an interval map, the square root of / is the continuous map 
g: [0, 35] [0, 35] defined by 


• Vx e [0, 5], g{x) := f{x) + 25, 

• Vx e [25, 35], g{x) := x — 25, 

• p is linear on [5, 25]. 

The graphs of g and g^ are represented in Figure 

Suppose that / is P-monotone with P = {xq < xi < • • • < Xp}, xq = 0 and 
Xp = b. We set 


Q := {a:o, ... ,Xp,Xo + 2p,Xi + 2p,... ,Xp + 2p}. 


By definition of g, it is obvious that g is Q-monotone. The matrix A := M(/jP) 
is of size p x p. Let B := M{g\Q), with the convention that the Q-interval [5,25] 
corresponds to the last column and row. The matrix B is of size (2p-l- 1) x (2p-|-1) 
and, looking at Figure it is clear that B is of the form 

/ Opxp A Op \ 

B = I Idp Opxp Op I 

V * ‘Ip 1 / 
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Figure 5. The left side represents the map g, which is the square 
root of /; the topological entropy of g is The right side 

represents the map g^. 


(where Opxp denotes the p x p null matrix and Xp denotes the 1 x p matrix with all 
coefficients equal to x) and thus 


= 


A 0, 

^pxp 
* 


pxp 

A 




1 


We deduce that A(i?^) = A(A) provided A(yl) > 1. According to Proposition 4.52 


htopif ) = max(0,log A(A)) and htopig ) = max(0,logA(i?)). Since A(B^) = X{B)^ 
we get htopig ) = 

We fix an odd integer p > 1. Starting with the map fp of type p and topological 
entropy log Xp defined in Example 4.61 and applying inductively the square root 


construction, we can build an interval map of type 2“p and topological entropy 


log 

2 ‘‘ 


for any integer d > 0. This completes the construction. 


4.6.3. Number of periodic points. We have seen that the knowledge of 
the periods of the periodic points gives a lower bound on the entropy. Conversely, 
the entropy gives some information on the number of periodic points. The next 
result, due to Misiurewicz HH], is a straightforward consequence of Misiurewicz’s 
Theorem 4.7 Recall that P-nif) is the set of points x such that /"(cc) = x. 


Proposition 4.63. If f is an interval map of positive topological entropy, then 
limsup-log#P„(/) > htopif). 

n—>-+oo 


Proof. Let 0 < A < htopif )- According to Theorem 4.7 for all integers 
N, there exist integers n > N and p > 2 such that /" has a strict p-horseshoe 
(Ji,..., Jp) and ^logp > A. In particular, /"(Ji) D Ji for all i G |l,p|, and 
thus there exists x G Ji such that /"(ai) = cc by Lemma 1.11 Since the intervals 
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Ji,... ,Jp are pairwise disjoint, this implies that #Pnif) > P, so 

limsup - log#P„(/) > A. 

n—>-+00 ^ 

Since A is arbitrarily close to htopif), this gives the required result. □ 


The next proposition follows a theorem of Stefan M, which strengthens a 
previous result of Bowen and Franks [61] . 


Proposition 4.64. Let f: I ^ I be an interval map. If f has a periodic point 
of period 2‘^q with d>0 and q an odd integer greater than 1, then 

liminf — logff{x G I \ x periodic point of period 2‘^n} > log A„, 
n-f+cxD n 

where Xq is the unique positive root of X‘^ — 2X'^~^ — 1. 


Proof. We first assume that d = 0. Let p be the minimal odd period greater 
than 1. We fix P as a periodic orbit of period p and we denote G by the graph 
associated to P. For all n > 1, let Nn be the number of primitive cycles of length n 
in G. According to Lemma |3.16[ for every primitive cycle Iq —t /i —t ■••/„ = /q in 
G, there exists a periodic point y of period n such that p{y) G A for all i G |0, n— 1]. 
The periodic points y, y' corresponding to two different primitive cycles are different, 
except maybe if y, y' are endpoints of one of the P-intervals, which implies that 
they are of period p. Therefore, 

(4.42) Vn yf p, ff{x G / | x periodic point of period n} > Nn- 


Let M be the adjacency matrix of G. We write M” = {mX)i<i,j<p-i for every 
n > 1. By Proposition |1.16| the number of cycles of length n in G is equal to 

ECi m. 
is A. 


,p. 


= Tr(M"). By Lemma 4.59 M is primitive and its maximal eigenvalue 
Let (Ap,/i 2 ,..., Pp-i) be the set of eigenvalues (with possible repetitions 
corresponding to the size of the generalized eigenspaces) of M. According to the 
Perron-Frobenius Theorem |4.44[ \fj,i\ < Ap for all i G |2,p—1]. By triangularization 
of M, the matrix M” is equivalent to 




0 


* 




V 0 0 0 


/ 


We deduce that 


p-i 


(4.43) 


Tr(M") = A- + p^ + -.. + p-_i = A- 1 + ^ f 


We fix n yf: p. If a cycle of length n is not primitive, then it is a multiple of a 
primitive cycle of length k for some k dividing n with k < n. Therefore 


Tr(M")=7V„+ ^ Nk 


k\n 
k <. n 
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(where k\n means that k divides n). Moreover, 
the number of cycles of length k. Thus 


(4.44) 


Nn > Tr(M”) - 


E 

k\n 
k <. n 


Nk < Tt{M^) because Tr(M'=) is 


Tr(M'=). 


Let k be an integer dividing n such that k < n. Necessarily, k < n/2 and thus, by 
( 4.43[ ), Tr(M^) < {p— l)Ap < (p — l)Ap^^. Combining this with (4.44) and (4.43), 
we get 

/ p-i 






2 = 2 
P-1 


. n, 


-{P- l)2(^p) 


n/2 


> 




\-n/2 


Since Ap > 1 and \p,i\ < Xp for all i G |2,p — 1], we have 


f+oo y A 


lim 1 1 =0 and 


lim a(Ap) ”/^ = 0, 

n—>-+oo z 


SO 


lim inf — log iV„ > log Xp. 

n-J-Too n 


Thus, by (4.42) 
(4.45) 


lim inf — log#{a: € I \ x periodic point of period n} > logAp. 

n-p+oo n 

We now suppose that / has a periodic point of period 2‘^q with d > 0 a nd q > 1, 


q odd. Then the map g := p has a periodic point of period q (Lemma 


3.18 


i))- 


Let p be the minimal odd period greater than 1 for g. Since a periodic point of 


period 2“n for / is a periodic point of period n for g, (4.45) implies that 


lim inf — log#{ai G I \ x periodic point of period 2‘^n for /} > log Ap. 

n-J-Too n 


Moreover Ap > Xq by Lemma 4.59 This concludes the proof. 


□ 


Remarks on graph maps. Llibre and Misiurewicz showed that Proposi¬ 


tion 4.63 is also valid for graph maps Ea The technique is similar. 

For graph maps, there exist conditions equivalent to positive entropy in terms 
of sets of periods, but they cannot be expressed in such a simple dichotomy as the 


equivalence (i)<t4>(ii) in Theorem 4.58 


Optimal lower bounds on entropy are known for circle maps, in the same vein 
as Theorem 4.60 The results for circle maps of degree different from 1 are mainly 
due to Block, Guckenheimer, Misiurewicz and Young |36j . When the degree is 0 or 


— 1, one essentially has the same results as for interval maps. Several papers deal 
with entropy of circle maps of degree 1. In particular, Ito gave an optimal lower 
bound on entropy when there exist two periods p, g > 1 such that gcd(p, g) = 1 
[89| . The lower bound stated below in Theorem 4.67 which is the most precise 
one, depends on the rotation interval; it is due to Alseda, Llibre, Mahosas and 
Misiurewicz |12j . The reader is advised to refer to M Section 4.7] for an extensive 
exposition on circle maps. Recall that the possible sets of periods of circle maps 
were given in Theorems |3.25| and |3.26| 
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Proposition 4.65. Let f:E>^E>bea circle map of degree d with |(i| > 2. 
Then f admits a \d\-horseshoe and htopif) > log Ml. 

Proposition 4.66. Let /: S — >■ S be a circle map of degree 0 or —1. The 
following assertions are equivalent: 

• htopif) > 0 - 

• / has a periodic point whose period is not a power of 2. 

Moreover, if a lifting of f has a periodic point of period 2‘^q with d > 0, q > 1, q 
odd, then htopif) ^ where Xq is the unique positive root of X'^ — 2X'^~‘^ — 1. 

Theorem 4.67. Let f:S^Sbea circle map of degree 1, and let [a, 6] be its 
rotation interval. The following conditions are equivalent: 

• htopif) > 0 - 

• There exists two integers m, n with 1 < n < m such that f has two periodic 
points of periods n,m respectively and m/n is not an integer. 

• Either a < b, or there exist p G Z and g € N with gcd(p, q) = 1 such that 
a = b = p/q and f has a periodic point whose period is not of the form 
2’^q, d> 0. 

Moreover, if a <b, then htopif) ^ log/3a,h> where I3a,b is the largest root of 

(p,g)GZxN,|G(a.6) 

and for all real numbers a < b, there exists a circle map of degree 1 and topological 
entropy log/3a,b- 



The set of periods implied by the existence of a given periodic orbit depends 
on its pattern, that is, the relative position of the points within the orbit, and not 
only on its period. For an interval map /, a periodic orbit P has a division if there 
exists a point y ^ P such that, 

Mx G P, X < y ^ fix) > y and x > y ^ fix) < y. 


A periodic orbit of odd period p > 1 has clearly no division; this fact is important 
(although hidden) when proving that an odd period greater than 1 implies a cofinite 
set of periods (a subset of N is cofinite if it contains all but at most finitely many 
integers), which is a part of Sharkovsky’s Theorem |3.13 On the other hand, an 
interval map can have a periodic orbit with a division but a set of periods which 
is not cofinite (e.g., the set of all even integers and 1). The notion of division was 
extended to tree maps by Alseda and Ye, and led to the following results namo]. 
Since the definition of division for tree maps is more technical than for interval 
maps, we do not give it here and we refer the interested readers to the cited papers. 
See also Blokh’s paper |54j for results about periods and entropy of tree maps. 


Theorem 4.68. Let f:T -g T be a tree map. The following assertions are 
equivalent: 

• htopif) > 0 - 

• There exists n S N such that /" has a periodic orbit of period greater than 
1 with no division. 

Moreover, if f has a periodic orbit with no division, then htopif) ^ where 

e(T) denotes the number of endpoints of T. 
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Finally, the next theorem holds for any graph map. It was first shown by Blokh 
by the means of spectral decomposition [53] . then Llibre and Misiurewicz gave a 
more direct proof 

Theorem 4.69. Let f be a graph map. The following assertions are equivalent: 

• htopif) > 0 . 

• There exists p gN such that the set of periods of f contains pN. 

4 . 7 . Entropy of transitive and topologically mixing maps 

A transitive interval map always has a positive entropy. Moreover, this entropy 
can be uniformly bounded from below. The lower bound of entropy of transitive 
interval maps (resp. transitive interval maps with two fixed points) is classical, 
as well as the examples realizing the minimum. Entropy of topologically mixing 
interval maps can also be bounded from below, but the infimum is not reached. 

In the next proposition, statement (i) was first stated by Blokh |44j (see [55] 
for the proof) and was also proved by Block and Coven [34] : statement (ii) was 
shown by Block and Coven [34] ; statement (iii) follows from a result of Bobok and 
Kuchta |56| (it can also be seen as a consequence of Theorem 2.20 and Lemma [4.59 ). 
Notice that, in (ii), a transitive interval map with two fixed points is necessarily 
topologically mixing by Theorem |2.19| 

Proposition 4.70. Let f: I ^ I be an interval map. 

i) If f is transitive, then htopif) ^ 

ii) If f is transitive and has at least two fixed points, then htopif) ft log 2. 

iii) If f is topologically mixing, then htopif) > 

Proof. First we prove (iii). Suppose that / is topologically mixing. Then / has 
a periodic point of odd period greater than 1 by Theorem |2.20| According to 


Proposition 3.32 there exist two intervals J = [a, b] and K = [c, d] with b < c, 
a min/, d max/ and such that iJ,K) is a strict horseshoe for /^. We set 
A := [a,d] and L := [6, cj. By the intermediate value theorem, /^(J) D A because 
f^iJ) D J U K. Similarly, PiK) D A. The map / is topologically mixing and 
the non degenerate closed interval L does not contains the endp oints of /, thus 
there exists a positive integer n such that /^"(L) D A by Theorem 2.20 Applying 


Lemma 1.13 iii) to the family of chains of intervals 


{(/o,...,/„-i,A) |Wg [0,n-ll,AG{J,/L}}, 

we see that there exist 2” closed intervals (Ti)i<i< 2 " with pairwise disjoint interiors 
such that Li C J U K and /^"(L^) D A = J U L U AT for alH G |1, 2”]. We deduce 
that (Li, L 2 ,.. ■, L 2 ^,L) is a (2” + l)-horseshoe for /^”. Thus, by Proposition 4.6 

h (f)-—h log(2" + l) log2 

htopif) - >- 2n 2 ' 

This is (iii). 

Now we suppose that / is transitive. If / is topologically mixing, then it follows 
from (iii) that htopif) ^ H / 1® transitive but not topologically mixing, then, 
according to Theorem |2.19 there exists a fixed point c in the interior of I such 
that, if we set J := [min/, c] and K := [c, max/], then both maps p\j and P\k 
are topologically mixing. The point c is also fixed for the map P\j, and c is not 
in the interior of J. Therefore, p\j has a horseshoe by Lemma 3.35 and hence 
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htopiP) > log2 by Proposition 
gives (i). 


4.6 


Thus htopif) = ^htopif'^) > which 


Finally, (ii) follows straightforwardly from Lemma 3.35 and Proposition |4.6[ □ 
The bounds given in the preceding proposition are sharp. In Example |4.71| 


below, two maps realizing respectively the equalities in Proposition 4.70 4)-(ii) are 


exhibited. In Example |4.61[ we saw that, for every odd integer p > 1, there exists a 
topologically mixing map fp whose entropy is equal to log Ap, w here Ap is the unique 
positive root of — 2X^~'^ — 1. According to Lemma 4.59 limp_>+oo Ap = \/2. 


Combining this with Proposition 4.70’iii), this shows that 


inf{/i(op(/) I / topologically mixing interval map} = 


log 2 


Example 4.71. We are going to exhibit a transitive map S of topological 
entropy 1 ^^ and a transitive map T 2 with two fixed points of topological entropy 
log 2. We define T 2 : [0,1] —>■ [0,1] and S: [—1,1] —)■ [—1,1] by 


Va: G [0, i], T 2 {x) := 2a;, 
Va;G[i,l], T 2 (a;) :=2(l-a;). 


Va;G[-I,- 5 ], S'(a:) 

Va; G [— 5 , 0 ], S{x) 
Va; G [0,1], s\x) 


— 2x T 2, 

= —2x, 


These two maps are represented in Figure See also Figure page ^ for the 
graph of 5^. 




Figure 6. The map on the left (the tent map) is transitive with 
two fixed points and its topological entropy is log 2. The map on 
the right is transitive with a unique fixed point and its topological 
entropy is 1 ^. 


It was proved in Example |2.13| that T 2 is topologically mixing. Since T 2 is 2- 


Lipschitz, its topological entropy is less than or equal to log 2 by Proposition 4.29 


Moreover, T 2 has two fixed points (0 and |), and thus htop{T 2 ) > log2 by Propo¬ 


sition 


4.704i). Consequently, htop{T 2 ) = log2. 


The map S was proved to be transitive in Example 

i). 


2.21 


by Proposition 
Proposition 


4.70 


4.29 


_ Thus htopiS) > ^ 

Moreover, is 2-Lipschitz, and thus htop{S'^) < log2 by 


We deduce that htop{S) = 
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The two maps in the preceding example have a common property: they are 
P-linear for some hnite invariant set P. Coven and Hidalgo proved that a tran¬ 
sitive interval map / satisfying htop{f) = htopifp) for some hnite /-invariant set 
P is necessarily P-monotone |69j . This implies that there is little freedom for 
maps realizing the bounds in Proposition 4.70[ i)-(ii). In particular, Bobok and 
Kuchta showed that there is a unique transitive interval map of entropy up 
to conjugacy |56[ Theorem 4.1]. 

Before proving these results, we are going to show that a transitive map / 
satisfying htopif) = htopifp) cannot have non accessible endpoints. We shall use 
the next lemma, which is an easy corollary of the Perron-Frobenius Theorem |4.44[ 
several times. 

Lemma 4.72. Let B be a positive n x n matrix. Let E be a nonempty subset of 
|l,n] and let B' denote the matrix obtained from B by removing the rows and the 
columns with indices i G E. Then X{B) > X{B'). 

Proof. It is sufficient to prove the lemma for E = {!}. We set 


A := 


that is, A is the matrix obtained from B by Filing the first line and the hrst column 
of B with O’s. Then 0 < A < B and A ^ B because B > 0. Thus A(a1) < X{B) 
by the Perron-Frobenius Theorem 4.44[ ii). Moreover, the set of eigenvalues of A is 
equal to the set of eigenvalues of B' union {0}, and hence A(P') = A(H) < A(P). □ 


/ 0 0 ••• 


0 

: B' 

V 0 

/ 


[a, b] be a topologically mixing interval map with 


Lemma 4.73. Let f: [a, 6] 
a non accessible endpoint. 

i) For every finite invariant set P, htopif) > htopifp). 

ii) If f has a horseshoe, then htopif) > log 2. 


sit ion 


Proof. Let E denote the set of non accessible endpoints of /. By Propo- 
there are four cases: either E = {o} and /(a) = a, or E = {6} and 


2.30 


fib) = b, ov E = {a, b} and both a, b are Hxed, or E = {a, b} and /(a) = b, fib) = a. 
Let P = {po < Pi < • • • < Pfc} be a hnite invariant set. By Proposition 4.52 


htopifp) = max(0, log A(M(/p))). It is sufficient to consider the case A(M(/p)) > 1 
because htopif) > 0 by Proposition 4.70 The set P' := P\E is invariant too. First 


we are going to show 

(4.46) A(M(/p)) = XiMifp,)). 

We split the proof into four cases. 

Case P n F; = 0. Then P = P'. 

Case P Cl E — {a}. Then /(a) = a = po, and the matrix M(/p/) is obtained 
from M(/p) by deleting the Hrst row and the hrst column. Moreover, a does not 
belong to fi[Pi,Pi+i]) for any i G |1, A: — 1], which implies that the hrst column of 
M(/p) is ‘(10 • • • 0). Then det(M(/p) — Xld) = (1 — X) det(M(/p/) — Afid). Since 


A(M(/p)) > 1, we have A(M(/p)) = A(M(/p/)) by Proposition 4.38 
Case P n P = {6}. This case is similar to the previous one. 
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Case P Cl E — {a, b}. Either both a and b are fixed or {a, 5} is a periodic 
orbit of period 2. In both cases, P{a) = a = po and /^(b) = b = pu- We have 
{a, &}n/([pi,pi+i]) = 0 for all i S |1,A: —2]. This implies that, for all i S |l,fc —2], 
there is no path of length 2 from [pi,pi+i\ to [a,pi] or to [pk-i, b] in G{fp), and thus 
the first and last columns of M{fp)'^ are respectively *(10 • • • 0) and *(0 • • • 01) (recall 
that, by Proposition 1.16 the (i, j)-coeflicient of M{fp)'^ is the number of paths 
of length n from [pi,Pi+i] to [pj,Pj+i] in G{fp)). Moreover, the matrix M{fp')‘^ 
is obtained from M(fp)^ by deleting the first and last rows and the first and last 
columns. As in the second case, this implies that A(M(/p)^) = A(M(/p/)^), so 


A(M(/p)) = A(M(/p/)) by Lemma 4.41 


Now we are going to show that htopif) > logA(M(/p)). According to ( |4.46[ ), we 
can assume that PDE = 0 (otherwise, we replace P by P'). Moreover, since E 
we can assume that a G E (the case b G E is similar). If b G E, then f^{b) = b 
by Lemma 2.32 If b ^ E, then there exists x G (a, b) such that /"(x) = b, which 


implies that /^(b) 7^ a, otherwise a would be accessible. In both cases, p(b) ^ a. 
We set c := min/^([po, b]). Then c> a because a is non accessible and /^(b) 7^ a, 
and c < Po because [po,b] is not /^-invariant (otherwise, it would contradict the 
fact that / is topologically mixing). If b G E, we set d := max/^([a,pfc]), and 
a similar argument implies that pk < d < b. If b ^ A, we set d := b. Let Q := 
PU{c, d} (this may not be an invariant set). Then c = minQ (because f^{\po , b]) D 
f‘^{[Po,Pk]) G> P), and similarly d = maxQ. According to Proposition [tBI there 
exists a positive integer n such that, for all Q-intervals J, D [c, d]. Thus 

the matrix B := M{f'^\Q) is positive. We remove from B its first line and column 
(corresponding to the Q-interval [c,po]) and, if b G E, its last line and column 
(corresponding to [p/c,d]); we call B' the resulting matrix. Then B' = M(/"|P). 
By Proposition |4.46 htopif'^) > \ogX{B), and by Lemma 4.72 X{B) > X{B'). 
Moreover, B' > M{fp)^ by Lem ma |4.51[ which implies that X{B') > X{M{fp)'^) 
by the Perron-Frobenius Theorem |4.44| Combining these inequalities with the fact 
that X{M{fp)'^) = {X{M{fp)))'^ (Lemma |4.41[ ), we get 

htopif) = -htopin > -logA(i?) > -logA(P') > logA(M(/p)). 
n n n 

This proves (i). 

Now we assume that / has a horseshoe. According to Lemma 3.29[ there exist 
three points u,v,w in [a, b] such that /(rt) = /(w) = u, /(u) = w and, either 
u<v<w, or u>v>w. The set P := {u,v,w} is invariant and M{fp) is the 
matrix of a 2-horseshoe: 


M(/p) = 


Thus A(M(/p)) = 2 and htopifp) = log A(M(/p)) = log 2 (Proposition |4.52[ ). Since 
htopif) > htopifp) by (i), we get hopif) > log2, which gives (ii). □ 

Proposition 4.74. Let f: [a,b] —)■ [a, b] be a transitive interval map and P a 
finite invariant set. If htopif) = htopif p)i then f is P-monotone. 

Proof. Recall that htopif) > 0 because / is transitive (Proposition|4.70[), and 


thus htopif) = logA(M(/p)) by Proposition 4.52 


The first step of the proof consists of showing that the endpoints a, b belong to 
P. Suppose that / is topologically mixing. If a ^ P, we set Q := PU{a}. According 
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to Lemma 4.73[ i), / has no non accessible endpoint and thus, by Proposition 2.30 
there exists an integer n > 0 such that, for all Q-intervals J, /"(J) = [a,b]. Thus 
the matrix B := M{f'^\Q) is positive. Let B' be the matrix obtained from B 
by removing the first line and the first column, that is, B' = M(/"|P). By 
Lemma 4.72 A(P) > A(i?'). Moreover, B' > M{fp)'^ by Lemma 4.51 and 


hence logA(P') > logA(M(/p)") = n\og\{M{fp)) by the Perron-Frobenius The¬ 
orem |T4^ii) and Lemma 4.41 Furthermore, htop{f^) > logA(P) according to 
Proposition 


4.46 


These inequalities imply htopif) > log X{M{fp)), a contradic¬ 
tion. We deduce that a G P. Similarly, b belongs to P too. We have proved: 

(4.47) htopif) = htopifp) and / topologically mixing => a,b G P. 

Suppose now that / is transitive but not topologically mixing. According to 


Theorem 2.19 there exists c G (a, b) such that 

(4.48) /(c) = c, /([a,c]) = [c,6], /([c,6]) = [a,c], and f\[c,b] are mixing. 

If c ^ P, we set P' := P U {c} and we consider p := max(P fl [a,c)) and q := 
min(P n (c, 6]) (these points exist by (4.481 and the /-invariance of P). According 
to (4.48|), fip) > c > p and /(g) < c < q. This implies that fpi is decreasing on 


[p, c] U [c, g] = [p, g]. Thus fp' is P-monotone and, according to Proposition 4.52 


htopifp) = htopifp')- If prove the proposition for P', this will imply that the 
proposition holds for P too. Therefore, we may assume that c G P (otherwise we 
replace P by P'). We set Pi := P n [a, c], P2 := P fl [c, b] and g := p. Then the 
family of P-intervals splits into Pi-intervals and P2-intervals. 

One can show that htopigp) = htopigp^) = htopigp 2 ) by using Bowen’s formula 
(Theorem |4.5[ ), the uniform continuity of / and the fact that / swaps the intervals 
[a,c] and [c, 6] by (4.48). Moreover, (4.48) implies that fp = gp. Since htopif) = 
htopifp) by assumption, and htopig) = 2htopif), we get htopig) = htopigp) and 

htopid) ~ htopi9\[a,c]) ~ htopig\[cfi]) — htopigPi) ~ htopi9P2)- 
Moreover, according to Proposition |4.52[ 

(4.49) A(M(/p)2) = A(M(gpJ) = A(M(ppJ). 


Applying (4.47) to g|[a,o] and g||cW, we see that a,b G P. Moreover, / has no non 
accessible endpoint by Lemma 4.73 applied to g|[a,c] and g|[c,b]- This concludes the 
proof of the first step, that is: 

htopif) = htopifp) and / transitive => a,b G P. 

In the second step, we are going to show that / is P-monotone. Suppose on 
the contrary that there exists a P-interval I such that /|/ is not one-to-one, that 
is, there exist two points u < v in I such that /(u) = fiv). Since / is transitive, 
fi[u,v]) is not degenerate, and thus 

(4.50) either max/([it, w]) > /(m), 

or min/([u,i;]) < /(it). 


We assume we are in case (4.50), the other case being similar. Let w G iu,v) be 


such that fiw) = max f([ii,i!l), and let U be an open interval containing w such 
that fix) > fiv) for all xgU. 

By Proposition |2.15[ the set of periodic points is dense, and thus we can choose 
a periodic point Pq G U such that w ^ Ofipo). Let Pi,P 2 be the two points in 
Ofipo) such that pi < w < P2 and there is no point of Ofipo) between w and Pi for 
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i G {1, 2} and let p G {pi,P 2 } be such that f{p) = max{/(pi), f{p 2 )}- It is possible 
that either pi or p2 does not exist: if Of{po) > w (resp. Of{po) < w), then there is 
no Pi (resp. P 2 ); in this case p is just equal to the unique existing pi. Since po G U, 
at least one of the points pi,P 2 belongs to C/, and hence f{p) > f{v). In the sequel, 
we assume p = pi, the case p = p 2 being symmetric. We define 


z := minja; € [tc,!;] | f{x) = f{p)}. 

This point is well defined because f{v) < f{p) < f{w), and z > p. Moreover, 
0/(p) n (w, z) = 0 according to the choice of p and z. The set Q := PUO/(p) U{z} 
is a finite invariant set, and [p, z] is a Q-interval. Moreover, /q is constant on 
[p, z] because /(p) = /(z), and thus the row of M(/q) corresponding to [p, z] is 
(00- • -0). Then, according to Proposition 4.53 htopifg) > htopifp) (because P is 


/g-invariant) and htopif) > htopifg)- Since htopif) = htopifp) by assumption, we 
have 


(4.51) 


htopif) — htopifg)- 


We split into two cases, depending on / being mixing or not. 


• If / is topologically mixing, then, by Proposition |2.30[ there exists an integer 
n > 0 such that, for all Q-intervals J, /"(J) = [a, 6] (recall that we have shown 
that / has no non accessible endpoint). Therefore B := M(/”|(5) is a positive 
matrix. Moreover, B > M(/q)" (by Lemma 4.51) and M(/g)” B because the 
row of M(/q)" corresponding to [p, z] is (0 • • • 0). Thus A(i3) > A(M(/g)”) by the 
Perron-Frobenius Theorem 4.44[ii). 


• If / is transitive but not topologically mixing, then we are in the situation de¬ 
scribed in (4.48). As in the first step, we can assume that c G P and we set g := f^. 


By Proposition |2.30[ there exists an integer k > 0 such that, for all Q-intervals 
Ji C [a,c], g^i-Ji) = [a, c], and for all Q-intervals J 2 C [c, 6], ^^(^2) = [c, &]. There¬ 
fore the matrix B := Mig^\Q) is of the form 


B = 


Bi 0 
0 B 2 


with Bi > 0 ,B 2 > 0. 


Moreover, B > M(pg)^ (by Lemma 4.51) and 


M(nr,Y - I ^^hPi)^ 0 


We deduce that Bi > M(ppJ^ and B 2 > Migp^)^. Moreover, the mixing case 
above implies that, if [p, z] C [a,c] (resp. [p,z] C [c, 6]), then Bi ^ M(ppJ^ (resp. 
B 2 M(ppJ'=), so 


A(Bi) > XiMigpft) (resp. A(B2) > A(M(ppj'=)) 

by the Perron-Frobenius Theorem 4.44|(ii). Combining this with (|4.49 ), we get 
\iB) > A(M(/g)2'=). 


In both cases (/ topologically mixing or not), there exists n > 0 such that 
A(M(/"|(5)) > A(M(/q)”). Recall that A(M(/q)") = A(M(/q))”. This leads to 

htopif) = \htopin > ilogA(M(/"|Q)) > logA(M(/Q)) = htopifg) = htopif) 
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(the last equality comes from (4.51)). But this is a contradiction. We conclude 
that / is one-to-one on every P-interval. Since a, b belong to P, we deduce that / 
is P-monotone. □ 


In the next proposition, the first assertion is due to Bobok and Kuchta 
Theorem 4.1]. 

Proposition 4.75. Let /: [a, 5] —>■ [a, 6] be a transitive interval map. 

• If htopif) = then f is topologically conjugate to the map S defined 

in Example \4-. 71\ 

• If f has at least two fixed points and htopif) = log 2, then f is topologically 


conjugate to the tent map T 2 defined in Example j.ll 


Proof. Let /: [a, b] —» [a, 6] be a transitive interval map such that htopif) = 
hi), / is not topologically mixing. Thus, by Theo- 


By Proposition 


rem 


4.70 


2.19 there exists c S (a, b) such that 


(4.52) /(c) = c, /([a,c]) = [c,6], /([c,6]) = [a,c], and /^|[a,c], f\[c,b] are mixing. 

Moreover, f‘^\[a,c\ has a horseshoe by Lemma 3.35 Thus /^|[a,c] has no non acces¬ 
sible endpoint by Lemma 4.73[ ii). This implies that there exists d c such that 
f{d) = c, that is, 

(4.53) either d G [a,c) and /(d) = c, 

(4.54) or d G (c, b] and /(d) = c. 

Assume that (4.53) holds, the case ( 4.54| ) being symmetric. Let m := max/([d, cj). 
Then m G [c, 6] and /([d, cj) = [c, m] by (4.52). Suppose that 

(4.55) min/([c,m]) < d. 

Then /([c, mj) D [d, c], so /^([d, c]) = /([c, mj) D [d, cj. Thus there exists e in [d, c] 
such that /^(e) = d. See the positions of these points in Figure 



Figure 7. The positions of the various points in the case (4.55). 


We set P := {d, e, c,/(e)}. Then P is invariant and htopifp) ^ because 
([d, e], [e, cj) is a horseshoe for fp. Since htopifp) — htopif) hy Proposition 4.53 
we have htopifp) = htopif) = Thus / is P-monotone by Proposition 4.74 
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which implies that d = a. But this contradicts the fact that min/([c,m]) < d. We 
deduce that (4.55) does not hold, that is, min/([c,m]) > d. Then /([c,m]) C [d,c\ 
and f{[d,m]) = /([d, c]) U/([c, m]) C [c, m] U [d,c] = [d, to]. Therefore the interval 
[d, to] is invariant, which is possible only if d = a and m = b because / is transitive. 
Since / is onto, there exists e' S [c, b] such that f{e') = a. Let e S [a, c] be such 
that /(e) = e'. We set Q := {a, e,c, e'}. Then Q is invariant (recall that a = d 
and /(d) = /(c) = c) and htopi/q) > because ([a, e], [e, cj) is a horseshoe for 
/g. As above, Proposition 4.53 implies that htopi/q) = htopif) = Thus / is 


Q-monotone by Proposition 4.74[ This implies that e' = b. The map / looks like 
the one represented on the left of Figure]^ Notice that the case (4.54) leads to the 
reverse figure (central symmetry) by exchanging the roles of a and b. 




Figure 8. On the left, the map / is Q- monotone with Q := 
{a, e, c, b}. It is conjugate to the map S, on the right. 


Now we consider g: [a, b] —>■ [a, b] a transitive interval map with two fixed points 
such that htopig) = log 2. Then g is topologically mixing by Theorem 2.19 and 
g has a horseshoe by Lemma |3.35[ According to Lemma |3.29[ there exist points 
a' < c < b' such that 


either g{a') = g{b') = a' and g{c) = b', 
or g{a') = g{h') = b' and g{c) = a'. 


(4.56) 

(4.57) 

Therefore, the set P := {a',c, 6'} is invariant, and htop{gp) = log 2 = htop{g)- Thus 
g is P-monotone by Proposition |4.74 which implies that a! = a and 6' = b. The 
map g looks like the one represented on the left of Figure]^ in case (4.56), and the 
reverse figure (central symmetry) in case (4.57). 

It remains to show that / and g are topologically conjugate to S and T2 respec¬ 
tively. This can be seen as a consequence of the following general result of Parry: 
every transitive piecewise monotone interval map is conjugate to a piecewise linear 
map such that the absolute value of its slope is constant [139]. This result is easier 
to prove for P-monotone maps. We are going to give a proof in the case of the map 
g, which is the simplest one. The conjugacy between / and S can be defined in a 
similar way. 


We may assume that g satisfies (4.56) (otherwise, we conjugate ghy ip: [a, b] —>• 
[a, b],ip{x) := b + a — X in order to get a map satisfying (4.56)). We set Jq := [a, c] 
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a=a’ c b=b’ 0 1/2 1 


Figure 9. On the left, the map g is P-monotone with P := 

{a, c, b}. It is conjugate to the tent map T 2 , on the right. 

and Ji := [c,b]. Then, since g is P-monotone, g is increasing on Jq, decreasing on 
Ji, and g{Jo) = g{Ji) = [a,b]. For all n > 1 and all ... ,an-i) G {0,1}”, we 
define 

n—1 

(4.58) Jao...a„_i := {x e [a,b] | Vi e |0,n- 1], g\x) G J^J = Q 

i=0 

This definition implies that, for all n > 2 and all (gq) • • • > € (0,1}”, 

(4.59) g{^JoLQ...ari-l) - • 

Fact 1. Letn>l. 

i) {Jcto-.-Ctn-l )(ao.....a„-i)e{o,i}" a cover of[a,b]. 

ii) (Jao...Q„_i)(ao....,a„-i)e{o,i}" *5 0 , family of nonempty compact intervals 
with pairwise disjoint interiors. 

iii) ^ is a homeomorphism from Jao...a„-i to [a, &]. 

Assertion (i) follows straightforwardly from the fact that, for all x G [a, &] and 
all i G |0,n — 1], there is € (0,1} such that g‘(x) G Jc^- 
We prove (ii)-(iii) by induction on n. 

• For n = 1, the sets are Jq, Ji, and (ii)-(iii) are satisfied. 

• Suppose that (ii)-(iii) are satisfied for n > 1. For i G (0,1}, the map gi := g\j. 
is a homeomorphism from Ji to [a, 6]. We can write Jao...a„ as 

dag...an i.X G Jag I jix) G Jai.-.a^y Jcto ) * 

This is a nonempty compact interval because gjj^ is continuous and Jai...an is a 
nonempty compact interval by the induction hypothesis. 

Let (/3o,..., /3„) (go, ..., a„). If /3o 7^ ao, then 

Jag...an ^ Jagl J(ig...Pn ^ Jho 

and Int {Jag) n Int [Jp^) = 0. If /?o = Go, then (/3i, ...,/3„) ^ (ai,.. .,«„), 

Jag...an — 9ag (Jai...a„), J/3o.../3„ = 9ag (J/Si.../3„) 
and these sets have disjoint interiors because '(jag is a homeomorphism and by the 
induction hypothesis for Jqi,,.q„, Jpi...p„. 
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Finally, is a homeomorphism from Jaa...a„ C Jao...a„-i to its image 

by the induction hypothesis, and g^{Jao...a„) = Ja„ by ( |4.59[ ). Thus 

is a homeomorphism from JaQ...a^ to [a,b]. This ends the induction and the proof 
of Fact 1. 

In a similar way, we define intervals for T 2 , starting with Jq := [0, 

and J[ := [5,!]; at level n — 1, we get the cover ([^, ^])o<i< 2 "- 
to build a map tp: [a, b] —>■ [0,1] such that the image of every interval of the form 
Jao...a„-i is Jao...an-i' 

We set := Jao-.-a^-i \ min(half-open interval). For all 

n > 1, we define the staircase function : [a, b] —>■ [0,1] by: 

• V’nia) = 0, (pn{b) = 1, 

• V(q;o, • • • ,an-i) G {0,1}"-, (fn is constant on Rao...a„_i, 

• (fn is non decreasing and every step is of high W 

(see Figure [l0|). 


1 

3/4 

1/2 

1/4 




•^0 


Tl 


TO 


Figure 10. The map ps: the interval [a, b] is divided into 2® = 8 
subintervals iJaoaia 2 ){ao,ai,a 2 )&{o,i}^^ ‘fs is a non decreasing stair¬ 
case function and takes its values in {| | i e |0,8]}. 


Fact 2. The sequence {(pn)n>i uniformly converges to a map p: [a,b] [0,1]. 

Moreover, ip is an increasing homeomorphism. 

First we show that {pn)n>o is a Cauchy sequence for the uniform distance. 
Let e > 0 and TV s N such that ^ < £. Let n > m > N. Note that Pn{o) = 
Pm{a) = 0. Let X G (a, 6]. There exists (ao) ■ ■ • Q:„_i) G {0, 1}" such that x belongs 
to Rao...a„-i C and there is / G 11,2"*] such that pm is equal to ^ 

on i?ao...am-i- Moreover, pn is equal to a constant c G ( 3 ^, on by 

construction. Therefore 

Va:G[a,&], lp„(x) - Pm(x)l < ^ < £. 


(4.60) 
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This shows that (‘Pn)n>o is a Cauchy sequence, and thus it uniformly converges 
to a map (p: [a, 5] —)■ [0,1]. We are going to show that (p is continuous, onto and 
increasing. 

In (4.601, we take n —)• +oo. We get 


(4.61) &[a,h], \p{x) - prn{x)\ < £. 

If a; G Int {Rao. ..a^_i) , there exists a neighborhood U otx such that U C Rao...a^-i , 
and thus (4.61) implies that, for all y G U, 


\p{x)-p{y)\ < \p{x) - Pm{x)\ + \pmix) - Pmiy)\ + \Pm{,y) - p(.y)\ 

< e + 0 + £ = 2£. 

If a; = ma.xRag...a^_i (resp x = a), there exists (/3o, • ■ ■,/3m-i) G {0,1}™ and a 
neighborhood U of x such that U C Rao...a^-i U Rpo.-.Prr^-i (resp. U C {a} U 
Rpo-'-Pm-i)- There exists i G |1,2™] such that pm takes only the values ^ and 
^ on 17. Thus ( 4.61| ) implies that, for all ?/ G U , 

\p{x)-p{y)\ < \p{x) - p^{x)\ + \p^{x) - p^{y)\ + \p^{y) - p{y)\ 


< 


£ -\~ —— -(- £ < Ss. 
2 ™ 


This proves that p is continuous on [a,b]. By definition of {pn)n>ii <7(a) = 0 and 
p{b) = 1, which implies that the map p is onto. Moreover, p is non decreasing 
because, if a; < y, then Pn{x) < Pn{x) for all n, which implies p{x) < p(x). 

Now we are going to show that p is increasing. For every a = (q;„)„>o G 
jo, 1}^^, we set 

+ 00 

Ja ■— J(y.Q...OLn-i- 

n—1 

This is a decreasing intersection of nonempty compact intervals, so is a nonempty 
compact interval. According to the definition of (p, the map (p is constant on an 
interval J if and only if J C Ja for some a G {0,1}^^. Moreover, (4.59) implies 
that g'^{Ja) C Ja^ for all n > 1. On the other hand, for every non degenerate 
interval J, there exists n > 1 such that 5"(J) = [a, 6] because g is topologically 
mixing and has no non accessible endpoint (Proposition 2.30). This implies that 
Ja is degenerate, hence reduced to a single point for every a G {0,1}^ . The map 
p is non decreasing and it is non constant on any non degenerate interval. Thus p 
is increasing, which implies that is a homeomorphism. This concludes the proof 
of Fact 2. 


Fact 3. For all (ao, • ■ • ,an-i) G {0,1}” (n > 1), p{Jao...aJ = 

We fix n > 1 and (ao, ■ • •, cin-i) G {0,1}”. By construction of the sequence of 
maps {pm)m>l, 

Vm > n, Pm{Rao-o^.-i) = \ min 4^,... 

Taking the limit when m tends to infinity, we get 

piRao...a„-l) = \min 

Since p is continuous and increasing by Fact 2, p sends inf to min , 

and hence p{Jao...aJ = 
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It remains to show that is a conjugacy between g and T 2 , that is, T 2 = 
(pogo(p~^. First note that (pogoip~^(0) = ipogo(p~^(l) = 0, (pogo(p~^[^) = 1 and 
(pogoip~^ is increasing on [ 0 , (resp. decreasing on [i, 1 ]) because g{a) = gib) = a, 
5 (c) = b and g is increasing on Jq = [a, c] (resp. decreasing on Ji = [c, 6 ]). Let 
(ao,..., QJn-i) G {0,1}". Then is an interval of length Moreover, 

Fact 3 and (4.59) imply that and 


(4.62) 
Thus 

(4.63) 


ifogotp 


„_i) — ‘f ° g{Jao - oin-l) ~ — Jai. 


■On-l ■ 


l^ogotp \J' 


_ =0\ P I 

2n-l ^\'^ao...a„-i\ 


Now we consider a point Xq € dJao...a^_^ ■ If ao = 0 (which implies that Xq G [0, 5 ]), 
then [ 0 , Xq] is the union of intervals of the form , and the length of [ 0 , Xq] is 

equal to the sum of the lengths of these intervals. We have V 503 o</ 5 ~^(>/o/ 3 i.../ 3 „_i) = 
by ( |4.62[ ) and |(/?ogo(p-i(J| = 2| | by ( |4.63D . Moreover, 

the intervals (J^^ / 3 „_i)(/ 3 i,..../ 3 „-i)e{o,i}"-i have pairwise disjoint interiors. Thus 

(4.64) |(/jogo(^-i([0,xo])| = 2|[0,Xo]| = 2aio. 

Since ip o g o fixes the point 0 and is increasing on [0, |] D [0,a;o], we have 
o g o (^“i([0, xo]) = [ 0 ,o g o 93 “^ (xo)]. Combined with (4.64), this implies that 

(4.65) 


Vxo G '9^0ai...an_i J 


ipogo<p ^(xo) = 2 X 0 = r 2 (xo). 


If Oq = 1 (which implies that Xq G [^,1]), one can show with similar arguments 
that \(po go (/3“^([xo, 1])| = 2|[xo, 1]| = 2(1 — xq), and thus 

(4.66) Vxo G ifo goif-'^ixo) =T2ixo). 

The set 

I « > 1, (ao, ■ ■ ■, an-i) G (0,1}"| = | ^ | u > 0,1 G |0, 2’ 

is dense is [0,1]. Since <p is continuous according to Fact 2, (4.65) and (4.66) imply 
that 

VxG[0,1], ipogoip~'^ix) = T2ix), 

that is, g and T 2 are conjugate by g). □ 


Remarks on graph maps. There exist results similar to Proposition 4.70 for 
circle and tree maps. For transitive circle maps, the lower bound on the entropy 
depends on the degree, the interesting cases being the degrees —1,0,1. Indeed, 
we saw that, if / is a circle map of degree d with |d| > 2 , then htopif) > log |c?|, 
regardless of whether / is transitive or not (Proposition |4.65| . Moreover, for every 
integer c?gZ\{ — 1 , 0 , 1 }, there exist transitive circle maps of degree d realizing the 
equality, for example, the map S —>■ S, x 1 —>■ dx mod 1. The cases of transitive circle 
maps of degree 0 or —1 were dealt with by Alseda, Kolyada, Llibre and Snoha El- 
Notice that transitive circle maps of degree 0 are very similar to transitive interval 
maps with two fixed points. In particular, the map T 2 in Example 4.71 can be seen 
as a circle map by identifying the two endpoints of the interval. 

Proposition 4.76. Let f: S ^ S be a transitive circle map of degree d. 

• lfd = 0, then htopif) > log 2 . 
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• If d = -1, then htopif) > 

Moreover, there exist transitive circle maps with the prescribed degree realizing the 
equalities. 

Irrational rotations provide examples of degree 1 circle maps that are transitive 
and have a null entropy. This is actually the only possibility, up to conjugacy. More 
generally, Blokh proved that a transitive graph map has positive entropy except if it 
is conjugate to an irrational rotation |52j . Recall that a transitive graph map with 
no periodic point is conjugate to an irrational rotation on the circle (Theorem |2.45[ ). 

Theorem 4.77. Let f:S^Sbea transitive graph map. If f has periodic 
points, then htopif) > 0 . 

For circle maps, this is the best possible lower bound: there exist transitive 
degree 1 circle maps with arbitrarily small positive topological entropy. This is a 
folklore result; see m for a proof. 

For tree maps, a lower bound depending on the number of endpoints was found 
by Alseda, Baldwin, Llibre and Misiurewicz [^. 

Proposition 4.78. Let f:T—tT be a transitive tree map. Let e(T) denote 
the number of endpoints ofT. Then htopif) ^ e^’ 

This is the best lower bound for star maps. However, this is not the case in 
general. The next proposition, due to Alseda, Kolyada, Llibre and Snoha US], 
states more specific bounds in the case of star maps. 

Proposition 4.79. Let f: Sn ^ Sn be a transitive map, where Sn is an n-star, 
n>2. Let b denote the unique branching point of Sn. 

• If fih) = b, then htopif) ^ Moreover, equality is possible. 

• If fib) 7^ b, then htopif) ^ known whether this is the best 

lower bound). 

Proposition |4.74| holds for tree maps, with only obvious changes in its proof: 
if /: T —)■ T is a transitive tree map such that htopif) = htopifp), where P is a 
finite invariant set containing all the branching points of T, then / is P-monotone. 
However its interest is limited since the assumption implies that every branching 
point has a finite orbit under /. 


4.8. Uniformly positive entropy 


The following notion was introduced by Blanchard |30| . by analogy with K- 
systems in ergodic theory. 


Definition 4.80 (uniformly positive entropy). A topological dynamical system 
(A, /) has uniformly positive entropy (upe) if every open cover of X by two non 
dense open sets has a positive topological entropy. 


A topologically mixing interval map has positive entropy by Proposition 4.70 


The next theorem states that it has the stronger property of uniformly positive 
entropy. 


Theorem 4.81. Let f : I ^ I be an interval map. The following assertions are 
equivalent: 

i) / is topologically mixing. 
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ii) / has uniformly positive entropy. 


Proof. We first assume that / is topologically mixing. Let U = {Uo,Ui) be 
an open cover of I such that Uo,Ui are not dense. Since Uo\Ui is a nonempty 
open set, there is a non degenerate closed interval /q C C/q \ Ui such that Iq does 
not contains any endpoint of I. Similarly, there is a non degener ate clo sed interval 
Ii C Ui\ Uq containing no endpoint of I. According to Theorem 


2.20 


there exists 


an integer k > 0 such that /^(/o) HD /oU-fi- We set g := f^. Let n > 1 and 
(ffo, ... ,e„_i) S {0,1}". By Lemma 1.13[ i), there exists a non degenerate closed 
interval J such that g*(J) C Je- for all i G |0,n — 1]. Consequently, for every 
n-tuple (eo) • • ■) £n-i) G {0,1}", the set 


is nonempty and 

is the unique element ofhlVg~^(hl)V- ■ ■Vg~^"~^^(hi) that meets (actually contains) 
this set. This implies that NnfLA, g) > 2" for all n > 1, so htop{hl, g) > log 2. Finally, 
we have 

htopihlj) = ^htop(U V f~^(U) V • •• V f~^'"~^Hu),g) > ^htop(U,g) > > 0. 

This proves (i)^(ii). 

Now we are going to show that, if / is not topologically mixing, then it does 
not have uniformly positive entropy. This will prove (ii)^(i) by refutation. 

Suppose that / is not transitive. This means that there exist two non degen¬ 
erate closed intervals /o,di such that 


(4.67) Vn>0, /-”(/i)n/o = 0. 

We set Ui := I\ Ii for i G {0,1}. Then U := (Uq, Ui) is an open cover of / by two 
non dense sets. We see that (4.67) implies 

(4.68) 


Vn > 0, Jo C /-"(Cl). 


Let X G I and n > 0. If P{x) ^ /q for any i G |0,n — 1], then x G /“'(Cq). 
Otherwise, let k be the minimal non negative integer such that /^(a;) G Iq- By 

(4.68), we have /^(a:) € ni>o /~*(Ci), and thus 


fc —1 n—1 

xe f]mUo)nf] mUi). 

i—0 i—k 

This implies that Nn(U, f)<n + lioT all n > 0. We deduce that htopiU, f) = 0, 
so / does not have uniformly positive entropy. 

Suppose now that / is transitive but not topologically mixing. Then, by Theo¬ 
rem 2.19 there exist two non degenerate closed intervals J, K with disjoint interiors 


such that I = J U K, f(J) = K and f(K) = J. We choose two non dense open 
sets Co, Cl such that J C Uq and K C Ui and we set U := (Uq, Ui). For all u > 0, 
f’^iJ) C Co and C Cl. Similarly, for all n > 0, P'^(K) C Ci and 

/^"■'■i(Ar) C Cq. This implies that I is covered by the two sets 


+00 


+ 00 


n r^'iUo) n f| /-(2*+i)(C/i) and f| .r'XCi) C f| r^^^+^HUo)- 


2=0 


2>0 


2=0 


2>0 
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This means that Nn{U,f) < 2 for all n > 1. Thus, htop{U,f) = 0, and / does not 
have uniform positive entropy. This concludes the proof. □ 


Remark 4.82. Theorem |4.81| above can be seen as a consequence of results 
about general dynamical systems. Indeed, it is proved in [30) that a topological 
dynamical system with the specification property has uniformly positive entropy, 
and uniformly positive entropy implies topological weak mixing. For interval maps, 
topological mixing implies the specification property (Theorem 3.41 , and topological 
weak mixing is equivalent to topological mixing (Theorem 2.20). This implies that 
an interval map is topologically mixing if and only if it has uniformly positive 
entropy. 


Remarks on graph maps. Theorem |4.81| is valid for graph maps in view of 
Remark 14.821 and Theorem 13.51 
















CHAPTER 5 


Chaos in the sense of Li-Yorke, scrambled sets 

5.1. Definitions 

In [TT2], Li and Yorke showed that, if an interval map / has a periodic point 
of period 3, there exists an uncountable set S such that, for all distinct points a;, y 
in S, 

hmsup \r{x) - r{y)\ > 0, liminf |/"(x) - r{y)\ = 0, 

n-H-oo n-)-+oo 

and Vz periodic point, limsup |/"(a;) — f’^{z)\ > 0. 

n—>-+oo 

They called this behavior chaotic, without formally defining what chaos is. This 
leads to the following definitions. 

Definition 5.1 (Li-Yorke pair, scrambled set, Li-Yorke chaos). Let {X,f ) be 
a topological dynamical system, x,y G X and 5 > 0. The pair (x,y) is a Li-Yorke 
pair of modulus 6 if 

(5.1) limsupd(/"'(a;),/”(y)) > (5 and liminf d(/”(a:),/"(y)) = 0, 

„_>_|_oo n->.+oo 

and {x,y) is a Li-Yorke pair if it is a Li-Yorke pair of modulus 5 for some ^ > 0. 
A set S' C Y is a scrambled (resp. 6-scrambled) set if, for all distinct points x, y in 
S, {x,y) is a Li-Yorke pair (resp. a Li-Yorke pair of modulus i5). 

The topological dynamical system (Y,/) is chaotic in the sense of Li-Yorke if 
there exists an uncountable scrambled set. 

The next proposition is straightforward (the second assertion uses the fact that 
/ is uniformly continuous because Y is compact). 

Proposition 5.2. Let (Y,/) be a topological dynamical system, S C X and 

S>0. 

• If S is a scrambled (resp. S-scrambled) set for then it is also a scram¬ 
bled (resp. S-scrambled) set for f. 

• If S is a scrambled (resp. S-scrambled) set for f, then it is also a scrambled 
(resp. S'-scrambled for some S' > 0) set for /". 

Remark 5.3. The definition of a scrambled set is not unified in the literature. 
In particular, in the spirit of the properties exhibited by Li and Yorke, some people 
say that S' is a scrambled set if, for all distinct points x, y in S, 

(5.2) limsupd(r(ai), r(y)) >0, liminf ^(/"(x),/"(y)) = 0, 

n->.+oo n-)-|-oo 

(5.3) Vz periodic point, limsupd(/"'(x),/"(z)) > 0, 

n—>-+oo 
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and the same properties with “> 5” instead of “> 0” in (5.21 and (5.3) for 5- 
scrambled sets. Actually, it makes no difference for chaos in the sense of Li-Yorke, 
nor for existence of an uncountable (5-scrambled set for some 5 > 0. More precisely, 
if S' is a scrambled set, then all but at most one point of S satisfy (5.3), and if S is 
an uncountable ^-scrambled set, then there exists an uncountable set S' included in 
S such that, for all x G S' and all periodic points z, lim sup„_,._|_oc d{r{x),r{z))> 
5/2. These results are consequences of Lemmas 5.5 and 5.6 below; they were first 
noticed by Jimenez Lopez |931 p 117-118], [941 Proposition 1.2.2]. 


Definition 5.4. Let (A, /) be a topological dynamical system. A point x is 
approximately periodic if, for all e > 0, there exists a periodic point 2 such that 
limsupd(/"(x),r(^))<£. 

n—>-+oo 


Lemma 5.5. Let (A,/) be a topological dynamical system and x,x' G A. Sup¬ 
pose that X and x' are approximately periodic. Then 

either lim d(/"'(a:),/"(x')) = 0 or liminf (i(/"(x),/"(x')) > 0. 

n—>-+oo n—>-+oo 

In particular, if S is a scrambled set, then S contains at most one approximately 
periodic point. 


Proof. Suppose that 

(5.4) liminfd(/’"(x),/"(x')) =0. 

n—>-+oo 

Let £ > 0. By definition, there exist two periodic points z, z' and an integer A such 
that 

Vn > A, d(r(x), /”(z)) < £ and d(r(x'), /"(^O) < £■ 

Let p be a multiple of the periods of z and z'. By continuity and ( |5.4) ), there exists 
M > N such that d(/*'^+*(x),/^■'■*(x')) < e for all i G |0,p— 1]. Let n > N 
and let i G f0,p — 1| be such that n — M = i modp. Since f'iz) = f^'^'iz) and 
/"(z') = /™+*(z'), we have 

d(r(x),r(x')) < d{r{x),r{z))+d{f^+'{z),f^+'ix)) 
+d(/^+*(x),/^+Xx')) 

+d{f^+'{x'), f^+'(z')) + d{r{z'), /”(x')) 

< 5£. 

This implies that lim„_>.+oo d{f''{x), ^{x')) = 0. This proves the first statement of 
the lemma, which straightforwardly implies the second one. □ 

Lemma 5.6. Let (A, /) he a topological dynamical system, S G X and 5 > 0. 
Suppose that 

yx,y € S, X ^ y, limsup(i(/"(x),/”(y)) > 6. 

n—>-+oo 

Then there exists a countable set C C X such that, for all x G S\C and all periodic 
points z G A, limsup„^+^d(/"(x),/"(z)) > |. 

Proof. Let C be the set of points in S such that, for all x G C, there exists a 
periodic point z^, G A such that limsup„_,._|_oo d(/"'(a;),/"(-^a:)) < Suppose that 
C is uncountable. Since C is the countable union of the sets 

(x G S' I limsupd(/”(x),/”(z 3 ,)) <^--1, rGN, 
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one of these sets is uncountable. Moreover, the set of periods of the points is 
countable. Therefore, there exist an uncountable subset R G C, a number e > 0 
and an integer p > 1 such that 

Vx G R, r{zx) = and limsupd(/"(x),/"(z^,)) < ^ - e. 

Since X is compact, / is uniformly continuous and there exists t] > 0 such that 

Vx, yGX, d(x, j/) < 7? ^ Vi G |0,p - 1], d{f\x),P{y)) < e. 

Since X is compact and R is infinite, the family {zx)xeR has a limit point. Thus 
there exist two distinct points x, x' in R such that d{zx, z^') < rj (the case z^ = z^' 
is possible). Then d{P{zx), {Zx')) < e for all i G |0,p— 1]. We have 

vn>o, d(r(x),r(x')) < dirix),rizx)) + d{rix'),rizx^)) 

+ max d{f{zx)J\zx')), 

*6l0,p-ll 

SO 

limsupd(/"(x), /"(x')) < (S/2 — e) + {S/2 — e) + e < S. 

n—>-+oo 

This contradicts the fact that x, x' are two distinct points in the set S. We conclude 
that C is countable. □ 

5.2. Weakly mixing maps are Li-Yorke chaotic 

It is easy to see that every topologically weakly mixing dynamical system {X, /) 
has a dense G^-set of Li-Yorke pairs. Indeed, every {x,y) G X^ with a dense 
orbit is a Li-Yorke pair of modulus S := diam(Y). Using results of topology (e.g., 
[1051 Theorem 22.V.1]), this implies that the system has an uncountable diam(Y)- 
scrambled set (called an extremally scrambled set [98]). This result was first stated 
for interval maps by Bruckner and Hu |62j . More precisely, they showed that a 
topologically mixing interval map /: [0,1] —)■ [0,1] admits a dense uncountable 
scrambled set S such that, for all distinct points x,y in S, the sequence (/"(x) — 
/"(v)) „>o is dense in [—1,1]. Then Iwanik proved a stronger result, valid for any 
topologically weakly mixing dynamical system, which implies the existence of an 
extremally scrambled set [901 mi. Iwanik’s results rely on Mycielski’s Theorem 
that we restate under weaker hypotheses in order not to introduce irrelevant 
notions. We recall that a perfect set is a nonempty closed set with no isolated point; 
a perfect set is uncountable. 

Theorem 5.7 (Mycielski). Let X be a complete metric space with no isolated 
point. For all integers n > 1, let rn be a positive integer and let G„ be a dense 
Gs-set of X^" such that 

Gn n {(xi,.. .,XrJ G Y’’" I 3j,k G |l,r„], j ^ k, Xj = Xk} = 0. 

Let {Un)n>i Se a sequenee of nonempty open sets of X. Then there exists a sequence 
of compact perfect subsets (iV„)„>o with Kn C Un such that, for all k > 1 and all 
distinct points xi,... ,Xrj, in IJn^S ^n, {xi, ■ ■ ■ ,XrP G Gk- 

Theorem 5.8. Let {X,f) be a topological dynamical system. If{X,f) is topo¬ 
logically weakly mixing, then there exists a dense set K G X which is a countable 
union of perfect sets and such that, for all n > 1, for all k > 1 and all distinct 
points Xi,... ,Xn in K, the orbit (/*^(xi),...,/®^(x„))i>o is dense in X'^. 
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Proof. Let n, fc be positive integers. By Proposition [Z6| and Theorem [2?7l the 
system (X”, x • • • x /^) is transitive. Let be the set of points of dense orbit 
in this system. According to Proposition |2^i), is a dense G^-set and X has no 
isolated point (note that {X, f) cannot be weakly mixing if X is finite). Moreover, 
if the n-tuple {xi,... ,Xn) G X"^ has two equal coordinates, then its orbit is not 
dense. Finally, the conclusion is given by applying Mycielski’s Theorem |5.7| with 
the countable family {G^)n,k>i and {Ui)i>o a countable basis of nonempty open 
sets of X. □ 

Corollary 5.9. Let {X, /) be a topological dynamical system. If (X, /) is 
topologically weakly mixing, then there exists a dense set K G X which is a countable 
union of perfect sets and such that, for all distinct points x,y € K and all periodic 
points z £ X, 

limsupd(/”(a;),/”(?/)) = diam(X), liminf (i(/”(ai),/”(?/)) = 0 

n->+oo ra->-+oo 

and limsupd(/"'(x),/"(z)) > _ 

n—>-+oo ^ 

In particular, K is a d-scrambled set for S := diam(X). 

Proof. Let K be the set given by Theorem |5.8[ By compactness of X, there 
exist xo,yo G X such that d{xo,yo) = diam(X). Let x,y be two distinct points in 
K. Since the orbit of {x,y) under / x / is dense in X^, there exist two increasing 
sequences of positive integers (in)n>o and {jn)n>o such that 

lim {f'^{x),f"{y)) = {xo,yo) and lim {f^^{x),f^^{y)) = {xo,xo). 

n—>-+oo n—>-+oo 

Thus 

limsupd(/"(x),/"(y)) = diam(X) and liminf (i(/"(a:),/"(i/)) = 0. 

n-)-+oo n-s-+oo 

Let z G X he a, periodic point (if any) and let p be its period. By the triangular 
inequality, there exists z' G {iro,?/o} such that d{z,z') > Since x has 

a dense orbit under fP by definition of K, there exists an increasing sequence of 
positive integers {kn)n>o such that fP^'^fx) tends to z'. Thus 

limsupd(r(x),r(z)) > hmsxxpd{fP^-{x),fP'^-{z)) = d[z,z') > 

n—>-+oo n—>-+oo ^ 

□ 


Remark 5.10. A set K satisfying the conclusion of Theorem |5.8| is called totally 
independent EQ] If a dynamical system (X, /) has such a set, then (X x X, / x /) 
has a point of dense orbit, and thus (X, /) is topologically weakly mixing. Therefore, 
the existence of a totally independent set is equivalent to topological weak mixing. 


The next proposition, due to Bruckner and Hu [62| . is in some sense the con¬ 
verse of Corollary 5.9 for interval maps. 

Proposition 5.11. Let f: [0,1] —> [0,1] be an interval map. Assume that there 
exists a dense set S C [0,1] such that 

\/x,y G S, Xy^y, limsup |/"(ai) -/"(i/)| = 1. 

n—>-+oo 


Then f is topologically mixing. 
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Proof. Let e > 0. The assumption implies that / is onto. Thus there exists 
(5 S (0, e) such that /([J, 1 — (5]) D [e, 1 — e]. Let J be a non degenerate subinterval 
of [0,1]. Since S is dense, there exist two distinct points x,y in J f] S. Let n be an 
integer such that |/"(a;) — /"(j/)| > 1 — (5. Then f^{J) D [i5,1 — 5], which implies 
that both and contain [e, 1 —e] (recall that 6 < e). Either n or n + 1 

is even, and thus there exists m > 1 such that P'^{J) D [g, 1 — c ]. This implies 
that is transitive, so / is topologically mixing by Theorem 2.20 


□ 


5.3. Positive entropy maps are Li-Yorke chaotic 


The original result of Li and Yorke (period 3 implies chaos in the sense of Li- 
Yorke [TT2]) was generalized in several steps. Nathanson stated the same result 
for periods which are multiple of 3, 5 or 7 [HI]. Then, simultaneously, Butler and 
Pianigiani [63] and Oono proved that an interval map / with a periodic point 
whose period is not a power of 2 (i.e., the period is 2'^q for some odd g > 1) is chaotic 
in the sense of Li-Yorke. Actually, this result can be derived from Li-Yorke’s result 
using Sharkovsky’s Theorem, but these authors were not aware of Sharkovsky’s 
article. Later, Jankova and Smi'tal proved a stronger result: an interval map with 
positive entropy (or equivalently with a periodic point whose period is not a power 
of 2, see Theorem 4.58) admits a perfect (5-scrambled set for some ^ > 0 [92] . The 
proof we shall give follows the spirit of [92] . although it is slightly different. 


Block [33] showed that, if an interval map / has a strict horseshoe, then there 
exists a subsystem which is semi-conjugate to a full shift on two letters, and the 
semi-conjugacy is “almost” a conjugacy. This semi-conjugacy with a full shift, 
stated in Proposition |5. 1 5| below, is a key tool in several results. 


Remark 5.12. In [ml Theorem 9], Moothathu stated that, if the entropy of 
/ is positive, there exist n > 0 and an invariant set on which the action of is 
conjugate to a full shift. Having a conjugacy rather than a semi-conjugacy would 
make some arguments easier. Unfortunately, there is something wrong in the proof; 
Li, Moothathu and Oprocha built a counter-example mM- 


Definition 5.13. Let E := {0,1}^^, endowed with the product topology; this 
is a compact metric set. The shift map u: E —)■ S is dehned by cr((an)n>o) := 
(a„_|_i)„>o. Then (E,cr) is a topological dynamical system, called the full shift 
on two letters. 


Lemma 5.14. Let (Y,/) and {Y,g) be two topologieal dynamical systems, and 
let ip: X be a semi-conjugacy. For every x G X, p{uj(x,f)) = ui(p{x), g). 

Proof. Let x G X and y := p{x) G Y. We are going to show that p{oj{x, /)) C 
uj{y,g) and ui{y,g) C p{uj{x, f)), which gives the equality of the two sets. 

Let x' G ui{x,f). There exists an increasing sequence of integers {nk)k>o such 
that hmfc_,.+oo /"'‘(ic) = x'. By continuity of p, hmfe_,.+oo (/?(/"*= (cc)) = p{x'). Since 
(/? is a semi-conjugacy, (p(/”'=(a;)) = g'^'‘{p{x)) = g'^*‘{y). Thus p{x’) G uj{y,g). 
This implies that p{uj{x,f)) C uj{y,g). 

Let y' G uj{y, g) and let {nk)k>o be an increasing sequence of integers such that 
limfc_>+oo g"*" (y) = y'. Since X is compact, there exist a subsequence (nfeJi>o and 
a point x' G X such that limj_,.+oo (t) = x', and hence x' G uj{x,f). Then 
p{x') = y' because p is continuous. This implies that uj{y,g) C p{uj{x, f)). □ 
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Proposition 5.15. Let f: I ^ I be an interval map and let {Jo,Ji) be a strict 
horseshoe for f. There exist an invariant Cantor set X G I and a continuous 
map (/?: X —>■ E := { 0 , 1 }^^ such that (p is a semi-conjugacy between {X,f\x) and 
(E,cr); the system {X,f\x) is transitive and there exists a countable set E G X 
such that if is one-to-one on X \ E and two-to-one on E. 

Moreover, there exists a family of nonempty closed intervals 

(>^Qo...a„_i )n>l,(ao,...,a„_i)G{0,l}'‘ 
such that, for all n > 1 and all (ao,..., ctn-i) G {0,1}", 

(5.5) Jao...a„-i ^ JPo-.-Pn-l ~ 0 'If (c>^ 0 j ■ ■ ■ i C^n—l) 7^ iPoi ■ ■ ■ i 

( 5 . 6 ) JaQ...a„_i C JaQ...OL^_2 if ^ 

(5.7) f {daQ,..an-i') — vtai...an — l f — —l if ^ — ^5 

(5.8) {x & X \ (p(x) begins with uq ■ ■ .a„_i} = X n Jao...a„-i, 


and, for all {an)n>o € S \ (p{E), 

(5.9) 

Proof. First, we show by induction on n that there exists a family of nonempty 


lim I Jao...a„_i| = 0 . 

t—>- + oo 


closed intervals satisfying (5.51, (5.6) and (5.7). 


• For n = 1, the intervals Jq, Ji satisfy (5.5) and there is nothing more to prove. 


• Suppose that (5.5), (5.6), (5.7) are satisfied for some n > 1. Fix (oq, ... ,a„) 
in {0,If n = 1, we apply Lemma 1.13(i) to the chain of intervals {Jag: Jaf) 
and we obtain a closed interval Jaoai with Jaga^ G Jag, f{Jagai) = Jai and 
fi^dagai) — fdJcg. If 71 ^ 2, f {^Jag...a„-i) — — i and JoLi...an C 

by the induction hypothesis. Thus we can apply Lemma 1.13(i) to the chain of 
intervals {Jag...a„-n Jai...a,f) and we obtain a closed interval Jag...a,, with Jag...a„ C 



i) 51 f {Jpo...0„) — Jai...ar, n <7/3 i..,/3„ — ^ 


which implies that Jag...a,, H Jpg...^^ = 0. This proves ( |5.5| ) for n + 1 and this ends 
the induction. 


For every a = (a„)n>o € we set 

+ 00 


Ja ■■= n 


Q:0...Q:ri-i ■ 


n—1 


This is a decreasing intersection of nonempty compact intervals, and thus Ja is a 
nonempty compact interval. According to (5.5), we have 
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We set 


+ 00 


>^o:=n u 


J (y 


and Y :=Yo \ [J Int(Ja). 


n—1 


ai G { 0 , 1 } 

i G I0,n - 11 


SGS 


The sets Yq and Y are compact. One can see that Yq = Uaes and {Ja)aGi: are 
the connected components of Yq. This implies that Y is totally disconnected and 
Y = which is a disjoint union by (5.10). 


Recall that cr((a„)„>o) = {an+i)n>o- We are going to show that 

(5.11) VdG S, /(9Ja) =5J,(a), 

which implies that f{Y) = Y. 

Notice that if a: G dJa, then 

• either x = min Ja and x = lim„_j.+oo min Jcto...a„_i, 

• or a: = max Ja and x = lim„_j._|_oo 

because Ja = Jao...j^-i is a decreasing intersection of nonempty compact 

intervals. 

Let d G E and x G dJa- What precedes shows that there exists a sequence of 


points (xn)n>i such that x = lim. 

f{Xn) 


>+oo ■ 


and Xn G dJa 


for all n > 1. Then 


G dJa 


by (5.7). Moreover, there is an increasing sequence {nk)k>o 
for all fc > 0, or f{xnk) = max . 


such that, either f{xnk) = min Jq^. 
for all k > 0. Thus limfc_>.+oo a;„^ is equal to minj£,.(a) or maxJo.(a), because 
Jcr{a) = IS a decreasing intersection of nonempty compact intervals. 

Since / is continuous, f(x) = limfc_j.+oo f{xn^.), and thus f{x) G dJc(a)- This shows 
that /(5Ja) C i9Ja(a)- 

Let y G dJc(^a)- As above, there exists a sequence of points {yn)n>i such 
that y = lim„_>+oo ?/„ and G dJa^,,,a^ for all n > 1. By (5.7), there exists 
Xn G dJao...a„ such that f{xn) = yn for all n > 1. Then the same argument as above 

= X 


shows that there is an increasing sequence {nk)k>o such that Imik^+oa Xn^. = 


with X G dJa- Thus f{x) = limfe^+oo f{xnk) = limfc^+oo Vn^ = V- This shows that 


dJn(a) C f{dJa), and this ends the proof of (5.11). 


We define the map 

Y —^ E 

X I— > d if cc G Ja 

The map ip is trivially onto according to the definition of Y. Let A be the collection 
of d G E such that Ja is a non degenerate interval. Then A is countable, and 


F:= U dJa = ^-\A) 


sgA 

is a countable subset of Y. It is clear that, if d ^ Jl, then there is a single point 
X £ Y (with Ja = {x}) such that <p(x) = d; and if d G M, there are exactly two 
distinct points Xi,X 2 G Y (with dJa = {xi,X 2 }) such that (p(xi) = a. This shows 
that (p is one-to-one on y \ F and two-to-one on F. 

Let Sn be the minimal distance between two distinct intervals among 

(Tao...a„_i )(ao,...,a„_i)G{0,l}" ■ 

Then Sn > 0 because these intervals are compact and pairwise disjoint by (5.5). 
Let x,y G Y. If \x — y\ < Sn, then x and y are in the same interval Jao...a„-i 
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for some (aoi ■ • ■, cin-i) G {0,1}"- This means that both (p{x) and (p{y) begin 
with do ... ctn-i, which implies that ip is continuous. Moreover, (5.111 implies that 
p o f[x) = a o p(x) for all x GY, that is, is a semi-conjugacy. 

It is easy to see that (S,(t) is transitive and that S is uncountable. By Propo¬ 
sition 2.31), there exists a dense G^-set of elements a G Y such that uj{a,a) — S. 
Thus there exists d S S \ such that uj{a,a) = S because A is countable. Let 
xq G Y he the unique point such that p{xo) = a and set X := uj{xQ,f). The 


set X is closed and invariant by Lemma [l.3[ i), and X C Y. By Lemma 5.14 
p(uj{xq, /)) = oj{a, a) = E. Thus p\x : X —)■ S is onto. This implies that p\x is a 
semi-conjugacy between {X, f\x) and (S, a). Moreover, there exists a countable set 
E C F such that p is two-to-one on E and one-to-one on X\E. Since p{X) = S 
and p~^{a) = {ccq}, the point Xq belongs to X, and the set X is infinite. According 


to Proposition 2.3 the fact that X = uj{xo, f) implies that {X,f\x) is transitive 


and X has no isolated point. Moreover, the set X is totally disconnected because 
Y is totally disconnected, and thus X is a Cantor set. 


By definition of p, (5.8) is satisfied. Finally, if a = (a„)„>o does not belong to 
A, the fact that Ja is reduced to a single point implies that 


lim |Jao...a„_il = 0, 

n—¥-\-oo 


which is (5.9). This concludes the proof. 


□ 


For the following result of topology, one can refer, e.g., to |105L Theorem 37.1.3]. 

Theorem 5.16 (Alexandrov-Hausdorff). Let X be a topological space. Every 
uncountable Borel set contains a Cantor set. 


Theorem 5.17. Let f be an interval map. If htopif) > 0, there exists a S- 
scrambled Cantor set for some 5 > 0. In partieular, f is chaotie in the sense of 
Li- Yorke. 


Proof. By Theorem |4.58[ there exists an integer p such that has a strict 
horseshoe ( Jq, Ji). Let ^ > 0 be the distance between Jq and Ji and g := f^. Let 
X, E and p: X ^ Yhe given by Proposition 5.15| for the map g. We fix an element 
w = (w„)„>o in E \ p{E). We define '0: E —E by 

'>P((oin)n>o) ■= (wQ «0 Q!o<Ti . . . Wq . . . UJn -1 Oo^l ■ • ■ Qfn-l • ■ ■)• 


This map is clearly continuous and one-to-one. For every a G Y, we choose a point 


Xa in p~^oip(a) and we set S := {xa G X \ a G E}. According to Proposition I5db 
the set p~^ o 'ip{a) contains two points if G p{E) and is reduced to a single 
point if ifia) ^ p{E). Thus there exists a countable set F" C X such that S = 
ip-^o^iY))\F. 

Let a,/3 he two distinct elements of E, and let A: > 0 be such that ak Pk- By 
definition of if, there exists an increasing sequence of integers (ni)i>o such that the 
Ui-th coordinates of ip{a) and if{l3) are equal respectively to ttk and /3fc, and hence 
are distinct. Then, by Proposition 5.15 either g'^'{xa) belongs to Jq and 
belongs to Ji, or the converse. In particular, \g'^'{xa) — g'^'{xp)\ > 5. This proves 
that, for all distinct points x, x' in S, 


limsup|5”(a;) -g"(a;')| > (5. 

n—>-+oo 
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According to Proposition |5.15| and the choice of w, 

lim diamja; € X \ (p{x) begins with loq ... tOn-i} = 0. 

n—>-+oo 


By definition of ipy there exists an increasing sequence of integers {mi)i>o such 
that, for every d G S, a'^'{'ijj{a)) begins with {ujq .. .coi-i). Since = 

we get 


Va,/3 G S, liminf |g"(aia) -g”(a;^)| = 0. 

n—>-+oo 


Therefore, S' is a (5-scrambled set for g. Moreover, by Theorem 5.16 there exists 
a Cantor set AT C S because S = {(p~^ o tp{T,)) \ F is an uncountable Borel set. 
We have proved that g = P admits a J-scrambled Cantor set, so K is also a 
(5-scrambled set for / by Proposition |5.2[ □ 


Remarks on graph maps and general dynamical systems. Proposi¬ 


tion 5.15 can be generalized to graph maps (actually to any dynamical system 


having a horseshoe made of two intervals). Theorem 5.17 remains valid for graph 


maps, and the same proof works because, according to Theorem 4.12[ if a graph 
map / has positive topological entropy, /" has a strict horseshoe for some n. The 
proof that a graph map of positive entropy is chaotic in the sense of Li-Yorke does 
not appear in the literature, this result being a consequence of the next theorem, 
which is due to Blanchard, Glasner, Kolyada and Maass 


Theorem 5.18. Let {X, f) he a topological dynamical system with positive topo¬ 
logical entropy. Then it admits a S-scrambled Cantor set for some d > 0. 


This theorem is a remarkable result and answers a longstanding question. Its 
proof is much more difficult than the proof in the interval case. 

Remark 5.19. In [32], the main theorem states the existence of a scrambled 
Cantor set, but the proof actually gives a (^-scrambled Cantor set. 


5.4. Zero entropy maps 


The converse of Theorem |5.17| is not true: there exist zero entropy interval maps 
that are chaotic in the sense of Li-Yorke; we shall give an example in Section [STT] 
A zero entropy map that is chaotic in the sense of Li-Yorke is sometimes called 
weakly chaotic (e.g. in [77] ). In [160] . Smital proved that a zero entropy interval 
map that is chaotic in the sense of Li-Yorke has a (5-scrambled Cantor set for some 
(5 > 0, as it is the case for positive entropy interval maps. He also gave a necessary 
and sufficient condition for a zero entropy interval map to be chaotic in the sense of 


Li-Yorke in terms of non separable points (condition (iv) in Theorem 5.21 below). 


This condition looks technical, but it can be useful to show that a map is chaotic 
in the sense of Li-Yorke or not; in particular, it will be needed for the examples in 
Section [5Jl 


Definition 5.20 (/-non separable points). Let / be an interval map and let 
uq, ai be two distinct points. The points oq, oi are f -separable if there exist two dis¬ 
joint intervals Jq, Ji and two positive integers ng, ni such that Oi G Ji, (Ji) = Ji 
and {f^{Ji))o<k<ni are disjoint for i G {0,1}. Otherwise they are f-non separable. 

Theorem 5.21. Let / be an interval map of zero topological entropy. The 
following properties are equivalent: 
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i) / is chaotic in the sense of Li-Yorke, 

ii) there exists a d-scrambled Cantor set for some i5 > 0, 

iii) there exists a point x that is not approximately periodic, 

iv) there exists an infinite oj-limit set containing two f-non separable points. 


Before proving this theorem, we need an important number of intermediate 
results. Some of them have an interest on their own. 

The next lemma is stated in the case of zero entropy interval maps in [160]. 
We give a different proof. 

Lemma 5.22. Let f be an interval map such that f^ has no horseshoe. Let xq 
be a point with an infinite orbit, and Xn := /"(xq) for all n > 1. Suppose that there 
exists kg > 2 such that either Xk^ < Xq < Xi or Xkg > Xq > Xi. Then there exist a 
fixed point z and an integer N such that 

Vn > N, Xn > Z Xn+l < Z. 


Proof. All the points (a ;„)„>0 are distinct by assumption. Let 

U := {xn I n > Q,Xn+i > Xn} and D := {xn \ n > 0,x„+i < a;„}. 

The map / has no horseshoe (because has no horseshoe either), and thus 
Lemma |3.33| applies: there exists a fixed point z such that 

(5.12) U<z<D. 


By assumption, there exist couples of integers (p, k) with p > 0, k > 2, such that, 
either Xp+k < Xp < Xp+i, or Xp+k > Xp > Xp+i. We choose (p, fc) satisfying this 
property with k minimal. We are going to show that k = 2. Suppose on the 
contrary that k > 3. We may assume that Xp+k < Xp < Xp+i, the case with reverse 
inequalities being symmetric. The minimality of k and the fact that fc > 3 imply 
that Xp +2 > Xp and that we do not have Xp+k < Xp^i < Xp+ 2 - Thus 


Xp-\-k ^ Xp < Xp-\-2 Y Xp-\-i. 


(5.13) 

Then Xp < z < Xp+i by (5.12). Let g G |p + l,p + fc — 1] be the integer such that 
Xn > z for all n G |p+ I,?] and Xg+i < z. By (5.12), Xg +2 > a^g+i and Xn+i < Xn 
for all n G Ip + I,?]. If a^q+i > Xp+k, then Xp+k < Xq+i < Xq+ 2 , which contradicts 
the minimality of k. Therefore the points are ordered as follows: 


< Xq^l < 


Xq+l < Xp+k < Xp < Z < Xq 

If g = p + 1, then Xp +2 < Xp+k < Xp < Xp+i 


^ ^p+1- 

which contradicts the fact that 


Xp < Xp +2 by (5.13). Thus g > p + 2. Let /q := [xp,Xq] and Ii := [xq,Xp+i\. Then 
/(/o) D [xq+i,Xp+i] D Iq U Ji and /(/i) D [xq+i,Xp+ 2 ] A Iq. This implies that 
(/q, Ii) is a horseshoe for /^, which is a contradiction. We deduce that k = 2, that 
is, there exists an integer p such that 

(5.14) either Xp +2 < Xp < Xp+i or Xp +2 > Xp > Xp+i. 


Now we are going to show that there exists an integer N such that, for all 
i > N, Xi > z Xi+i < z. Assume that the contrary holds, which implies the 
following by (5.12): 

(5.15) Vn > 0, 3i>n, either Xi < Xi+i < z or z > Xi+i > Xi. 

For every n > 0, let i(n) be the minimal integer i satisfying this property. Among 
all integers p satisfying (5.14), we choose p such that i{p) — p is minimal and we 
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set i := i(jp). In (5.14), we assume that Xp+2 < Xp < Xp+i, the case with reverse 
inequalities being symmetric. Then Xp < z < Xp^i by (5.12), which implies that 
i > p + 2. First we suppose that i = p + 2, that is, Xp+2 < a^p+3 < -z- H we 
set J := [xp+2,Xp\ and K := [xp,z\, then f{J) D [xp+^^Xp+i] 9 z, so P{J) D 
[Xpj^2,z\ D JU IF and P{K) D [Xp+2^ z\Z} JUK. Therefore J, K form a horseshoe 
for p, which is a contradiction. We deduce that i > p + 3. 


If n is in |p+l, i], then n does not satisfy (5.14), otherwise i(n)—n = i—n < i—p, 
which contradicts the choice of p. Thus 

(5.16) Vn G |p + l,i], Xn is not between Xn+i and Xn+ 2 - 

We show by induction on n that, for all n G |p + 2, i] with (n — p) even, we have: 


(5.17) 


Xp-\-2 ^ Xp-^-4 Xp-^Q ^ * * * Xji—2 ^ Xji 

Z <t Xfi—± Xn—3 ^ ‘ ‘ ‘ ^ :Tp_|_3 Xp-^i- 



Now we show by induction on n that Xn < Xp for all n G |p + 2, i] with (n — p) 
even. 

• We know that Xp +2 < Xp. 

• Suppose that the statement holds for n but not for n + 2, for some n G |p+2, i —2] 
such that (n — p) is even. This means that Xn < Xp < Xn+ 2 - Combining this 


with (5. we get Xp +2 < Xn < Xp < Xn +2 < z. We set J := [xmXp] and 


K := [xp,Xn+2]- Then p{J) D [xp+2,Xn+2\ D J U iG and p{K) D [xp+2,Xn+4]- 


- If n + 4 < i, then Xn +4 > Xn +2 by ( |5.17[). 

-Ifn + 4 = i + l, then Xi-i < z by (5.17) and Xi > z hy minimality of 


i — p, so z < Xi+i < Xi according to the definition of i. This implies that 

Xn+ 4 : — Xi+i > Z ^ Xn+ 2 - 


- Ifn + 4 = z + 2, then Xi < Xi^i < z by definition of i and (5.17), and thus 
x„+4 = Xi+2 > Xi+i by ( |5.12[ ) and we get Xn+i > Xi = Xn+2- 
In the three cases, we have Xn +4 > Xn+ 2 - This implies P{K) D J U 77, so iJ,K) 
is a horseshoe for p, which is a contradiction. We deduce that, if Xn < Xp, then 
Xn +2 < Xp too. This completes the induction. 


We end the proof by showing that (5.15) is absurd. We set j := i if i—p is even. 


and j := i — 1 if i — p is odd. Let J' := [xj,Xp] and K' := [xp, z] (recall that Xp < z). 
If j = i, then Xi < Xi+i < z (by (5.15) and (5.17)) and f{J') D [xi+i,Xp+i\ 9 z, 
so P{J') 9> [a;p 4 - 2 ,z] D J' U K' by (5.17). If j = f — 1, then z < Xi+i < Xi (by 
(5.15) and (5.17) again) and P{J') 9> [xp+ 2 ,Xi+i] D J'U 77' by (5.17). Moreover, 
P{K') D [xp^ 2 ,z] D J' U 77'. Therefore, {J',K') is a horseshoe for p, which is 
not possible. The lemma is proved. □ 


The following result is due to Sharkovsky HI Corollary 3]. The proof we give 
relies on Lemma [5.221 above. 
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Proposition 5.23. Let f be an interval map of zero topological entropy and 
let X be a point. Ifuj{x,f) is infinite, then uj(x,f) contains no periodic point. 

Proof. The point x is not eventually periodic because ui(x, f) is infinite. Thus 
all the points (/"(a:))n>o are distinct. Moreover, 

uj{x,f) n (mina;(a:,/),maxw(a;,/)) ^ 0 

because uj{x, f) is infinite, and thus there exists an integer p such that mina;(a:, /) < 
Pix) < maxa;(a;,/). If fP~^^{x) > P{x), then there exists q> p such that f‘^{x) 
is arbitrarily close to niina;(a;,/), in such a way that f^ix) < P{x) < P^^{x). 
Similarly, if /p+^(x) < P{x), then there exists q > p such that /'^(x) > f^{x) > 
P'^^{x). Since p has no horseshoe by Proposition 4.6 Lemma 5.22 applies: there 
exist a fixed point z and an integer N such that 

Vn > N, P{x) <z^ r^^{x) > z. 

We define either y := f^{x) or y := (x) in order to have y < z, and we set 

Pn := P{y) for all n > 0. In this way, uj{y, f) = uj{x, f) and 

(5.18) Vi >0, y 2 x< z < y 2 t+i- 

First we prove that uj{x, f) contains no fixed point. Suppose on the con¬ 
trary that there exists an increasing sequence of positive integers (ni)i>o such 
that limi_>+oo J/rii = a with f(a) = a. By continuity, (yn,+i)i>o tends to a too. 
The set {ui | i > 0} contains either infinitely many odd integers or infinitely 
many even integers, and thus there exists an increasing sequence {ki)i>Q such that 
a = limi_>+oo 2 / 2 fci = liRp-s-i-oo 2 / 2 fci-i-i- Then (5.18) implies that a = z. Hence 
z £ oj{y, /). Let g := p. The map g^ has no horseshoe (by Proposition 4.6 again). 


and uj{y,g) is infinite (by Lemma |1.3[ vi)). Thus we can apply Lemma 5.22 to g 
and y: there exist a point z' and an integer N' such that g{z') = z' and 

(5.19) Mi > 0, y 2 N'+^% < z' < y 2 N'+ 4 i +2 < z 


(the last inequality follows from (5.18)). Since z is in a;(y, g), there exists a sequence 
(wi)i>o such that g^ ~^"^'{y) = y 2 N'+ 2 mi tends to z. By (5.19), must be odd 
for all large enough i. By continuity, g^ converges to z too, and at the 

same time g^ +™i+i(y) = y 2 N'+ 2 mi +2 < z’ < z, which is absurd. We deduce that 
a;(x, /) contains no fixed point. 

/) = ULo and the set 


Let n > 1. According to Lemma 


1.3 


a;(/*(x), /") is infinite for every i G |0, n — 1]. Applying the previous result to /", 
we deduce that uj{x, f) contains no periodic point of period n. □ 


The next proposition states that an infinite w-limit set of a zero entropy interval 
map is a solenoidal set, that is, it is included in a nested sequence of cycles of 
intervals of periods tending to infinity. This is a key tool when studying zero entropy 
interval maps. This result is implicitly contained in several papers of Sharkovsky, 
and stated without proof in a paper of Blokh |43) . A very similar result, dealing 
with infinite transitive sets of zero entropy interval maps, was proved by Misiurewicz 
mM- The formulation we give follows Smital ’s[T60], except the property that the 
intervals can be chosen to be closed, which is due to Fedorenko, Sharkovsky and 
Smital m\- Although the result is mostly interesting for infinite w-limit sets, the 
proposition below also deals with finite w-limit sets because this case will be used 
in the sequel. 
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Proposition 5.24. Let f be an interval map of zero topological entropy and 
let Xq be a point. If uj{xo, f) is a periodic orbit of period 2^ for some p > 0, set 
X := |0,p]. If uj(xQ,f) is infinite, set I := Z+. There exists a (finite or infinite) 
sequence of closed intervals {Lk)k&x such that, for all k G I, 

i) {Lk, f{Lk), ■ ■ ■, P ~^{Lk)) is a cycle of intervals, that is, these intervals 
are pairwise disjoint and p Pk) = Lk, 

ii) Vj,j G | 0 , 2 ^ — 1], i ^ j, there is a point z between P{Lk) and fpLk) 
such that p (z) = z, 

iii) Lk+i U p pk+i) C Lk provided k + I GX, 

2 '=-! 

iv) uj{xoJ) C IJ r{Lk), 

i =0 

v) PiLk) is the smallest p -invariant interval containing uj(fUxo), P ), 

vi) ifk + 2G X, 3N > 0, Vn > N, f^{xo) G Ppk). 

Moreover, if uj{xo, f) is infinite, then f is of type 2°° for Sharkovsky’s order. 

Proof. According to Theorem |4.58[ the period of any periodic point is a power 
of 2, so the map / is of type >2°°. If a;(aio, /) is infinite, the fact that / is of type 
2 °° follows from the existence of the infinite sequence of intervals {Lk)k>o- I ndeed , 
if Lk satisfies (i), then there exists x G Lk such that p’' (x) = x (by Lemma [i.ll[ ), 
and X is of period 2 ^ because Lk, f{Lk), ■ ■ ■, P ~^{Lk) are pairwise disjoint; thus 
the set of periods of / contains {2^ \ k > Q}. The rest of the proof is devoted to 
the definition and the properties of {Lk)kGi- 
Let k gX. We set gk := P , 

Ik ■= [miiiuj{xo, gk),m.a,xuj{xo, g)] 
and Lk := [jigkPih)- 

n >0 


Trivially, gk{Lk) C Lk- For all n > 0, the set {gk)'^{Ik) is an interval containing 
^{xo,9k) because gkPixo,gk)) = uj{xo,gk) by Lemma [LSK iii), so {gkPih) X Ik- 
Thus Lk is an interval and gk{Lk) = Lk. Therefore 


(5.20) 


Lk is the smallest g^-invariant interval containing u}{xo,gk). 


Let i G |0,2* “11- It is clear that fpLk) is a g^-invariant interval containing 


1.3 


hi)). Let J be a ( 7 ^-invariant in- 
2 *“ 


rppo,gk)) = uj{P{xo),gk) (by Lemma 
terval containing uj{P{xo), gk). Then p “*(J) D uj{p" (xq), gk) = uj{xo,gk) (by 
Lemma 1.3'iv) + (ii)). Thus P^~'^{J) D Lk by ( 5.20| ), so gk{J) A P{Lk). This 
implies that, for all i G |0, 2^ — 1], 

(5.21) rpk) is the smallest ^fe-invariant interval containing uj(P{xo), gk) 


which is (v). Moreover, by Lemma 1.3’v), 

2'“-! 


2 “-! 


w(xo,/)= IJ i^o)->9k)) C (J f {Lk)-, 


2 = 0 


2=0 
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which gives (iv). If fc + 1 belongs to X, the interval Ik+i is included in Ik because 
w(a:o, {gkY) c uj{xo,gk)- Thus 

Lk+i U gkiLk+i) = IJ (<7fc)""(4+i) U U (5fc)2"+i(4+i) c U (5fc)”(4) = Tfe, 

n>0 n >0 n>0 

which is (hi). 

We are going to prove (ii) by induction on k. This will show at the same time 
that the intervals (/*(Tfc))o<i< 2 '‘ pairwise disjoint, which in turn implies (i) in 
view of the fact that Lk is strongly invariant under gk- 


• There is nothing to prove for k = 0. 

• Suppose that k := 1 belongs to X. If ^uj{xo,f) = 2, then uj{xo,f) is a 

periodic orbit of period 2 and the interval 4 is reduced to a single point {y} 
satisfying p{y) = y and /(y) ^ y; moreover, Li = {y} and /(Li) = {/(y)}. Then 
f{{yif{y))) (y,/(y)), which implies that there exists a point z € (y,/(y)) such 

that f(z) = z, and z is different from y, /(y). This proves (ii) for fc = 1 in this case. 
From now on, we suppose that #a;(a;o, /) > 3 and we set g := = p. We write 
Ii = [a, h] and Li = [c, d]. We have Ii C Li, that is, c < a < b < d. Since uj{xo, /) 
contains at least 3 points. 


w(xo,/) n (minw(a;o,/),maxa;(a;o,/)) 7^ 0, 
and thus there exists n > 0 such that mina;(a;o,/) < /"(a^o) < maxa;(a;o,/)• If 
P~^^{xo) > /”(xo), there exists j > 1 such that f^^pxo) is arbitrarily close to 
mina;(a:o,/), in such a way that P~^pXo) < /"(xq) < P~^^{xo)- Similarly, if 
P~^^{xo) < /"(xo), there exists j > 1 such that P^pxo) > P{xo) > /"^^(xq). 
Since / has zero topological entropy, / has no horseshoe by Proposition |4.6[ Ac¬ 
cording to Lemma 5.22 there exist a point z and an integer N such that f(z) = z 
and 


(5.22) 


either 


or 


Vn > N, 
Vn > N, 


f^ixo) < Z < P^+Hxo), 
p^ixo) > Z > P^+\xo). 


We assume that we are in case (5.22), the other case being symmetric. This implies 
that b < z. We are going to show that z > d. Suppose on the contrary that 

(5.23) zG[b,d]. 

Since z is a fixed point, we can define z' := min{a; S [b,d] \ g{x) = a;}. Since 
b e uj{xo,g), we have g(b) G ui{xo,g); moreover b is not a fixed point for g (by 
Lemma 1.4 when u}{xo, g) is finite, and by Proposition 5.23 when uj{xq, g) is infinite). 
Hence 

g{b) <b<z 

(recall that uj{xq, f) C [a, b]). Since z' is the minimal fixed point for g greater than 
b, this implies that 

(5.24) \/x G \b,z'), g{x) < x. 

See Figure [2 

Let V := maxy([c, 6 ]). Then v > b because g{uj{xo,g)) = uj{xQ,g), and v < d 
because y(Li) C Li. Suppose that v < z'. Then g{[b,v]) C [c,v] by (5.24), and 
g{[c,v\) = g{[c,b]) U g{[b,v]) C [c,v\ U [c,v\ = {c,v . Thus [c,v\ is a y-invariant 
interval containing Ii. But this is a contraction to (5.20) because [c, z;] ^ Li. We 


deduce that max y([c,&]) > z', and thus there exists y e [c,b] such that y(y) = z'. 
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co(-xo.g) , O 

—^— , , , I-^- 

c a ^ ^ b J J J z’ ^ 

Figure 1. The points a, 6, c, d, z' and the set u){xo,g) (represented 
by a zigzag). 


We choose y maximal with this property; y < 6 by (5.24). Let x G {y,z'). The 
maximality of y and ( |5.24 1 imply that g{x) < z'. If g(x) < y, then g{x) < y < x < 
z! = g{y), and thus [y,x], [x, z'] form a horseshoe for g, which contradicts the fact 
that htopif) = 0 by Proposition 4.6 Therefore, 


(5.25) 


Va; e {y,z'), y < g{x) < z'. 


Using (5.25) and the fact that g{y) = g(z') = z' > y, we get 
w := inf g((y, z')) = ming([?/, z']) > y. 

Thus [y,w\ is mapped into [w,z'\, and [w,z'] is ^-invariant (see Figure]^. We are 



Figure 2. The interval [?/,w] is mapped into [w,z'], and [w,z'] 
(hatched) is ^-invariant. 


going to show that w < a. Recall that y < b < z', so [y,z'] is a neighborhood 
of b. Since b G u!{xo,g), there exists i such that g^{xo) G [y-iz'] = [y,w] U [w^z']. 
Thus g^{xo) G [w,z'] for all j > i + 1, which implies that uj{xo,g) C [w,z']. Since 
a G u}{xQ,g), this implies 

w < a. 

Therefore, [w, z'] is a g-invariant interval containing Ii = [a, b], but this is a contra¬ 
diction to (5.20) because [w, z'j does not contain Li. We deduce that (5.23) is false. 


that is, z > d = maxLi. According to (5.22), we have z < u}{f{xo), Moreover, 


z does not belong to /(Li) because /^(Li) = Li and z ^ Li. Since /(Li) is an 
interval containing u}{f{xo),P), we conclude that Li < z < /(Li). This ends the 
step k = 1. 

• Let A: > 1 such that A: -I- 1 G I and suppose that (ii) is satisfied for k. Let 
i,j be such that 0 < f < j < 2^+^. li j — i ^ 2*^, then, according to the induction 
hypothesis, there exists a point z between p{Lk) and satisfying p (z) = 

z. Thus z is also between /®(Lfc+i) and fpLk+i) because L/c+i C Lfc. If j = z-|-2^, 
then, using (5.21), we can apply the case A: = 1 to the map gk and the point P{xq): 
there exists a point z strictly between /*(Lfe+i) and fpLk+i) = gk{P{Lk+i)) such 
that p (z) = z. This completes the induction. 
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It remains to show (vi). Let fc > 0 be an integer such that fc + 2 G I. Then 
contains the four disjoint intervals Lk+ 2 ,f^ {Lk+ 2 ),P {Lk+ 2 ),P (ifc+ 2 ) by 

(iii). One of these intervals is included in Int (Lfe). Moreover, this interval contains 
a;(/^ *(a;o)) for some i G |0,3]; thus there exists an integer N >0 such that 

f^{x) G Lk- Since Lk is a 2^'-periodic interval containing oj(xo, ), this implies 
that iV is a multiple of 2^, so f^{Lk) = Lk- Therefore /"(x) G f'^{Lk) for all 
n > N. This concludes the proof of the proposition. □ 


Lemma 5.25. Let / be an interval map of zero topological entropy. If J is a 
nonempty (non necessarily closed) interval such that P{J) = J and {p{J))o<i<p 
are pairwise disjoint, then p is a power of 2. 


Proof. If J is reduced to one point, then it is a periodic point and thus p is 
a power of 2 by Theorem |4. 58 From now on, we assume that J is non degenerate, 
which implies that /"(J) is a non degenerate inte rval f or all n > 0. Since .P( J) = J, 
there exists x G J such that f^{x) = x by Lemma I.ll By Theorem 4.58 the period 


of X is equal to 2^ for some fc > 0, and thus there exists m > 1 such that p = m2^. 
If X G J, then (/*(x))o<i<p are pairwise distinct, so p = 2^. 


Suppose that x G dJ and to > 3. The point x = P''{x) belongs to p'°{J). 
Since p (J) n J = 0, this implies that x is an endpoint of p (J). We also 
have X = P^^^ (x) G which implies that x G dp^*^{J). But this contra¬ 

dicts the fact that J, p (J), ^ 2 '“+^ g^j.g pairwise disjoint non degenerate intervals. 
Therefore, if x G dJ, then to = 1 or 2 and p is a power of 2. □ 


The next lemma states that two points in the same infinite w-limit set are /- 
separable if and only if they are separable by intervals in the family {p{Lk)) given 
by Proposition |5.24| 

Lemma 5.26. Let f be an interval map of zero topological entropy and letao,ai 
be two distinct points in the same infinite uj-limit set uj{xo,f). Let (L„)„>o be the 
intervals given by Proposition \5.2f\ Then the following assertions are eguivalent: 

i) 00,01 are f-separable, 

ii) there exist n> 1 and i,j G |0, 2” — 1] such that i j, oq G P{Ln) and 
«i € f^Pn)- 


Proof. The implication (ii) ^ (i) is trivial. Suppose that the points oq and 
oi are /-separable. By definition, there exist an interval J and an integer p > I 
such that Oq G j, oi ^ J, P{J) = J and iP{J))o<i<p are pairwise disjoint. By 
Lemma |5.25[ p is a power of 2, that is, p = 2" for some n > 0. Since Og is in 
cv(xo,f) C PPn)’ there exists i G |0, 2" — 1] such that oq G p{Ln). We 

set K := ppn) n J. Then p"' {K) G1 f^{Ln) (1 J = K (recall that /^"(L„) = Ln). 
Therefore, the interval K contains the three points oq,/^" (oq),( oo), which 


belong to uj{xo,f) (by Lemma [l.3| ( iii)) and are distinct by Proposition 5.23 This 
implies that Int (K) n w(xo, /) ^ 0, and thus there exists an integer to > 0 such 
that /'"(xo) G K. Hence 


2"-l 

pXoJ)c U P(K) 


and uj{f^{xo),p") C K. 


(5.26) 
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According to Proposition 


5.24 


P{Ln) is the smallest p -invariant interval con¬ 


taining uj{P{xo), p"). Therefore, ( 5.26| ) and the fact that K C /*(Tn) imply that 
K = f^{Ln). Since oi G uj{xo, /), there exists j G |0, 2” — 1] such that oi G fpLn). 
We are going to show that j ^ i. Suppose on the contrary that j = i, that is, 
oi G f^{Ln) = K. This implies that oi is an endpoint of p{Ln) because ai ^ J 
and J D K. Let 02 denote the other endpoint of /®(L„). There are two cases: 

• Case 1: K = f{Ln) \ {oi}. 

• Case 2: K = p{Ln) \ {oi, 02 }. 

Recall that /^"(AT) C K and /^"(/*(L„)) = P{Ln). In Case 1, this implies that 
/^"(oi) = oi- In Case 2, this implies that P" (ai) G { 01 , 02 } and /^"(o 2 ) G 
{oi, 0 2 |. In both cases, p (oi) is a periodic point, which is impossible by Propo- 

We conclude that i p j, which proves the 

□ 


sit ion 


5.23 


because /^"(oi) 
implication (i) => (ii). 


Remark 5.27. In the previous proof, we saw that J C f ^( Ln ) = There¬ 

fore, if J is any periodic closed interval containing oq with oq G uj{xo,f), then J 
contains /*(L„) for some integers n,i such that oq G P{Ln). 


Lemma 5.28. Let f be an interval map of zero topological entropy and let xq 
be a point such that uj{xq, /) is infinite. 

i) If J is an interval containing three distinct points of ui{xq, f), then J 
contains a periodic point. 

ii) If U is an open interval such that U r\uj{xo,f) p 0, then there exists an 
integer n > 0 such that P{U) contains a periodic point. 


Proof, i) Let J be an interval and let zi < Z 2 < 23 be three points in 
J n a;(a;o,/). Let (Ln)n>o be the intervals given by Proposition 5.24 for uj{xo,f). 
Suppose that, for every integer n > 0, there is in G |0,2” — 1] such that 21,2:3 G 
p^{Ln). Since 22 G (21, 23) nu;(xo,/), there exist two positive integers m> k such 
that the two points f ^~^{ xo ), f ^{ xo ) belong to (21,23). Since [21,23] C P ^{ Ln )^ 
this implies that /™(xo) G P'^'^^{Ln) C p^{Ln) for all n > 0. On the other 
hand, 0 /*"(L„) = 0 if 2 " > fc because the intervals (/^(Ln))o<fc< 2 " 

are pairwise disjoint; we get a contradiction. We deduce that there exist n > 0 
and i,j G | 0, 2" — 1] such that i p j, 21 G /*(Ln) and 23 G /•’ (L„). We know by 
Proposition 5.24 that there exists a periodic point 2 between p{L„) and fpLn), 


so 2 G [21 , 23 ] C J. 

ii) Now we consider an open interval U such that U O uj{xo,f) p 0 and let 
y G U n uj{xo,f). If U contains a periodic point, the proof is over. From now 
on, we suppose that U contains no periodic point. Let L D U he the maximal 
interval containing no periodic point. Since U is open and contains y G u){xo,f), 
there exist integers fc > 0 and 71.2 > ni > 0 such that the points f^{xp), f^^'^^{xp) 
and /^■'""^(to) belong to U. The points y,P^{y) and belong to ujpo, f) 

(by Lemma [L3| (iii)), and they are distinct by Proposition 5.23 If y, (y), /"^ (y) 
belong to L, then L contains a periodic point by (i), which contradicts the definition 
of L. Thus there exists i G {1,2} such that f^py) ^ L. The interval f^pU) 
contains both f^^^pxp and Ppy), with /^‘''"’( to ) G L and Ppy) 4- L, and thus 
the maximality of the interval L implies that P'{U) contains a periodic point. □ 


Proposition 5.30 below was shown by Smital in the case Xq = Xi. It 

states that, if ag, Oi belong to the same infinite w-limit set and are /-non separable. 
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where / is a zero entropy interval map, then / admits a ^-scrambled Cantor set 
with 5 = |ai — Ool- The next lemma is the first step of the proof of this result. 

Lemma 5.29. Let f be an interval map of zero topologieal entropy and let 
xo,xi,ao,ai be four points such that uj{xo, f) anduj{xi, f) are infinite, oq G uj{xo, f) 
and ai G uj{xi,f). Let (Tn)n>o denote the intervals given by Proposition \ 5.24 for 
uj{xo,f). Suppose that, for all n > 0, uj{xi,f) C Ui=o^/*('^ra) there exists 
in G |0, 2" — 1] such that both points ao,ai belong to Jn ■= P^{Ln)- Let Ao,Ai be 
two intervals such that og G Int (Ag) o-iT-d oi G Int (^i). Then there exists m > 0 
such that /^™(Ag) n /^™(Ai) D Jm- 

Proof. By Lemma 5.28[ ii), there exist ng and ni such that /"“(Ag) contains 
a periodic point j/g and /"^(Ai) contains a periodic point yi. According to Theo- 
rem |4.5^ the periods of j/g, yi are some powers of 2. Let 2^ be a common multiple of 
their periods and let q be such that q > p and 2'^ > maxjng, ni}. We fix j G {0,1} 
and we set j/' := Then f'^” [yl) = yl and y' € /^’(Aj). Moreover, 

y'j Jq because Jq = P'^{Lq) is a periodic interval of period 2'J > 2^. Suppose that 

(5.27) yl < Jq, 

the case with the reverse inequality being symmetric. 

Let g ■= p . Then gljj'j) = y'y The intervals Jq+i and g{Jq+i) are disjoint, 
g'^{Jq+i) = Jq+i and Jq+i \Jg{Jq+i) C Jq. Moreover, 

(5.28) {y 3 , 9 i.aj)} C g{Aj) and g{aj) G g{Jq+i). 

We consider two cases. 

Case 1. If y(Jq+i) > Jq+i (Figure]^, then, by connectedness, g{Aj) D Jq+i 
by (5.281 and ( |5.27 |. Thus g‘^{Aj) D y(Jg+i) U {y'} and, by connectedness, g^iAj) 
contains Jq+i- This implies that g^(Aj) D Jq+i- 


Jq+I 


g(af) 


g(Jq+l) 


Figure 3. Relative positions in Case 1 of the proof of Lemma r5.29[ 
The interval g{Aj) contains y' and g{aj), so g{Aj) D Jq+i- 


Case 2. If y(J,+i) < J^+i (Figure]^, then g'^{Aj) contains the points g'^{aj) 
and y'j by (5.28). Since aj G Jq+i, the point g^{aj) belongs to too. Thus, by 
connectedness, 5 ^(Aj) contains g{Jq+i) by ( |5.27| ). Then g^{Aj) D Jq+i U {y'}, so 


Jq 


^ g(Jq+]) g^(aj) Jq+1 

Figure 4. Relative positions in Case 2 of the proof of LemmajS)^ 
The interval g^{Aj) contains y' and g‘^{aj), so g^iAj) D g{Jq+i). 

g^{Aj) D g{Jq+i) by connectedness, and finally g'^{Ai) D Jq+i- 
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We conclude that D Jq+i D Jq +2 for j G {0,1}. 

result with m := q + 2. 


This is the required 
□ 


Proposition 5.30. Let f: I ^ I be an interval map of zero topological entropy 
and let xo,a;i,ao,ai he four points such that iu{xq, f) and uj{xi,f) are infinite, 
ao G uj(xo, f), Qi G uj{xi, f) and oq ^ ui. Let (T„)„>o denote the intervals given by 
Proposition 5.24 for uj{xq, /). Suppose that, for all n> 0, u;{xi, f) C IJi=o ^ 
and there exists in G |0, 2" — 1] such that both points ao,ai belong to /*"(L„). 
Then f has a 5-scrambled Cantor set with S := \ai — ao|. Moreover, if Kq,Ki are 
disjoint closed intervals such that Oi G Int (Ki) for i G {0,1}, then there exists an 
increasing sequence of integers (nfe)fc>o such that 


(5.29) V(afe)fc>o e {0, l}^^ G /, Vfc > 0, n{x) G 


5.24 


Proof. For every n > 0, we set J„ := /*"(L„). According to Proposition 
the intervals {r{Jn))o<z< 2 ^ are disjoint, P" {Jn) = Jn and J„+i U(J„+i) C J„. 
First we build by induction two sequences of integers (n(k))k>o and {m{k))k>o 


and a family of closed subintervals {/« 


k > 0,ai G {0,1}} satisfying the 


following properties for all fc > 0 and all (ao,..., a^+i) G {0,1}^+^: 


i) lao - OikOik+i C IctQ...ak^ 

ii) Iao...ak bl Ipo-.-Pk = 0 if (ao, ■■■,ak) ^ (^o, ■ • •, Pk), where (/3o, ■ ■ ■, Pk) G 

{ 0 , 1 }'=+!, 

hi) = Jm(k), 

iv) m(fc) > k and n{k + 1 ) — n{k) = 

v) for i G {0, 1}, P^’"\lao...aki) C [Oi - p, Oi + 1] . 


Step fc = 0. Let £ G (0, |). We set Ai := [oi — e,ai + e]r\ I for i G {0,1}. 
According to the choice of e, the intervals Ao,Ai are disjoint. By Lemma [5.29[ 
there exists an integer m such that /^™(Ao) n /^"(Ai) D Jm- Thus there exist 
closed subintervals Iq C Aq and Ii C Ai such that {C) = Jm for * G {0,1} 
(Lemma 1.13[i)). Letting m(0) = m and n(0) = 2™, this ends the construction at 


step fc = 0 . 

Step fc+1. Suppose that n(fc), TO(fc) and (dao...afc)(ao,...,afc)G{o.i}''+i are already 
defined. Let e G (0,min{j^, |}). We set Bi := [m — e, + e] n / for i G {0,1}. 
According to the choice of e, the intervals Bq, Bi are disjoint. 

We set g '■= P ' The interval Jm(k) contains the four disjoint intervals 
( 5 *('^m(fc)+ 2 ))o<i< 3 - We order these intervals from left to right, and we call Jm{i.-f_^2 
the second one. Let j G |0,3] be such that gpJm{k)+2) ~ Am{k)+2- For i G {0,1}, 
let a' be a point in Jm(i,'f ^2 such that gpa'f) = a^. It is clear that, for all n > 1, the 
points aQ,a[ are in the same interval among (/^(Ln))o<fc< 2 "-i, otherwise it would 
be false for ao,ai. Moreover, the points ag,a} belong to Int {Jm{k)) according to 
the choice of 

Since Bi is a neighborhood of at, the set g~pBi) is a neighborhood of a' for 
i G {0,1}. Let Ui be the connected component of g~pBi) containing a'. Then 
Uo n Jm{k) and Ui n Jm(k) are a connected neighborhood of a'g and a{ respectively. 
Thus, according to Lemma [5.29[ there exists an integer g > 0 such that, for i G 
{0,1}, P^pi n Jm{k)) A P{Lq), where p G |0, 2'^ — 1] is the integer such that 
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ao,ai e FiLg). Since g^{Ui n Jm{k)) C n Jm{k), we have 

(5.30) n Jmik)) 3 n Jmik))) D gHFiLg)). 

Moreover, g^{fP{Lq)) contains oq = g^ia^) and ai = g^{a'i), which implies that 

( 5 . 31 ) g^{fP{Lg)) = Jg 

because {F{Jq))o<k< 2 i-i is a cycle of intervals and Jq is the unique interval 
of this cycle containing ao,ai. We choose m{k + 1) > max{g, A: + 1}. Then 
2 m(;i+i )_25 ^ thus, by (5.30) and (5.31), 


f 


F . (s*nJ„(fc))D/^ ' UFiFiF))) = F -^F) = Jmik+D- 


Then, for i S {0,1}, there exists a closed subinterval Fi C Bi r\ Jm(k) such that 

i)). Let {ao,..., ak) G {0,1}'"+^ and 


= Jmik+i) (by Lemma 

i G {0,1}. Since F^'^HFo...ak) = Jm(k) by the induction hypothesis, there exists 
a closed subinterval C Inr....nu such that F^’^\lao...aki) — F- By choice 


1.13 


of Fi, this implies that = Jm{k+i)- We define n{k + 1 ) := 

n{k) + It is clear that properties (i), (iii), (iv), (v) are satisfied. The 

intervals lao-.-okO and Iao...aki are disjoint because their images under are 

included respectively in Bq and Bi. Moreover, /, 


ao---(^fcQ:fc+i 


n /, 


00 • ••0k0k + l 


= 0 if 


(aOj-.-iQJfc) (/3o, . . • ,/3fc) because lag-.-akak + l IaQ...ak^ Fo---PkPkJrl F. Ii3Q...I3k 

and these sets are disjoint by the induction hypothesis. This gives (ii) and the 
induction is over. 

Now we prove the proposition. Let E := {0,1}*^, endowed with the product 
topology. For every a = (a„)„>o G E, we set 

+ 00 


la ■— Iao...c 


n—0 

By (i), this is a decreasing intersection of nonempty compact intervals, and thus 
la is a nonempty compact interval. Moreover, Jg n /^ = 0 if d 7 ^ ,3, d,/3 G E. We 
define 

i? := {d G E I /a is not reduced to a single point}. 

The set E is at most countable because the sets {Ia)a^E are disjoint intervals and 
they are non degenerate by definition. We set 


/ 


X := 


+ 00 


\ 


n u 

"=0 ai G {0, 1} 
i G [ 0 , n ] 


\ U Int(/a) . 


/ 


aeE 


This is a totally disconnected compact set. We define 


ip: X —^ E 

X I —> a if X G la- 

The map p is well defined and is clearly onto. Let 6n be the minimal distance 
between two distinct intervals of the form Iao...a„- Clearly (5„ > 0 because these 
intervals are closed and pairwise disjoint. Let x,y G X and (an)n>o ■= 
(/ 3 n)n >0 := V’iy)- If \x-y\ < Sn, then necessarily ao ... = /3o ... Pn, and thus p 

is continuous. 
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Let Kq,Ki be two disjoint closed intervals such that at G Int for i G 
{0,1}. Then there exists a positive integer N such that [o^ — + ^] C for 

i G {0,1}. Let a = (an)ra>o G S and x G Then, according to (v), for every 

k > N, G f'^^'^^Iao...ak+i) C Kcik+i- This proves statement (5.29) in the 

proposition (with the the sequence (ni\f^k)k>o)- 
We define ij:: E —)■ S by 

ip{{ctn)n>o) '■= (OaoOOaoai ■ ■ • O^agai • ■ • cun-i • ■ •) where 0" = ■ 

n times 

The map is clearly continuous and one-to-one, and thus V'(Tl) is compact and 
uncountable. For every d G E, we choose Xa G X such that (p{xa) = V’(d) and 
we set S := {xa G X | d G E}. If '(/'(d) ^ E, there is a unique choice for 
Xa, and if 'ip{a) G E, there are two possible choices. Therefore, S is equal to 
(/?“^(i/>(E)) deprived of a countable set, and thus it is an uncountable Borel set. By 


Theorem |5. 16 there exists a Cantor set C C S. 

Let d,/3 be two distinct elements of E, and let i > 0 be such that ^ Pi. 
According to the definition of '(/>, for every N > 0, there exists k > N such that 
the {k -I- l)-th coordinate of tjj{a) and ip{P) are equal respectively to and Pi, 
and thus they are distinct. Using (v), this implies that either belongs 

to [tto — |:,ao -I- \] and belongs to [ai — ^,ai + |:], or the converse. In 

particular, — f, which implies that 

for all x,x' G S, x ^ x', limsup \f"'{x) — /"(x')| > S. 

71 ^ + 00 

By definition of '(/>, for every N > 0, there exists k > N such that, for all d G E, the 
{k -I- l)-th coordinate of ip{a) is equal to 0. Using (v), we have that, for all d G E, 
(za) G [ao - ];,ao -f ^], and hence 

for all x,x' G S, liminf \ f^{x) — /"(a;')| = 0. 

n—>- + <50 

We deduce that S' is a d-scrambled set, and thus C is a (5-scrambled Cantor set. □ 


In the next proposition, assertion (ii) is stated in [sa Theorem 2.4]. In view 
of Lemma |5.5[ it implies that, if / is a zero entropy map admitting no pair of /-non 
separable points in the same infinite w-limit set, then / is not chaotic in the sense 
of Li-Yorke. 


Remark 5.31. In [MO], it is claimed without explanation that, for every e > 0, 
there exists n > 0 such that maXjg|Q 2 ’i_i| |/*(L„)| < e, where (L„)„>o are the 
intervals given by Proposition |5. 24 It is not clear to us whether this property does 
hold. The weaker assertion (i) below is sufficient to prove Theorem 5.21 See also 
Lemma 15.481 for a refinement. 

Proposition 5.32. Let f be an interval map of zero topological entropy. 

i) Ifuj(x,f) is infinite and contains no f-non separable points, then 

lim max diam(w(/*(x),))= 0 - 
n-).+ooie|0,2"-ll y y j J 

ii) Suppose that all pairs of distinct points in an infinite uj-limit set are f - 
separable. Then every point x is approximately periodic. 
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Proof, i) Suppose that uj{x, /) is infinite and contains no /-non separable 
points. We set := mina;(/*(a;),/^"), := maxLu {P{x ), and // := 


for all n > 0 and all i G |0, 2" — 1]. Then by Lemma 
(5.32) Vie|0,2"-1] 


1.3 


a\^,b\G uj{xJ) and 


P I I 7“*+^ 
^n+l ^n+1 


c r 

\ - -*-0T • 


Suppose that there exists e > 0 such that, for all n > 0, there is i G |0, 2” — 1] with 
\In\ ^ Using (5.32), we can build a sequence (i„)„>o such that 

Vn > 0, G [0, 2- - 11, C P- and \P-\>e. 

. Since it is a decreasing intersection of compact intervals, J 


We set J := n„>i Pn 
is a compact interval and |J| > e. We write J = [a, 5]. Then 

and b = 


a = lim at 

n—>-+oo 


lim P" 

1-S- + 00 


Since uj{x,f) is a closed set (by Lemma El i)), the points a, 6 belong to u}{x,f ). 
The intervals (Ln)n>o given by Proposition 5.24 are defined in such a way that 
// C P{Ln) for all n > 0 and all i G |0, 2" — 1]. Therefore o, 5 G p^{Ln) for 
all n > 0. Then Lemma |5.26| implies that a, b are /-non separable, which is a 
contradiction (notice that ap b because b — a> e). We deduce that, for all e > 0, 
there exists m > 0 such that \P^\ < e for all i G 10,2"* — 1]. Combined with the 
fact that these intervals are nested, this gives (i). 

ii) Let a: be a point and e > 0. We split the proof into two cases depending on 
uj{x, f) being finite or not. 

First we suppose that uj{x,f) is infinite. The intervals /* are defined as above. 
It was shown in the proof of (i) that there exists an integer m such that |//j| < e for 
all i G |0,2”* — 1]. Moreover, there exists a po int z G such that /^ {z) = z and 
P{z) G rp for all * G [0, 2”* — 1] (Lemma 1.13 ’ii)). Since / is uniformly continuous, 
there exists <5 > 0 such that 

V2/,y', <d^ViG |0,2 ”*-1 ], \r{y) - f{y')\ < e. 

Let TV be a positive integer such that, for all k > N, there exists a point 
in oj{x,p"') with {x) — ak\ < S. For all i G |0, 2”* — 1], the two points 
P{z),P{ak) belong to P^, so 

- P{ak)\ + \P{ak) - P{z)\ < 2e. 

We get: Vn > iV2"*, |/"(a;) - /"(z)| < 2e. 

Now we suppose that oj{x,f) is finite. By Lemma 1.4 the set uj{x,f) is a 
periodic orbit. Let p be the period of this orbit and z := lim„_>_|_oo/"^(a:); the 
point z is periodic and /^(z) = z. Since / is continuous, there exists i5 > 0 such 
that 

Vy, \y- z\<S^yiG [0,p- 1], \P{y) - /*(z)| < e. 

Let N be an integer such that |/"^(a:) — z| < d for all n > N’. Then 

ym>Np, |/“(cr)-/"*(z)| <e. 

This completes the proof of (ii). □ 


Now we are ready to give the proof of Theorem |5.21[ which follows from Propo¬ 
sitions [5)^ and For clarity, we recall the statement of the theorem. 

Theorem |5.21| Let / be an interval map of zero topological entropy. The 
following properties are equivalent: 
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i) / is chaotic in the sense of Li-Yorke, 

ii) there exists a ^-scrambled Cantor set for some 5 > 0, 

iii) there exists a point x that is not approximately periodic, 

iv) there exists an infinite w-limit set containing two /-non separable points. 


Proof. If (iv) does not hold, then, according to Proposition 5.32 'ii), all points 
X are approximately periodic. By refutation, we get (iii)^(iv). 

Suppose that (iv) holds, that is, there exists an infinite w-limit set w(xo,/) 
containing two /-non separable points ao,ai. Then, according to Lemma |5.26| and 
Proposition |5.30| applied with xi = xq, there exists a d-scrambled Cantor set with 
(5 := \ai — ool, which is (ii). Obviously, (ii)^(i). 

Suppose that (iii) does not hold, that is, every point is approximately periodic. 
Then Lemma |5.5| implies that there is no Li-Yorke pair. By refutation, we get 
(i)^(iii). □ 


5.5. One Li-Yorke pair implies chaos in the sense of Li-Yorke 

Kuchta and Smital showed that, for interval maps, the existence of one Li-Yorke 
pair of points is enough to imply the existence of a i5-scrambled Cantor set nnn. 
We give a different proof, suggested by Jimenez Lopez, which follows easily from 
Theorem 15.211 


Proposition 5.33. Let f be an interval map. If there exists one Li-Yorke pair, 
then there exists a S-scrambled Cantor for some J > 0. 


Proof. If htopif) > 0, the result follows from Theorem 
htopif) = 0. Let {x,y) be a Li-Yorke pair. By Lemma 


5.17 


5.5 


We assume that 


either a; or y is not 

approximately periodic. Therefore, the result is given by the implication (iv)=>(ii) 
in Theorem 15.211 □ 


As a corollary, we get the following summary theorem. We shall see another 
condition equivalent to chaos in the sense of Li-Yorke in the next section. 


Theorem 5.34. Let f be an interval map. The following properties are equiv¬ 
alent: 

i) there exists one Li- Yorke pair, 

ii) / is chaotic in the sense of Li-Yorke, 

iii) / admits a S-scrambled Cantor set for some J > 0, 

iv) there exists a point x that is not approximately periodic. 


Proof. The first three assertions are equivalent by Theorem 5.33[ According 
we have (ii)=>(iv). If htopif ) = 0; then (iv)=»(ii) by Theorem 


to Lemma 


5.5 


If htopif) > Oj then the equivalence follows from Theorem 


5.18 


5.21 


□ 


Remarks on graph maps. A key tool to generalize the results of the last 
two sections to graphs is the topological characterization of w-limit sets of graph 
maps, which was given by Blokh mun]; see also the more recent paper of Hric 
and Malek [88| (the classification of w-limit sets in [88] is equivalent to the one in 
[461151] , although the equivalence is not straightforward and does not seem to be 
explicitly proved in the literature). We rather follow Blokh’s works. 


Theorem 5.35. Let f:G^Gbea graph map of zero topological entropy and 
X G G. //w(x, /) is infinite, it is of one of the following kinds: 
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• Solenoidal; there exist a sequence of subgraphs (G'„)„>i and an increasing se¬ 

quence of positive integers (fc„)n>i such that (/*(G„))o<i<fe„ is a cycle of graphs 
and, for all n > 1, G„+i C G„, kn+i is a multiple ofkn anduj{p{x), f^") C P{Gn) 
for all i G |0, — 1] (which implies that uj(x, f) C Uto ^ /*(^n ))■ 

• Circumferential; lo{x, f) contains no periodic point and there exists a minimal 
cycle of graphs (/*(G'))o<i</c such that oj{x, f^) C G' (which implies that uj{x, f) C 

UtofiG'))- 

Notice that a solenoidal set cannot contain periodic points, and thus, for a zero 
entropy graph map, any infinite w-limit set contains no periodic point. That is. 
Proposition |5.23| is valid for graph maps too. 

Blokh |48l I49j showed that, in the case of a circumferential w-limit set, f^\c' 
is almost conjugate to an irrational rotation, that is, semi-conjugate by a map that 
collapses any connected component of G' \ uj{x, /^) to a single point. In particular, 
this implies that a tree map has no circumferential set. 


Theorem 5.36. Let f-.G^Gbea graph map and x G G. Suppose that 
uj{x, f) is circumferential, and let (/*(G'))o<i<fe denote the minimal cycle of graphs 
containing uj{x,f), with G' D uj{x,f^). Then there exists an irrational rotation 
i?: S —)■ S, and a semi-conjugacy (p: G' between /^jc' R such that 

• /'=)) = S, 

• Vy € S, ip~^(y) is connected, 

• Vy G S, ip-\y)nuj{x,f'') = dip-'^{y). 


In [T48] . the author and Snoha studied chaos in the sense of Li-Yorke for graph 
maps. We present the main ideas. Suppose that {x,y) is a Li-Yorke pair for the 
graph map /. We showed that neither uj{x,f) nor uj{y, f) can be circumferential 
[MSI proof of Theorem 3]. Moreover, it is easy to see that either u}{x, f) or oj{y, f) 
is infinite. Therefore, if htopif) = 0, one of these w-limit sets is solenoidal. If 
uj{x, f) is solenoidal, with the notation of Theorem 5.35 then for all large enough 
n, there exists i > 0 such that J := P{Gn) is an interval (because the graph has 
finitely many branching points, and thus one of the graphs {f^{Gn))o<i<k„ contains 
no branching point if kn is large enough). We have uj{p{x),f^^) C J; in addition, 
it is possible to show that one can choose n,i such that P{x),P{y) G J. Thus 
{P{x),P{y)) is a Li-Yorke pair for and we come down to the interval case. 

On the other hand, Theorem 5.18 applies when htopif) > 0- These ideas make it 
possible to show the following result [1481 Theorem 3]. 


Proposition 5.37. Let f:G^Gbea graph map. The following properties 
are equivalent: 

i) there exists one Li- Yorke pair, 

ii) / is chaotic in the sense of Li-Yorke, 

hi) there exists a S-scrambled Cantor set for some <5 > 0. 


Remark 5.38. Contrary to what happens for graph maps, there exist topolog¬ 
ical dynamical systems admitting a finite (resp. countable) scrambled set but no 
infinite (resp. uncountable) scrambled set |31j . 


5.6. Topological sequence entropy 

Any positive entropy interval map is chaotic in the sense of Li-Yorke (Theo¬ 


rem 


5.17), but the converse is not true (see Example 5.59 below). We are going 
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to see that an interval map is chaotic in the sense of Li-Yorke if and only if it has 
positive topological sequence entropy. 


5.6.1. Definition of sequence entropy. The notion of topological sequence 
entropy was introduced by Goodman |83) . Its definition is analogous to the one of 
topological entropy, the difference is that one considers a subsequence of the family 
of all iterates of the map. The definition we give is analogous to Bowen’s formula 
(Theorem 4.51, but topological sequence entropy can also be defined using open 
covers in a similar way as topological entropy in Section |4.1.1| 


Definition 5.39. Let {X, f) be a topological dynamical system and let A = 
(«n)n>o be an increasing sequence of non negative integers. Let e > 0 and n G N. 
A set E G X is {A, n,e)-separated if for all distinct points a;, y in E, there exists 
fee |0, n — 1] such that {x), (y)) > e. Let s„(A, /, e) denote the maximal 

cardinality of an (A, n, e)-separated set. The set E is an (A, n, e)-spanning set if for 
all X G X, there exists y G E such that d(/“'‘ (a:),(y)) < e for all k G |0,n — 1], 
Let rn{A, f, e) denote the minimal cardinality of an (A, n, £)-spanning set. 

The topological sequence entropy of / with respect to the sequence A is 

h-Aif) ■= lim limsup - logs„(A,/, £) = lim limsup - logr„(A,/, e). 

^ n—>-+oo ^ ^ n—>-+oo ^ 

Remark 5.40. As in Lemma [4^ we have 

• if 0 < s' < e, then s„(A, /,e') > s„(A,/.s) and r„(A,/,£') > r„(A,/,£), 

• ?'n(A,/,£) < s„(A,/,£) < r„(A,/, §). 

This implies that the two limits in the definition above exist and are equal. There¬ 
fore, liAif) is well defined. 


According to the definition, htopif) = hA{f) with A := (n)n>o- 


5 . 6 . 2 . Li-Yorke chaos and sequence entropy. The rest of this section will 
be devoted to proving the following theorem, due to Franzova and Smi'tal m- 

Theorem 5.41. Let f be an interval map. Then f is chaotic in the sense of 
Li-Yorke if and only if there exists an increasing sequence A such that hji{f) > 0. 

The “only if” part can be easily shown by using previous results in this chapter; 
this is done in Proposition |5.42| Before proving the reverse implication, we shall 
need to show several preliminary results; this will be done in Subsections |5.6.4| and 

MM 


5.6.3. Li-Yorke chaos implies positive sequence entropy. 


Proposition 5.42. If an interval map f: I ^ I is chaotic in the sense of 
Li-Yorke, there exists an inereasing sequence A such that hA{f) > 0. 

Proof. If / has positive topological entropy, then = htop{f) > 0 with 

A := (n)n>o- From now on, we assume that htopif) = 0. According to Theo¬ 
rem there exist two /-non separable points ao,ai belonging to the same infi¬ 
nite w-limit set. Let Jq, Ji be two disjoint closed intervals such that ai G Int (J^) 
for i G {0,1}. By Lemma 5.26 and Proposition 5.30 there exists an increasing 


sequence of positive integers A = (nk)k>o such that 

Vd = (ak)k>o G {0, 1}^^ , 3xaG I, yk>0, /”'' (xg 


) G Ja 
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For all n > 1, we set 

En := {x{ak)k >0 I Vfc > R, Qffe = 0 and oq, • ■ •, a„_i S {0,1}}. 

Let 5 > 0 be the distance between Jq and Ji. Then En is an (^, n, e)-separated 
set for all £ S (0,5), and = 2”. Thus Sn{A,f,e) > 2” for all e S (0,5), and so 
/ia(/) > log2 > 0. □ 

5.6.4. Preliminary results on w-limit set. In this subsection, we are going 
to show several results concerning the w-limit set of an interval map. These results 
are due to Sharkovsky [155]; see also mi Chapter IV] (in English). Recall that 
the w-limit set of a map /: I —>■ I is 

w(/) := IJ u:{xj). 

x^I 

We start with two technical lemmas. 


Lemma 5.43. Let f: I ^ I be an interval map and c € I \ {max/}. Let 
Jq := [c, c'j for some d > c. Suppose that: 

(5.33) Vr > 1, Vd > c, [c,d] r(Jo), 

(5.34) Vr > 1, r(c) ^ Jo. 

Let Vc '■= {U nonempty open subinterval \ Lf C Jo,inf {7 = c}. Suppose that 

(5.35) VC/eVc, 3/>1, c/n/'=(//) ^0. 


Then, for all U S Vc, the following properties hold: 

i) there exist infinitely many positive integers k such that U n f^{U) 0; 

ii) there exist positive integers m,n such that f"^{c) G Int (/"([/)); 

hi) there exists a compact interval J C U such that, for all compact intervals 
K C U, there exists k > 1 such that K C f^{J). 


Proof, i) Let U gVc 
u n f{u) yf 0 ; let d e [/ n f^{u). if c g 


By assumption (5.35), there exists fc > I such that 
/^(C7^ then f’^iJo) D f\U) D [c,d], 
which contradicts assumption (5.33). Thus c ^ f^{U). Combined with the fact that 
f^{U) is an interval containing d with d > c, this implies that c < f^{U). Moreover, 
/^(c) ^ Jo (by assumption (5.34)) and /^(c) G f^{U) (because c = inf C7). Since 
Jo and f^{U) are intervals with c = min Jg, this implies that f^[c) > max Jq; see 
Figure]^ This shows that 


dU GVc, VA: > 1 such that U C f^{U) ^ 0; then 

(5.36) c < f{U) 

(5.37) and /^(c)>maxJo. 


c f^(c) 

Figure 5. The two intervals Jq and /^(C/) satisfy: c = min Jq, 
c < fHu), fHc) & fHu), fHc) > Jo- 
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Let Uo G Vc. Let ko be the minimal positive integer such that Uor\f^°{Uo) ^ 0 
(so Uorif^{Uo) = 0 for all i S | 1 , By (5.37), we have > max Jg. Thus, 

since / is continuous, there exists Ui G Vc such that Ui C Uq and (Ui) > max Jq. 


This implies Ui n/^'°({7i) = 0. By assumption (5.35), there exists fci > 1 such that 
(Ui) 7 ^ 0. Necessarily, ki is greater than ko. Then an inductive construction 
shows that there exist an increasing sequence of positive integers (fc„)„>o and a 
sequence {Un)n>o such that G Vc, Un+i C Un and 17„ n ^ 0 for all 

n > 0. Thus Uq n /^"(l/o) for all n > 0. This proves (i). 

ii) Let U G Vc- Suppose that (ii) does not hold, that is, 

(5.38) VM, TV > 1, /“(c) i Int {f^{U)) . 

First we are going to prove that this assumption implies the following fact. 

Fact 1. 36>c, Vfc>l, U n f{U) ^ dl ^ f{c) = b = sup f{U). 


Proof of Fact 1. In (5.38), the case M = N gives f^{c) ^ Int (/-^(U)). 
Since c = inf U, this implies 

(5.39) VTV > I, /^(c) G df^{U). 

Let A: > 1 be such that U n /^(C/) ^ 0. By assumption (5.34), /^(c) ^ U. Then 


the fact that C/n/^(C/) 7 ^ 0, combined with (5.36) and (5.39), implies that /^(c) = 


sup/^(C/), which proves the following fact: 

(5.40) Vfc>l, Ur]f{U)^(!l^f{c)=supf{U). 

Let ki,k 2 be positive integers such that U D 7 ^ 0 for i G {1, 2} and 

f^^{c) < Then = sup/^‘(C/) for i G {1,2}. Combining this with 


(5.36), we get C (c,/^i(c)]. If then 

(U) C (c, (c)) C C/ U Int (C/)) 

(the last inclusion follows from the facts that U n 7 ^ 0 and the two sets 

I/, Int {f^^{U)) are open intervals). This implies that either /^^(c) G t/ or G 

Int (/^^(17)); but both cases are impossible according to (5.34) and (5.38) respec¬ 
tively. We deduce that /^^(c) = /^^(c). This proves Fact 1. □ 


Now we are going to show that Fact 1 leads to a contradiction to (5.36), proved 


in (i). Let n,m G N be such that n > m, U D 7^ 0 , t/ n /™(C/) 7^ 0 and 

U n p{U) = 0 for alH G |to -I- 1, n — 1] (such integers exist by (i)). We set 

n—1 

^ := U nu)- 


According to ( |5.36 ) and the choice of of the integers m,n, there exists 5 > 0 such 
that S'n (c, c-l- h) = 0. Suppose that /"'(C/) C f^(U). Then f{S) C S, which 
implies that (c, c -I- ^) n f'^{S) = 0 for all n > 0. If we set U' := (c, c + S)r\U, then 
f^{U') C S for all k> m, and thus 

Vfc > TO, t/' n f{U') = 0, 

which contradicts (i). Thus /"(C/) is not included in /”^({7). This implies that 
/"*([/) C /"(17) because and /"(I/) are two closed intervals with the same 

right endpoint (equal to b) by Fact 1. We set d := n — m. Then 


f"^{U) C f^+‘^{U) C /™+2d([/) c • • • C f^+i‘^{U) C 
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(note that f^{U) = P{U) for all integers i; see Proposition 
Thus 

Vj > 0, ^ 0. 


8.76 


in the Appendix). 


(5.41) 

Then Fact 1 implies that 

(5.42) Vj >0,5 = /™+^‘^(c) = sup/™+^‘^(t7). 

We choose the integers m, n such that d := n — m is minimal. We have the following 
fact: 

(5.43) Vfc > 0, 17 n /™+'=(t7) divides k. 

Indeed, if d divides A:, then 17n/'"+^({7) 7^0by(5.41). Conversely, if C/(7/’"+^ (17) ^ 
0, we write k = qd + r with r S |0,d — 1]. Then U n 7 ^ 0 by ( |5.41 ). 

Moreover, U 7 ^ 0 with r < d, which contradicts the minimality of d 

except if r = 0, that is, d divides fc; this proves (5.43). Therefore, iiU' <ZU and 
U' 7 ^ 0 ^ then d divides k. Combined with (i), this implies: 

(5.44) V17' e Vc, U' C [/, 3j >1, U'r\ /™+f'^([/') ^ 0. 

We set E := Ut>oThen E is an interval, f‘^{E) C E and, according 
to ( 5.44[ ), inf/‘^(A) < c + 5 for all 5 > 0; so inf/‘^(£') < c. We then have: 
ini f‘^{E) = c by (5.36) and /'^(A) = [c, 5] by (5.43) and Fact 1. Moreover, since 
inf A > c by (5.36) and sup A = 5 by Fact 1, we get f‘^{E) = E. Since E is an 
interval, /‘^(E) = f^{E). Therefore, there exists y G i? = [c, 5] such that f‘^{y) = c. 
We have y 7 ^ c by assumption (5.34) and y ^ b because /'^(5) = 5 by ( 5.42[ ). Thus 
y G Int (E) C E and c = /‘^(y) G f‘^{E). This means that there exists j > 0 such 
that c G /'"+V+i)‘^([/). But this contradicts (5.36). We conclude that Fact 1 does 
not hold, and thus (ii) is true. 

iii) Let U G Vc- By (ii), there exist m,n G N such that /’"(c) G Int(/”({7)). 
Thus there exists a compact interval E C f^{U) such that f'^{c) G Int (F) and, by 
continuity, there exists a compact interval J C U such that = F. Let K C U 

be a compact interval. Since /"* is continuous at c, there exists 14 G Vc such that 
V C U \ K and f'^{V) C F. According to (i), there exist an integer k > m and a 
point xq such that ccq G V 7 f^{V). Moreover, /^(c) > max Jq by applying (5.37) 
to V G Vc- Thus we have 

inf/'=(V) < xo < sup V < F < max Jq < f^{c) G TW)- 

This implies that K is included in the interval f^{V). Since /’"(V) C F and k > m, 
we get K C /'^"’"(/™(V)) C /'=-™(F) = (J). This proves (iii). □ 


Lemma 5.44. Let f: I ^ I be an interval map and c € I \ {max/} (resp. 
c G I \ {min/}j. Suppose that for every nonempty open interval U such that 
inf U = c (resp. sup U = c), there exists a positive integer k such that U 7/^(C/) 7 ^ 0. 
Then c G w(/). 

Proof. We deal only with the case c G I \ {max/} and inf 17 = c, the other 
case being symmetric. Let 5o be a point such that bo > c. First we suppose 

(5.45) V5g(c,5o], 3d>c, 3n > 1, [c,d] C/"([c, 5]). 

A straightforward induction shows that there exist a decreasing sequence of positive 
numbers {sk)k>o tending to zero and a sequence of positive integers (nfc)fc>o such 
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that [c, c + fffc+i] C /"'“([c, c + Efc]) for all fc > 0, that is, we have the following 
coverings: 

[c,c + eo] -—[c,c + ei] -—[c,c + £ 2 ] • • • [c,c + Sk] - —[c,c + Sk+i] ■■ ■ ■ 


/’'o / 

Using inductively Lemma 


1.13 


/" 

we can build a sequence of closed intervals {Ik)k>o 
such that Jo := [c,c + £o], Ik+i C h and (/fc) = [c,c + £fe+i] for all fc > 0. 

Let X be in nfe>o (this set is nonempty because it is a decreasing intersection of 
nonempty compact sets). Then '‘"'“(a;) € [c,c + £fc+i] for all k > 0. Thus 

limfc_>+oo '■"'“(a:) = c, which implies that c S uj{x,f). 

From now on, we assume that (5.45) does not hold. We also assume that 


c ^ a;(c,/), otherwise the proof is over. This condition implies that there exists 
bi G (c, 60 ] such that /"■(£) ^ [c, 61 ] for all n > 1. The negation of (5.45) implies 
that there exists 62 G (c, 61 ] such that: 

(5.46) Vn > 1, Vd > c, [c,d] (f. /”([c, 62 ]). 


We can apply Lemma 5.43 with Jq := [c, 62 ]- Let (£fc)fe>o be a decreasing sequence 
of positive numbers tending to zero, with c + Eq < 62 ; we set Uk '■= (c, c + Sk)- For 
all fc > 0, let Jfe be the compact interval given by Lemma 5.43[ iii) for Uk- Since 
Jfc+i C Uk, there exists a positive integer Uk such that Jk+i C f^'^{Jk), so Jk+i C 
jnoA '■"'‘(Jq) for all k > 0. By induction, there exists a sequence of compact 
intervals {Kk)k>o such that Kq C Jq, Kk+i C Kk and ^"''(IG/j) = Jk+i- Let 

a: be a point in C\k>o^k- Then /"i'' '""'“(a;) G Jk+i C Uk+i, which implies that 

limfc^+oo= c- Thus c G w(x, /). □ 

The next result gives a characterization of the points in the w-limit set. 

Proposition 5.45. Let f : I ^ I be an interval map and c G /. Then c G w(/) 
if and only if 

(5.47) for every neighborhood U of c, 3a; G I, #{n > 0, | /"(a:) G t/} > 4. 

Proof. If c G a;(/), there exists x such that c G uj{x, /), and we trivially have 
#{n > 0,1 /"(x) G U} > 4 for every neighborhood U of c. 

Assume that (5.47) holds. For every set U C I, we define 

U~ := {x G 17 I X < c} and U'^ := {x G 17 | x > c}. 

We assume 

(5.48) 3 U neighborhood of c, Vfc >1, 17" n fiU-) = 0 and 17+ n fiU+) = 0. 

Let U be such a neighborhood. We also assume that c ^ uj{c, f) (otherwise there 
is nothing to prove). In this way, we may replace 17 by a smaller neighborhood in 
order to have 

(5.49) Vfc > 1, f{c) i U. 

By assumption ( 5.47| ), there exist a point x and positive integers p < q < r such 
that X, /P(x),/'^(x),/’’(x) G U. By (5.49), the point x is not equal to c because 
/P(x) G U. Thus X G U~ U 17+. We suppose x G 17+, the case x G U~ being 
symmetric. Similarly, (5.49) implies that /^(x) c because /'^“^(/^(x)) G 17, and 
/^(x) ^ c because /''“'^(/^(c)) G U. Since /^(x) G /^(17+) and P{x) G 17 \ {c}, 
we have /^(x) G U~ by (5.48). The same argument with the points x,/"^(x) 
(resp. x' := /^(x),/'^“^(x') = /'^(x)) leads to f^{x) G U~ (resp. f^{x) G 17+), 
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which is impossible. Thus (5.48) does not hold. It is easy to see, by considering 


the neighborhoods (c — Sk,c + Sk) H /, where (efc)fe>o is a decreasing sequence of 
positive numbers tending to 0, that there exists s € {+,—} such that, for every 
neighborhood U of c, there exists k > 1 such that C7® n ^ 0. Then c € uj{f) 

according to Lemma 5.44| □ 


Corollary 5.46. Let f: I ^ I be an interval map. The set uj{f) is compact. 

Proof. Let (c „)„>0 be a sequence of points in w(/) that converges to some 
point c. Let t/ be a neighborhood of c. There exists n > 0 such that 1/ is a 
neighborhood of c„. Thus, according to Proposition |5.45[ there exists a point x 
such that #{n > 0, | /"(a;) G C/} > 4. Then, by Proposition 5.45 c G w(/). This 
shows that a;(/) is closed, and hence compact because I is compact. □ 


By definition, for every open set U containing oj(f) and every point x, all but 
finitely many points of the trajectory of x lie in U. The next result states that the 
number of points of the trajectory of x falling outside U is bounded independently 
of X. 


Corollary 5.47. Let f: I —>■ / be an interval map. For every open set U 
containing u}{f), there exists a positive integer N such that, for all points x G /, 
#{n > 0 I /"(x) iU}<N. 


Proof. Let U be an open set containing u}{f). Let y £ I\U. According to 
Proposition 5.45 there exists an open set Vy containing y such that Vy contains at 
most three points of any trajectory. Moreover, uj{f) is closed by Corollary 5.46 and 
thus Vy can be chosen small enough so that Vy C uj{f) = 0. Since I\U is compact, 
there exist finitely many points yi,... ,yp G I\U such that I\U C Vy^ U • • • U Vy^ . 
Therefore, the open set F := Vy^ Li ■■■ Li Vy^ contains at most 3p points of any 
trajectory. This gives the conclusion with N = 3p. □ 


5.6.5. Positive sequence entropy implies Li-Yorke chaos. We are going 
to show several preliminary results about interval maps that are not chaotic in the 
sense of Li-Yorke. Then we shall be able to show that such a map has zero sequence 
entropy for any sequence. 

The next lemma is a refinement of Proposition 5.32[i). 


Lemma 5.48. Let f be an interval map that is not chaotic in the sense of Li- 
Yorke and let xq he a point. Suppose that uj{xq, f) is infinite and let (L„)„>o be 
the intervals given by Proposition 15.^41 Then 

lim max diam(/TL„) n w(/)) = 0. 


Proof. Recall that the intervals (Ln)n>o satisfy: for all n,i > 0, /*(L„+i) 
and {Ln+i) are included in P{Ln), and (/*(L„))o<i< 2 ’* is the smallest cycle 
of intervals of period 2" containing uj(xo,f). Suppose that the lemma does not 
hold; this implies 


(5.50) 3(5 > 0, Vn > 0, 3i G [0,2” - 1], diam(/*(L„) n ui{f)) > S. 


Using (5.50), one can build a sequence {in)n>o 


such that 


Vn > 0, /*"+i(L„+i) C r"{Ln) and diam(/*" (L„) n w(/)) > 5. 
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We set Jn ■= /*"(L„). For every n > 0, let bn, Cn be two points in Jn n w(/) such 
that \bn — Cn\ > S. By compactness, there exist two points b,c G I and an increasing 
sequence of integers (rik)k>o such that limfe_>+oo fenj, = b and \im.k-^+oo Cn,, = c. 
Since a;(/) is closed by Corollary 5.46 the points 6, c belong to w(/). Moreover, 
[6 — c| > S and 6, c belong to Jn for all n > 0 (because {Jn)n>o is a decreasing 
sequence of closed intervals). 

According to Proposition 5.32 4), diam(J„ n w{to,/)) tends to 0 when n goes 
to infinity. Thus there exists a unique point a G uj{xo, f) such that 


Pi na;(a:o,/) = {a} 

n>0 


because this is a decreasing intersection of nonempty compact sets. By the triangu¬ 
lar inequality, either \a—b\ > § or |a—c| > |. With no loss of generality, we suppose 
|a — 6| > |. For every n > 0, the point b is in the interval J„, which belongs to a 
periodic cycle of intervals of period 2". This implies that the points {f'^{b))k>o are 
all distinct. Therefore, since b G uj{f), there exists a point xi such that b G w(xi, /) 
and oj(xi,f) is infinite. Moreover, since b, (b), (6) are three distinct points 

in the interval J„, one of them is in Int (Jn), and thus there exists k > 0 such that 
f^{xi) G Jn- The periodicity of Jn implies that ui{f^{xi), p'^) C Jn- Then, by 
Lemma [T3l we get 

2"-l 

Vn > 0, a;(a;i,/)c |J /*(T„). 

2 = 0 


Since / is not chaotic in the sense of Li-Yorke by assumption, we have htopif) = 0 
by Theorem 5.17 Then the assumptions of Proposition 5.30 are fulfilled (with 


uq := a,ai := b), and this proposition implies that / is chaotic in the sense of 
Li-Yorke, a contradiction. This ends the proof of the lemma. □ 


The next result is due to Fedorenko, Sharkovsky and Smftal [771 Theorem 2.1]. 
Recall that the notion of an unstable point is defined in Definition |2.37[ 


Proposition 5.49. Let f be an interval map that is not chaotic in the sense 
of Li-Yorke. Then f\ui{f) has no unstable point, that is, 

Va S w(/). Vs >0, 3d > 0, V6 € uj{f), |a — 6| < d ^ Vn > 0, |/”(a) — P{b)\ < e. 


Proof. According to Theorem 5.17 htopif) = 0- We fix £ > 0 and a G w(/). 
Let xq be a point such that a G u>(xoffJ7 We split the proof depending on u>(xo, f) 
being finite or infinite. 

First we suppos e tha t a;(xo,/) is infinite. Let (L„)„>o be the closed intervals 
for alln,i > 0, p{Ln+i) and(L„+i) are included in 
yz is the smallest cycle of intervals of period 2" containing 


given by Proposition 5.24 
PiLn), and (/®(L„))q<^ 


w(to, /). By Lemma 5.48 there exists n > 0 such that 
(5.51) ViG|0,2”-l], diam(/*(Ln) n w(/)) < e. 


We set J := fpLn), where j G |0, 2” — 1] is such that a G fpLn)- Since the 
four intervals (Ari-i- 2 ))o<i <3 are pairwise disjoint and included in J, one of 

them is included in Int(J). Since a is in one of these four intervals, there exists 
i G |0,3] such that a' := p"^" (a) belongs to Int(J). Let d > 0 be such that 
(o' — d, a' -I- d) C J. Let b G oj{f) be such that \a' — b\ <6. Then b belongs 
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to J n i jj(.f) , so /^( 6 ) G f^{J) n uj{f ) for all /c > 0 (the set w(/) is invariant by 


Lemma 


1.3 


vi)). Using (5.51) and the fact that p (J) = J, we get 
Vfc>0, |/'=(a')-/'=( 6 )| <£. 



exist £ 1,62 such that 0 < £2 < £1 < £ and 

(5.52) \/x,y, \x-y\ < ei ^ Vi G |0, 3], |g*(a^) “ 5*(2/)l < £> 

(5.53) \/x,y, \x-y\<e2 ^ \/i G {OPj, \g\x) - g\y)\ < ei. 

Let b be in io{g) n (a — £ 2 , a + £ 2 ). If g^{b) = b, then ( 5.53| ) implies 

Vn > 0, V* G {0,1}, |ff2"+*(a) - 5 ""+*( 6 )| = \g\a) - g\b)\ < e, < e. 

From now on, we suppose that g^{b) ^ b. Let xi be a point such that b G uj{xi,g); 
by assumption, u!{xi,g) contains more than 2 points. Then, according to Propo- 
there exists a closed interval L 2 such that ( 5 '*(L 2 ))o<i <3 is a cycle of 


5.24 


sit ion 

intervals of period 4 for g and uj{xi,g) C Ui=o V*('^ 2 )- We can choose L 2 such that 
b G ^ 2 - By ( 5.53 ), \a — g^{b)\ < £1 for every i G |0, 3], so 5 *(L 2 )n (a —£ 1 , a+£i) ^ 0. 
Since the four intervals ( 5 *(L 2 ))o<i <3 are pairwise disjoint, there exists io G |0,3] 
suchthat ( 7 *“(L 2 ) C (a—£i,a+£i). Then (5.52) implies that < 7 *“+!(L 2 ) C {a—e,a+s) 
for all j G |0, 3]. Since L 2 is a periodic interval of period 4 for g, we get 

Vn > 0, 5"(L2) C {a — e,a + e). 

Moreover, g^{b) is in g'^{L 2 ), so |a — g^{b)\ < e for all n > 0. We deduce that a is 
not £-unstable for g\uj{g), for any £ > 0. This concludes the proof. □ 

The next lemma is due to Fedorenko, Sharkovsky and Smital [75]; see also 
[UTi Theorem 3.13] for a statement in English. 

Lemma 5.50. Let f be an interval map that is not chaotie in the sense of 
Li-Yorke. Then every point in uj{f) is almost periodic, that is, 

Wy G VC/ neighborhood ofy, 3p >1, Vn > 0, /"^(y) G U. 

Proof. Let y belong to u}{xo, /) for some point a;o- If /) is finite, then y 
is periodic (Lemma |1.4| ) and the conclusion is trivial withp the period of y. Suppose 
that uj{xo, f) is infinite and let C/ be a neighborhood of y. For every fc > 0, we set 

4 := miiiuj{Ppxo),f'‘),maxuj{fpxo),p'‘) , 

where ik is an integer such that y G uj{P'‘{xo), P'") (such an integer exists by 
Lemma [L3| ]iv) ). According to Theorem 5.21 and Proposition 5.32[ i), 

lim | 4 | = 0 . 

fe—>-+oo 

This implies that there exists fc > 0 such that Ik C U because y bel ongs to Ik 

i)), so 

□ 


for all fc. Moreover, p {xf), p )) = w(/®''( xq),) (Lemma 

{y) G 4 C C/ for all n > 0. This is the expected result with p := 2*. 


1.3 
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The next lemma will be a key tool in the proof of Theorem |5.53[ it is due to 
Franzova and Smftal | 79 | . 

the fact that the open sets must satisfy 


Remark 5.51. In the proof in 


(5.55) is omitted, although the proof does not work without this condition. 

Lemma 5.52. Let f be an interval map that is not ehaotic in the sense of Li- 
Yorke. Let e > 0. Then there exist finitely many points yi,... ,yr in uj{f) and an 
open set U containing w(/) such that, for every point x satisfying 

3No,N, G Z+,7Vo < N„ Vn G lNo,N,l r{x) G U, 

then there exists i G |l,r] such that 

VrG [lVo,iVil, \r{x)- r{y,)\<e. 


Proof. According to Proposition 5.49 for every y G w(/) there exists a con¬ 
nected neighborhood W(y) of y such that 

(5.54) V 2 G TT(j/) na;(/), Vn > 0, |/"■(l/) -/”(z)| < e. 


Since io{f) is compact by Corollary 5.46 there exist finitely many points yi,... ,yr 
in oj{f) such that uj{f) C W{yi) U • • • U W{yr). We order these points to have 
Vi < V 2 < ■ ■ ■ < Vr- We can replace the sets W {yi),... ,W {yr) by smaller subsets 
Vi,... ,Vr that are connected open neighborhoods of yi,... ,yj. respectively, such 
that ViHVj = 0 if I* — j| > 2 (that is, only intervals corresponding to consecutive 
points may intersect). We modify once more these sets by an inductive construction 
for * = 1,..., r — 1: 

• if 1^ n V)+i is not included in oj{f ), we choose a point x G {ViCi Pi+i) \ w(/) and 
we replace Vi and Vi+i by Vi D (—oo,x) and D (x,-too) respectively; we still 
call these sets Vi and 14+i; 

• if Pi n Pi+i C uj{f), we do not change the sets at step i. 

At the end of this construction, we get intervals Vi,... ,Vr that are open set 
and satisfy: 

coif) CViU---Vr, 

Vi, j e |l,r], i ^ j, VnVj C coif). 

This last condition implies: 


(5.55) 


Vx G y Pi, X ^ coif) 3!i G |l,r], x G Pi. 


i=l 


Moreover, since Pi C IP(yi), we have by (5.54): 

(5.56) Vi G |l,r], Vz G VDcoif), Vn > 0, |/"( 2 /i) - f"'iz)\ < e. 

Let i G |1, r] and z G Pi n coif). According to Lemma 5.50[ there exists a positive 
integer Pi(z) such that 


(5.57) 

We can assume that 

(5.58) 


Vn>0, rP'<-^\z) G V. 
Piiz) is a multiple of Piiyi). 
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Since / is continuous, there exists an open neighborhood Ui{z) of z such that: 

U,{z) C y. 

(5.59) C y, 

(5.60) Vn e |0,pi(z)], diam(/”([/i(z))) < e. 

We set 

r 

U,:= U U,{z) and U:=[JU,. 

zeLd{f)nVi i=i 

The sets Ui are open and satisfy: 

(5.61) Wg [l,rl, C/,na;(/) = yna;(/). 

Indeed, the inclusion Ui H uj{f) C y n uj{f) is trivial because Ui C y . Conversely, 
if z G y n then z G Ui{z) C Ui, so y n w(/) C UiO oj{f). 

By definition, the set U is open and contains uj{f). Let xq £ U and TV > 0 be 
such that 


(5.62) VnG[0,TVl, r(xo)Gy. 

We are going to show by induction the following: 

Fact 1. There exist integers k > 0 and io G |1,t] and finite sequences of 
points (z„)o<n<fc and {xn)o<n<k such that, for all n G |0, fc], 

Zn G w(/) n Vig, Xn G Uig{Zn), Xn+1 = 

If we set go := 0 and := pi^ (zq) + • • • +Pio (zn-i) for all n G |1, A: +1], the integer 
k is such that qk < N < qk+i- 


• According to the definition of U, there exists io G |1,t] and zq G uj{f) n y^ 
such that xq G Uig(zo). If qi := Pio(zo) > N, then the construction is over with 
k := 0. 

• Suppose that the points (z„)o<n<j and (xn)o<n<j are already defined up to 
some integer j with < N. We set Xj^i := fP'oUj)(^Xj). Thus Xj+i = /'^5+^(a;o). 
Then xj+i G U hy (5.62 ) because qj+i < N. Since Xj G Uig{zj), we have Xj+i G y^ 
by (5.59). If Xj+i G a;(/), then Xj+i G Uig by ( |5.61[ ), and we set z^+i := Xj+i] 
trivially Xj+i G Uig{zj+i). If Xj+i ^ w(/), the fact that Xj+i G U implies that 
there exists i G |l,r] such that xj+i £ Ui C Vi. Necessarily, i = io because 
of (|5.55|). Thus there exists Zj+i £ oj{f) n Uig such that Xj+i £ [/^^(zj+i). If 


qj +2 '■= 9j+i + Pioizj+i) > then the construction is over with k := j + I. 

Since all the integers Pig{z) are positive, the sequence (q„) is increasing, and 
thus the construction finishes. This ends the proof of Fact 1. 


Let xo satisfy (5.62) and n £ |0, N]. We keep the notation of Fact 1. Let 
3 £ |0, fc + 1] be such that qj < n < qj+i- We have 

(5.63) \rixo)-riy.g)\ 

< \r-‘>^{r^{xo)) - r-^^(y)i + ir-^^(y) - r-’^(/’^(j/*o))i- 

Since n — qj < qj+i — qj = pig{zj), the fact that the points xj = f‘‘^{xo) and zj 
belong to Uig{zj), combined with (5.60), implies that 
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By (5.57)+(5.58l and the /-invariance of w(/), the point f‘^^{yio) is in Vi^ n a;(/). 
Moreover, Zj belongs to Vi^ r\uj{f). Therefore, ( |5.56 ) implies that 

Inserting these inequalities in (5.63), we get 

(5.64) if cco satisfies ( |5.62D ,3^o e |1, r],Vn e |0, iV], |/”(a;o) - /”(?/*o)l ^ 2e. 
Now, let a; be a point and let Nq < Ni be integers such that 

Vne [iVo.iVil, r{x)GU. 


We apply (5.64) to a;o := and TV := iVi — Nq: 

(5.65) 3*oe [l,rl, Vne [0,TV1, |/”(a;o) -/"(y*„)| < 2e. 

Since /(w(/)) = w(/), there exists y G oj{f) such that f^°{y) = yig, and this point 
satisfies: Vn G |0, TVi|, /”(y) G uj{f) C U. Thus we can apply (|5.64|) to Xq := y and 
N := Ni. 

(5.66) 3*G [l,rl, VnG [0,TVil, |/"(y) -/"(y,)! < 2e. 

Combining ( 5.65| ) and (5.66), we get, for all n G |TVo, A^i]: 

\nx)-ny,)\ < iria:)- r-^»{y.g)\ + \r-^0(^yj_ 

= \r-^°ixo) - /”-^“(y.o)l + ir(y) - r(y.)l 

< 2e -I- 2e = 4e, 

which gives the expected result. □ 

At last, we are able to show the following result, which is the “if” part of 
Theorem |5.41[ Together with Proposition |5.42[ this finally proves Theorem |5.41| 
and concludes this section. 

Theorem 5.53. Let f\ I ^ I be an interval map. If there exists a sequence A 
such that hA{f) > 0, then f is chaotic in the sense of Li-Yorke. 

Proof. Suppose that / is not chaotic in the sense of Li-Yorke. We are going 
to show that h^if) = 0 for every increasing sequence of non negative integers A, 
which proves the theorem by refutation. 

Let (Y^),.^x< 2 <s 


Let e > 0. Let U and yi,... ,yr be given by Lemma 


5.52 


be pairwise disjoint nonempty sets such that diamY^ < e for all i G |r -|- 1, s] and 
Xr+i U • • • U Ys D I \ U. We choose a point yi G Xi for every i G |r -|- 1, s]. 
According to Corollary |5.47| there exists an integer N > 0 such that 

Va: G /, #{n > 0 | /"(t) ^ U} < N. 

Let a: be a point in I. Let ni < n 2 < ■ ■ ■ < um be the integers such that /"* (x) ^ U; 
we have XI < N. We set 

l 2 i-i := {ui} for all z G |1,M], 

^ 2 i ■= K + - 11 for all z G |1,M- 1], 

To := [0,ni - 1], I 2 M := {n \ n > M + 1}. 

The sets (fIi)o<i< 2 M form a partition of Z"*" into intervals of integers; the point 


/"(a;) belongs to U if and only if n G li for some z even. According to Lemma 5.52 
for every z G |0,M], there exists G |l,r] such that 

Vn G l 2 i, \r{x) - r{yjg,)\ < e. 
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For every i G |1, M], let j2i-i be the integer in |r +1, s] such that (x) G . 

We then have 

\fi G [0,2M1, Vn G X,, \r{x) - /"(y,.)! < £• 

We associate to x a sequence C'(x) = (C'„(x))„>o G |l,s]^^ coding the trajectory 
of X and defined by 

ViG [0,2M1, VnGl„ C„(x) = j,. 

Let A = (an)n>o be an increasing sequence of non negative integers. If x,y satisfy 
Ckix) = Ck{y), then |/^(x) — /^(y)] < 2e. Thus it is easy to see that r„(A,/, 2e) 
is bounded by the number of different sequences (Ca-(x))o<i<n when x varies in I. 
We are going to bound this number. 

For a given point x, the sets {{k G |0, n — 1] | Ofc G ^i})o<i<2M form a partition 
of |0, n—1] into 2M+1 intervals of integers; some may be empty. We call Ji,..Jm 
the nonempty sets among them, with m < 2M +1 < 2A^ +1. To determine the sets 
(Ji)i<i<m, it is sufficient to give the positions of the first integer of each Ji, the 
number of such choices is bounded by (^). Then for every i G |l,m], there exists 
ji G |1, s] such that Ca^,{x) = ji for all k G Jg, the number of choices of (ji)i<i<m 
is bounded by s™. Therefore we have 

2IV+1 


r„(A,f,2£) < 


2iV+l 

E 

771=0 


= E 


n{n — 1) • • • (n — m + 1) 


771 = 0 


< 


2)„27V+1^2A+1^ 


This implies that lim„ 
any sequence A. 


{2N- 

>.+oo ^ logrTi(A,/, 2e) = 0. We deduce that /ia(/) = 0 for 

□ 


Remarks on graph maps. Theorem |5.41| was generalized to circle maps by 
Hric [m and to some star maps by Canovas 


Theorem 5.54. Let f: S ^ S be a circle map. Then f is chaotic in the sense 
of Li-Yorke if and only if there exists an increasing sequence A such that hAif) > 0. 

Theorem 5.55. Let f:Sn —>■ Sn be a continuous map, where n > 3 and 
5'„ := {x G C I z" G [0,1]}. Suppose that /(O) = 0. Then f is chaotic in the sense 
of Li-Yorke if and only if there exists an increasing sequence A such that hA^f) > 0. 


5.7. Examples of maps of type 2°°, Li-Yorke chaotic or not 


According to Theorem |5.17| all interval maps of positive entropy are chaotic in 
the sense of Li-Yorke; positive entropy interval maps are exactly the maps of type 
2^q for some odd q > 1 by Theorem |4.58[ On the other hand, an interval map of 
2" for some finite n > 0 has no infinite w-limit set by Proposition 5.24 


and 
What 


type 

thus it is not chaotic in the sense of Li-Yorke according to Theorem 5.21 
about maps of type 2°°? There exist maps of type 2°° that are not chaotic in the 
sense of Li-Yorke; some have no infinite w-limit set, such as Example |3.23[ whereas 
some have an infinite w-limit set as in the example built by Smftal |160j . On the 
other hand, there exist zero entropy interval maps that are chaotic in the sense of 
Li-Yorke, as it was shown simultaneously by Smftal [160] and Xiong [168] . We 
are going to give two examples of maps of type 2°° with an infinite w-limit set, the 


first one (Example 5.56) is not chaotic in the sense of Li-Yorke and the second one 
(Example 5.59) is chaotic in the sense of Li-Yorke. 
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Example 5.56. We define the map /: [0,1] —>■ [0,1] by 

/(O) := 2/3, 

1’ / (l-|i) ■= ^ and 

and / is linear between two consecutive points among the values we have just 
defined; see Figure]^ Finally, /(I) 0. It is clear that / is continuous at 1, and 

thus / is continuous on [0,1]. 




Figure 6. This map / is of type 2°°, the set a;(0, /) is infinite but 
/ is not chaotic in the sense of Li-Yorke. 

Let us give the idea of the construction. The map / swaps the intervals [0,1/3] 
and [2/3,1], and we “fill the gap” linearly on [1/3, 2/3] to get a continuous map 
(we shall see that the core of the dynamics is in [0,1/3] U [2/3,1]). More precisely, 
/ sends [0,1/3] linearly onto [2/3,1] and it sends [2/3,1] to [0,1/3] in such a way 
that /^l[ 2 / 3 ,i] is the same map as / up to a rescaling. On the graph of /, it means 
that, if one magnifies the square [2/3,1] x [0,1/3] (bottom right square among the 
9 big squares in Figure]^, then one sees the same picture as the graph of the whole 
map. 

This map appears in m, where Delahaye proved that it is of type 2°° and has 
an infinite w-limit set. We are going to show in addition that / is not chaotic in 
the sense of Li-Yorke. We follow Smftal’s ideas [T 60 ], although the construction is 
slightly different from the one in [ 160 ]. 

We set Iq := [0,1] and, for all n > 1, 





, // := 

1 - —,1 

0n—1’ 


[ 3" 3"J 


[ 3"’ J 


It is clear that 

Vn> 1, /°UL„U//= /i_i and J/O] = [L^] = ]/i] = 
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Moreover, one can check from the definition of / that, for all n > 1, 

(5.67) 10 is linear increasing and (I^) = 

(5.68) II,, is linear decreasing and (L„) D U 

(5.69) = 


Then P"' {1^) = In by (5.67) and (5.69). Moreover, the intervals {P{In))o<i< 2 ^ are 
pairwise disjoint, they have the same length ^ and, if we set 

2"-l 

Vn > 0, Kn := IJ fill) and K := f] Kn, 


2 = 0 


n>0 


then K is the triadic Cantor set (see Example 8.59 in the Appendix). 


0 



0 




1 












' 1 . 


Figure 7. Orbits of for n = 1,2,3. An arrow means that an 
interval is sent onto another. The arrows are solid when the action 
of the map is linear increasing, dotted otherwise. 


First we are going to show that / is of type and that all but finitely many 
trajectories eventually fall in Of{I^). We fix n > 1. Since (Ln ) D Ln by 

such that /^" 


€ Ln 


(zn) = Zn (Lemma 1.11). The 


(5.68), there exists a point z, 

period of z„ is exactly 2"“^ because C I^-i and the intervals (P(I^-i))o<i<2"-^ 
are pairwise disjoint. Moreover, using (5.68) and the fact that |L„| = \I^\, we see 
that slope(/^" ^\l„) < —2. This implies that, if x,/^" \x),...,/^^" \x) are in 
Ln, then ^(j;) _ Zn\ > 2^|x — Zn\- Therefore, for all x G Ln \ {zn}, 

there exists k > 1 such that (x) ^ Ln- Thus the point (x) belongs to 

7° U because is included in which is /^" -invariant. Using the fact 

that /^" ^ (In) = In, we see that for all n > 1 and all x G ih-i \ {Zn}, there exists 
fc > 0 such that /^(x) G I^. Starting with Jq = [0,1], a straightforward induction 
shows that 

Vx G [0,1], Of{x) n {zn I n > 1} = 0 Vn >1, 3k > 0, /^(x) G 
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This implies that, for all x G [0,1], either (jj{x,f) — Of{zn) for some n > 1, or 
u}{x, f) C K. Thus 


(5.70) 


all infinite w-limit sets are included in K. 


Moreover, K contains no periodic point because, for all n > 1, is included 
in Of{I^), which is a cycle of intervals of period 2” (and thus Of{I^) contains 
no periodic point of period less than 2"). Therefore, the only periodic orbits are 
{Of{zn))n>i, and / is of type 2°°. 

Now we are going to show that a;(0,/) = K. For all n > 1, p (min7°) = 


min/,) by (5.67). Since min7° = and min/,) = 0, we get 


(5.71) 


Vn > 1, ^(0) = min/,) = 1 - —. 


Let X G K and e > 0. We fix n > 1 such that p < e. By definition of K, there 
exists i G |0, 2" — 1] such that x G /*(/,)). The point /^"“^^*(0) belongs to /*(/;)) 
by ( |5.71| ), so |/^"“^''’*(0) — x\ < |/*(7;))| = < e. Since e is arbitrarily small and 

n is arbitrarily large, this implies that x G w(0, /), that is, K C a;(0, /). We deduce 
that a;(0,/) is infinite, and a;(0,/) = 77 by (5.70). 


Finally, we are going to show that / is not chaotic in the sense of Li-Yorke. Let 
cc, y be two distinct points in K and let n be a positive integer such that -p < \x—y\. 
There exist i,j G 10,2” — 1] such that x G PiP) and y G fpip. Because of the 
choice of n, the integers i and j are not equal. Thus cc, y are /-separable. Since K 
contains all infinite w-limit sets. Theorem |5.21| implies that / is not chaotic in the 
sense of Li-Yorke. 

Remark 5.57. Let E := {0,1}^^ and let A: E — E be the map consisting in 
adding (1, 0, 0,...) mod 2 with carrying. More formally. 


A{{an)n>o) = {/3„)n>0 with Pri = 


l-a„ if Vi G |0,n-l],ai = 1, 
art. otherwise. 


For instance A(0,0,1,0, 0,...) = (1,0,1, 0, 0,...) and A(l, 1,0,0,...) = (0, 0,1,0,...). 
The map A is called the dyadic adding machine. 


Let /, Kn and K be as defined in Example 5.56 Let h'. K -G E be the 
map defined by h(x) = (an)n>o such that: if Cn is the connected component of /7„ 
containing x, then = 0 if a: is in the left connected component of /7„+i contained 
in C„, and q;„ = 1 otherwise (recall that each connected component of K„ contains 
two connected components of /7„+i). One can show that h is a homeomorphism 
and that it is a topological conjugacy between (K, JIk) and (E, A). 

The readers interested in the dynamics of adding machines and their relations 
with interval maps can look at [37ll38l l3^. The adding machine belongs to the 
wider family of dynamical systems called odometers, see e.g., the survey m 


Remark 5.58. The map in Example |5.56| is made of countably many linear 
pieces. The Feigenbaum map is another example of completely different nature, 
since it is and unimodal. Recall that the Feigenbaum map is a map of 
the logistic family fx - [0,1] —)■ [0,1],x >->■ Ax(l — x) (see Remark 3.24). The map 
/a 2 oo is of type 2°°, it has an infinite w-limit set S (which is a Cantor set) and 
it is not Li-Yorke chaotic. Moreover, the restriction of fx^trc to S is topologically 
conjugate to the dyadic adding machine. See e.g. [861 Theorem 11.3.11]. 












148 


5. CHAOS IN THE SENSE OF LI-YORKE, SCRAMBLED SETS 


Example 5.59. We are going to build a zero topological entropy interval map 
g that is chaotic in the sense of Li-Yorke. This map will look like the map / of 
the previous example, except that the intervals In,In s-re rescaled in such a way 
that the set K = nn>o^ 9 (-^n) ^ Cantor set any more, its interior being 

nonempty. This example is inspired by Smi'tal suno]. We shall first define g, then 
prove several lemmas in order to show the expected properties. 

Let (an)n>o be an increasing sequence of numbers less than 1 such that oq = 0. 
We define Iq := [oq, 1] and, for all n > 1, 

:= [a2n-2) a2n-l]) Ln '■= [a2n-lja2n]) ■= [a2r!,)l]- 

It is clear that 1° U U = I^-i- We choose (a„)„>o such that the lengths of 
the intervals satisfy: 

\In\ = ^\In-i\, l^nl = (^1 - l-fn-il if R is odd, 

\In\ = ^\lLi\ if n is even. 

This implies that |L„| = for all n > 1. Note that \I^\ 0 when n goes to 

infinity, that is, lim„^+oo a„ = 1; hence Un>i(-^n ^ L„) = [0,1). 

For all n > 1, let : 7° —>■ be the increasing linear homeomorphism mapping 
7° onto I^- its slope is slope((/5„) = |^. We define the map g: [0,1] —)■ [0,1] such 
that g is continuous on [0,1) and 

(5.72) Vn>l, Va:G7°, ^(x) := o o • • • o o (p„(a;), 

(5.73) Vn > 1, g\L^ is linear, 

5(1) := 0. 


Note that g\jo is linear increasing. We shall show below that g is continuous at 1. 

Let us explain the underlying construction. At step n = 1, the interval 7® is 
sent linearly onto ll (hence g\jo = (pi) and we require that g{ll) C 7° (i.e., the 
graph of g\ji is included in the gray area in Figure^. Then we do the same kind 
of construction in the gray area with respect to C 7|: we rescale 7^,72 as 

C 7° (on the vertical axis), then we send linearly 7° onto ipi^{l 2 ) 
and we decide that gil^) C (/^“^(d^); in this way, g\jo = o p 2 (which is (5.72) 
for n = 2) and the graph of g|/i is included in the black area in Figure We repeat 
this construction on l\ (black area), and so on. Finally, we fill the gaps in a linear 
way (which is (5.73l) to get the whole map, which is represented on the right side 
of Figure 

We introduce an auxiliary family of intervals. We set Jq := [0,1] and, for all 
n > 1, the subintervals Jn,Jn C Jn-i defined by 


min j)) = 0, maxJ^ = max J°_]^ and 






\JLi\ \iLi 


for i G {0,1}. 


We have 


l^nl = n 


i-1 


\I?\ 

\Ill\ 


n 


k G [l.n] 
k even 


2 


n 


fc G [l,n] 
k odd 


1 

¥' 
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I2 



Figure 8. On the left: the first steps of the construction of g. On 
the right: the graph of g. 


In this product, we bound by 1 all the factors except the last one, and we get 

1 


(5.74) 


< 


^ 

To show that g is continuous at 1, it is enough to prove that maix{g\ii) —>■ 0 
when n goes to infinity. For all n > 1, we have 

(^„(max/°) = max/i = 1 = min/i_i + 

V5”liO(/3„(max/°) = min/°_i + |/^_i|slope(v?-L) 

= min/i_2 + |/^_i|slope((^-L) 

ip~\oip-^^oip„{maxI°) = minJ°_2 + |/^_i|slope((p-l2)slope((^”L) 


n—1 

ip-^ Oip-^ 0 --- 0 ip-^^ 0 ip^{maxI°) = min/? + |/1_J slope(v?C^). 

i-1 


We have max/? = 1, slope(vJj and |/q| = 1. Thus 


” ? |/P| 

0(^-1 o---o(^-?:iOV5„(max/?) = * 






Consequently 

(5.75) 5 (max/?) = | J?_i| = maxJ°_^. 

According to the definition of g, max((/|ji ^) = (/(max/?), so max(g|ji ^) = | 
By (5.741, lim„_>+oo max((/|/i ^) = 0; therefore g is continuous at 1. 


The next lemma describes the action of g on the intervals (J?), (/?), and 
collects the properties that we shall use later. As in Example |5.56[ the interval /? 
is periodic of period 2” and the map ^ swaps /? and /?; Figure]^ is still valid. 
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except that the intervals have different lengths. However, we prefer to deal with 
J° = g{In) instead of I^; this will simplify the proofs because g\ii is not monotone, 
whereas g^\jo is linear for all i G | 1 , 2 ” — 1 ] (assertion (iii) in the lemma below). 


Lemma 5.60. Let g be the map defined above. Then for all n > 1: 

i) 9{In) = 

ii) 5^°) = Jn, 

iii) 5*1 JO is linear inereasing for all i G |1, 2" — 1], 

iv) 5 ^" '-i(jO) = /o and = ll, 

v) gKJl) C ULi 4° for all * G [0, 2 " - 2 ], 

vi are pairwise disjoint. 

Moreover, the previous assertions imply: 

vii) = 4; 

viii) 5^4^°) = 

ix) 5 ^ I/O is linear increasing and g^ (7°) = If, 

x) 5^"”44) = 4. 

xi) ( 5 *( 4 ))o<i< 2 " are pairwise disjoint and g^ (if) = if. 

Proof. According to ( |5.75| ), 

(5.76) max( 5 |/i) = 5 (max/)(_|_/) = \ jf\ = maxjf. 

Moreover, min( 5 |/i) = 5 ( 1 ) = 0 = min J°. Thus g(lf) = Jf by the intermediate 
value theorem; this is (i). 


According to the definition of g, 


n—1 


n—1 


Wn)\ = l^°|slope((^„) slope((^. 4 = |/^| H {7^ = |jr^ 11 |]d^ = 

Moreover, g{maxlf) = max J°_;^ = max4 by (5.76), so g(lf) = Jf. This is (ii). 

We show by induction on n that assertions (iii) and (iv) are satisfied. 

• This is true for n = 1 because Jf = 1°, g{lf) = if and 5 I /0 = (pi is linear 
increasing. 

• Suppose that (iii) and (iv) are true for n. Since C Jf, the map 5 *|jo^^ is 

linear increasing for all i G 11,2" — 1], and C if. Moreover, the facts 

that 5 ^"“^|jo is linear increasing and g^’'~^{Jf) = If imply 

^""4-^n+i) = rning^'^-'^iJf) = minlf = min^+i. 


(5.77) 
and 

(5.78) 


mm^ 




+11 


141 




o2"-l 


(4+i)l = 14 


141 ■ 

14+11 


14+11 


. Combined 


Then ( |5.78[ ) implies that | 5 ^’‘ ^(4_,_/)| = |4+il because -|jo|- — -[ 7 r|- 

with ( |5.77[ ), we get 5^""44+i) = 4+i- Then 5^"(4+i) = 4+i by (ii). Since 
4+1 C 4 , the induction hypothesis implies that 5*|ji^^ is linear increasing for all 

i G |1,2" — 1] and 5^"“^(4+i) C if. Moreover, 


max g 


'-(Jf+i) = max 5 - 


^n +1 ’ 
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and by linearity 

_ \Jl+,\ _ I4+1I 
\Il\ ■ 

By the same argument as above, we get = Ih+i- Since J°+i) = 

this shows that (hi) and (iv) hold for n + 1. This ends the induction 
and proves (iii) and (iv). 

Now we prove (v) by induction on n. 

• This is true for n = 1 because = Ii- 

• Suppose that (v) is true for n. Since C J°, it follows that g®( J°_|_i) C Ufc=i 

for all i e |0,2" - 2], Moreover, = /°+i by (iv) and ff^'‘(J°+i) = 

g{In+i) = Jn +1 by (ii)- Since J^j^i C J°, we can use the induction hypothesis 
again, so g^"'{Jn+i) C Ufc=i i G |0, 2” — 2]. This gives (v) for n + 1. 

This ends the induction and proves (v). 

Next we prove (vi). Suppose that 5 *( J°) H ( 7 '’ ( J°) 7 ^ 0 for some i, j G |0, 2” — 1] 
with i < j.^Then g'^''~^~^ {g^Jl)) n 5 ^""^"^'(ff^'(J°)) ^ 0. But by 

(iv) and c [ 0 ,max/°] by (v), so these two sets are disjoint, which 

is a contradiction. We deduce that ( 5 *(./°))o<i< 2 " are pairwise disjoint. 

Finally we indicate how to obtain the other assertions. Assertions (vii) and 
(viii) follow respectively from (iv)+(ii) and (iv) + (i). Assertion (ix) follows from 
(iii)+(iv). Assertion (x) follows from (i)+(iv). Assertion (xi) follows from the 
combination of (i), (iv) and (vi). □ 


We dehne 

Vn > 0, := Og{I^) = IJ g*(J°), iF := f| and Bk := BdR(iG), 


2^-1 


+00 




n—0 


that is, Bk is the boundary of K for the topology of 

K, 


not excluded). According to Lemma 5.60 


(i.e. the points 0,1 are 
is the disjoint union of the intervals 
(5*('^n))o<i<2"-l- The set K has a Cantor-like construction: at each step, a middle 
part of every connected component of is removed to get K^+i- However we shall 
see that K is not a Cantor set because its interior is not empty (see Lemma 5.63), 
contrary to the situation in Example |5.56| The next lemma states that g is of type 
2°°. Next we shall show that the set a;(0, /) contains Bk- Then we shall prove that 
g is chaotic in the sense of Li-Yorke. 


Lemma 5.61. Let g be the map defined above. Then g is of type 2° 


Proof. The same arguments as in Example 5.56 can be used to show that g is 
of type 2°°. We do not repeat the proof, we just check that the required conditions 
are satisfied: 

• By dehnition of g, the map g\L^ is linear decreasing, so g{Ln) C [0,g(max/°)]. 
Moreover, (jf(max/°) = max by ( |5.76 l, so g{Ln) C Jn_i- Thus g" 
linear decreasing by Lemma 5.60[ iii). 

• The map g'^ |/o is linear increasing and g^ 

so ^(minL„) = max/^ = 1. Moreover, g"^" 

5 ^" \maxL„) G /°. This implies that 
have slope(( 7 ^" j^^) < — 2 . 


5.60 


5.60 


IS 


ix). 


{In) = II by Lemma 
{If) = If by Lemma 
D U If. Since |L„| < \lf\, we 


X), so 
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5.60 


9 (In) = In by Lemma 
9 ^" (In) = In and (5*(^^))o<i<2 


x). _ 

are pairwise disjoint by Lemma 5.60 |xi). □ 


Since min J° = 0, the orbit of 0 obviously enters for all n > 0 and all 

i G |0, 2" — 1], which implies that u!(0,g) meets all connected components of K. 
The next lemma states that ^(O,!;) contains Bjc; the proof relies on the idea that 
the smaller interval among and contains alternatively either min J® or 
max J°, when n varies, so that both endpoints of a connected component of K can 
be approximated by small intervals of the form 


Lemma 5.62. Let g and K he as defined above. Then Bk C a;(0,g). In 
partieular, uj{0,g) is infinite. 


Proof. According to the definition of K, the connected components of K 
are of the form C := C\n>oIIn, where Cn is a connected component of Kn and 
Cn+i C Cn for all n > 0. That is, the connected components of K are exactly the 
nonempty sets of the form C := 9^'^i'In) ''^bh G |0, 2" — 1], and 

(5.79) minC = lim ming^"(j)() and maxC = lim maxg'^"(J°) 

n—>-+oo n—>-+oo 


because C is a decreasing intersection of compact intervals. Moreover, B^: is equal 
to the union of the endpoints of all connected components of K. Let y G Bfc. By 
(5.79), there exists a sequence of points {yn)n>o such that y = lim„_,.+oo 2/n and 
yn G = {ming-5"(J°),maxg-5"(J°)} for all n > 0, where G |0, 2” - 1] is 

such that y G g^"(Jn)- Let £ > 0 and > 0. Let n be an even integer such that 
< £ and \yn — y\ < e, and let fc > 0 be such that fc2”+^ > N. 

First we suppose that i/„ = ining^'^{J^). The point 0 belongs to J^+i and, by 
Lemma 5.60Viii), = Jn+i- Thus (0) belongs to g^''{Jn+i)- 


According to Lemma 5.60 iii), = mingA 


W-{J^n+l)\ \J^n 


+ 11 




n+ll 


3«+i 


< e. 


y-{J°n)\ \J°n\ |L°| 

Therefore (0) — ?/„| < e\g^''{J^)\ < e. 

Secondly we suppose that = max fl^"(J °). The point (0) belongs to 


5.60 


viii) and (vii) respectively, so 
+ 2 ) 


Jn+2 and (JO+ 2 ) = Jn+2 by Lemma 
According to Lemma 5.60[ iii)+(vii), 

max 52 "+-^"(J,(+ 2 ) = max5f^"+^-(J°+i) = ma.xg^^{Jl_^_^) = maxg^-(J°) = y„. 
Moreover, by Lemma 5.60K vii), 

ff""(4+2) C = 4+1 C J°. 

Thus, using the linearity given by Lemma 5.60 iii) and the definitions of (J^) and 

{In), 


(4+2)1 I 4 "( 4 + 2 )I I 4 "( 4 + 2 )I I4+1I 


3"+2 


I<7^"(4)I 141 l4"(4+i)l 141 

Consequently, ?/„ G ( 4 + 2 ) and 

|^.2-M2-M2'*+,„(0) - y^\ < (4+2)1 < 


1 - 


3 n+l 
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In both cases, there exists p > such that |g^(0) — 2 /„| < s, so |g^(0) —y] < 2e. 
This means that y S 01 ( 0 , 5 ), that is, Bk C 01 ( 0 , 5 ). Finally, for every n > 0, iF„ 
has 2 " connected components, each of which containing two connected components 
of Kn+i] thus K has an infinite number of connected components, which implies 
that Bk is infinite. □ 

In the proof of the next lemma, we shall first show that K contains a non 
degenerate connected component C; then we shall see that the two endpoints of C 
are 5 -non separable. 

Lemma 5.63. Let g and K be as defined above. Then Bk contains two g-non 
separable points and 5 is chaotic in the sense of Li-Yorke. 

Proof. First we define by induction a sequence of intervals Cn '■= 5 *"(>/°) for 
some in G |0, 2" — I] such that 

Vn >l,CnC Cn-i and \Cn\ ^ ICn-ll- 

• We set io := 0 and Cq := Jq = [0,1]. 

• Suppose that Cn-i = {Jn-i) already built. If n is even, we set i. 
and Cn '■= 5 *" (Ln)- The map 5 *"“'^ | jo ^ is linear increasing by Lemma 
Jn C J° 1 , so 


5.60 


■— 1 
iii) and 


\Cn 


\Jl\ 


1 3n- 


\Cn-l\ 

If n is odd, we set := in-i + 2"“^ and Cn ■= 5 *"(J°). By Lemma 5.60 dii)+(vii), 
the map 5 *"“^|jo is linear increasing and Cn = 5 *"“^(Jj(), 


so 


\Cn 


\Jl 


^ 3"' 


.Cn 


We set C := n„>o 

loglCI = log|Co| 


It is a compact interval, and it is non degenerate because 

2 


E 

n>l 


log 1 - 


> — 00 ; 


the last inequality follows from the facts that log(I+ai) ~ x when x —>■ 0 and 
+ 00 . Moreover, C is a connected component of K, so dC C Bk- Let Cq := minC 


and Cl := maxC. By Lemma 5.62 the points co,ci belong to 01 ( 0 , 5 ), which is an 


infinite oi-limit set. Suppose that cq, ci are 5 -separable and let Aq, Ai be two disjoint 
periodic intervals containing respectively cq, ci. Let fc be a common multiple of their 
periods. We choose an integer n such that 2" > k. Then there exists i G |0, 2" — I] 


5.60 


vi)+(viii), 
k( 


we 


such that C C 5 ®(J°). Since g^iJn) H 5 *''’^(J°) = 0 by Lemma 
have g^{C) n C = 0. Suppose for instance that g^{C) < C. Then Ai = g^(Ai) 
contains both ci and g^(ci), and we have g^(ci) € g^(C) < cq < ci. Thus cq 
belongs to Ai by connectedness, which is a contradiction. The same conclusion 
holds if g^{C) > C. We deduce that cq, ci are two 5 -non separable points in ai(0, 5 ). 
By Theorem |5.2It we conclude that 5 is chaotic in the sense of Li-Yorke. □ 


According to Lemmas 5.61 and 5.63 the map 5 is of type 2°° (and thus has 


zero topological entropy by Theorem 4.58 1 and is chaotic in the sense of Li-Yorke. 


These are the required properties for the map 5 . We show one more property for 
further reference. 

















154 


5. CHAOS IN THE SENSE OF LI-YORKE, SCRAMBLED SETS 


5.63 


Let e > 0. 


Lemma 5.64. Let g be the map defined above. Then g\cjj{o,g) is transitive and 
sensitive to initial conditions. 

Proof. The point {0} = '^n is in Bk, so 0 G uj{0,g). This implies that 

0 has a dense orbit in uj{0,g), that is, g\ui{o,g) is transitive. 

We consider (in)n>o and co,ci as in the proof of Lemma ^_ _ 

Let n > 0 be such that |J°| < e. Since B^ C w(0,g) by Lemma [5.62 the 
points Co, Cl belong to g^'^{Jn) fla;(0,(7). Since J° is a periodic compact inter¬ 
val (Lemma 5.60[ vi)-|-(viii)) and u}{Q,g) is strongly invariant (Lemma |1.3[ i)), there 
exist a;o,a;i G na;(0,5) such that (7*"(a;o) = cq and = ci. Moreover, 

5*"(0) G J°. Then the triangular inequality implies that, either |5*"(0) — ( 7 *"(xo)| > 
or |g*"(0) — g*"(a;i)| > . This implies that the point 0 is J-unstable 

with 5 := for the map g\uj{o,g)- Since g\uj(o,g) is transitive, the map g\uj{o,g) 


is ^-sensitive by Lemma 


2.38 


iv). 


□ 


Remark 5.65. As in Example |5.56[ the map in Example 5.59 is made of count¬ 
ably many linear pieces. There exist completely different examples. Indeed, there 
exist C°° weakly unimodal maps of zero topological entropy and chaotic in the sense 
of Li-Yorke; an interval map /: [0,1] —>■ [0,1] is weakly unimodal if /(O) = /(I) = 0 
and there is c G (0,1) such that /|[o,c] is non decreasing and /|[c,i] is non increasing. 
See the articles of Jimenez Lopez |95j or Misiurewicz-Smftal |128] -l- [96l p674] ([ 
contains a correction concerning [128]). 




















CHAPTER 6 


Other notions related to Li-Yorke pairs: 
generic and dense chaos, distributional chaos 

6.1. Generic and dense chaos 

6.1.1. Definitions and general results. Let (X, /) be a topological dynam¬ 
ical system. We recall that (x, y) G is a Li-Yorke pair of modulus <5 > 0 if 

limsupd(/"(x),/”(j/)) > (5 and liminf d(/"'(a;),/"(j/)) = 0, 

n->+oo n-)-|-oo 

and {x,y) is a Li-Yorke pair if it is a Li-Yorke pair of modulus 5 for some d > 0. 
Let LY(/, 5) and LY(/) denote respectively the set of Li-Yorke pairs of modulus <5 
and the set of Li-Yorke pairs for /. 

The definition of generic chaos is due to Lasota (see |141j L It is somehow a 
two-dimensional notion since the Li-Yorke pairs live in X^. Being inspired by this 
definition, Snoha defined generic 6-chaos, dense chaos and dense 5-chaos m. 

Definition 6.1 (generic chaos, dense chaos). Let {X,f) be a topological dy¬ 
namical system and d > 0. 

• / is generically chaotic if LY(/) contains a dense Gs-set of X^. 

• / is generically 5-chaotic if LY(/, 5) contains a dense Gs-set of X^. 

• / is densely chaotic if LY(/) is dense in X^. 

• / is densely 5-chaotic if LY(/, <5) is dense in X^. 

Some results hold for any dynamical system. Trivially, generic i5-chaos implies 
both generic chaos and dense d-chaos; and generic chaos (resp. dense d-chaos) im¬ 
plies dense chaos. In Murinova showed that generic d-chaos and dense d-chaos 
are equivalent (Proposition |6.3[ ). Moreover, topological weak mixing implies generic 
d-chaos for some d > 0 (Proposition |6.4[ ); and dense d-chaos implies sensitivity to 
initial conditions (Proposition |6.5[ ). We start with a lemma; then we prove these 
three results. 

Lemma 6.2. Let (X, /) be a topological dynamical system and d > 0. Let 
A{6) := {{x,y) G X^ | limsupd(/"(a;),/"(y)) > d}, 

n—^-\-oo 

B{5) := {{x,y) G X^ \ liminf d(/”(a;),/”(j/)) < d}. 

rL —¥-\-00 


Then A(d) and B{5) are Gs-sets. 

Proof. Let 

Ae := {(x, y) e X^ I d{x, y) < e} and = {(a;, y) G X"^ \ d{x, y) < e}. 
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Then is open and is closed. For every integer n > 0 and every e > 0, we set 
A„(e) := {{x, y)€X^\3i> n, dif\x)J\y)) > 4 = IJ ^ \ 

i>n 

Since / x / is continuous, the set An(e) is open. Moreover, 

A(<5)= f| f]A^iS-l/k). 

k>l n>0 

Thus A(i5) is a G^-set. Similarly, we set 

Bnis) ■■= {{x,y) eX'^ \3i>n, d{f\x),f\y)) < e} = [J (/ x f)-\X^). 

i^n 

The set Bn{e) is open, and thus B{S) is a G^-set because 

B{6 )=n n Bn{s+i/k). 

k>ln>0 

□ 


Proposition 6.3. Let {x,f) be a topological dynamical system and d > 0. 
Then f is generically 5-chaotic if and only if it is densely 5-chaotic. 

Proof. It is sufficient to notice that LY(/, S) = A(d) n5(0), and thus LY(/, S) 
is a G^-set by Lemma [6. 2 [ □ 

Proposition 6.4. Let {X, f) be a topological dynamical system. If f is topo¬ 
logically weakly mixing, then it is generically 5-chaotic with 5 := diam(A). 


Proof. By assumption, the system (X x X, f x f) is transitive. Let G be the 
set of pairs of dense orbits in it is a dense G^-set by Proposition ^ 
is compact, there exist Xi,X 2 


Since X 


G X such that d{xi,X 2 ) = 6, where 5 = diam(X). 
Then, for every {x,y) G G, there exist two increasing sequences of integers 
and (mi)i>o such that 


lim (/”‘(a;),/"'(j/)) = (j;i,a; 2 ) and 
2—>- + 00 

Therefore 


lim (/“•(a;),/™-(y)) = (a;i,a;i). 
2—>- + 00 


limsupd(/"(x),/"(y)) > d and 

n—>-+oo 

that is, G C LY{f,S). 


\unmid{r{x),r{y))=0, 

n—>-+oo 


□ 


Proposition 6.5. Let (X,/) be a topological dynamical system and <5 > 0. If 
f is densely 5-chaotic, then f is e-sensitive for all e G (0, |). 

Proof. We fix e G (0, |). Let x G X and let G be a neighborhood of x. By 
density of LY(/, d) in X^, there exists (?/i,j/ 2 ) in G x G such that 

limsupd(/"(j/i),/”(y 2 )) >5>2e. 

n—^+oo 

Using the triangular inequality, we see that there exist n > 0 and i G {1,2} such 
that d(/"(a;),/"(i/i)) ^ Thus x is e-unstable. □ 

Remark 6.6. The same argument as in the proof of Proposition |6.5| leads to 
the following result: if / is densely chaotic, then every point x is e-unstable, for 
some e > 0 depending on x. 
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6.1.2. Preliminary results. In this section, we state several lemmas for 
densely chaotic interval maps. They will be used to study both generic chaos 
and dense chaos. 

Lemma 6.7. Let f be a densely chaotic interval map. 

i) If J is a non degenerate interval, then is non degenerate for all 

n > 0. 

ii) Let Ji,... ,Jp be disjoint non degenerate intervals such that f{Ji) C J^+i 
for all i G |l,p— 1] and f{Jp) C Ji. Then either p = 2 and Ji, J 2 have 
a common endpoint, or p = 1. If the intervals {Ji)i<i<p are closed, then 
p=l. 

iii) If J, J' are non degenerate invariant intervals, then J n J' 7 ^ 0. 

Proof, i) Let J be a non degenerate interval. By density of LY(/), there 
exists {x,y) G J X J such that 

limsup|r(x)-r( 2 /)| > 0 . 

n—>-+oo 

Thus f'^{J) is non degenerate for infinitely many n. Since the image of a degenerate 
interval is degenerate, f"'{J) is non degenerate for all n > 0. 

ii) Let Ji,...,Jp be disjoint non degenerate intervals such that /(Ji) C Ji+i 
for all i G |l,p — 1] and f(Jp) C Ji. Suppose that there exist two integers i,j G 
|l,p] such that the distance 6 between Ji and Jj is positive. Since / is uniformly 
continuous, there exists 17 > 0 such that 

Mx,y, Ix-yl <? 7 ^Vfce |0,p], \f'"{x)- f'"{y)\<5. 

Let {x,y) G Ji X Jj. Then {f^^{x),f^^{y)) G Ji x Jj for all A: > 0, and thus 
|/^P(a;) —/^^(j/)| > 6. Thus |/"(a:) —/"(y)| > 17 > 0 for all n > 0, which contradicts 
the fact that Ii x Jj contains Li-Yorke pairs. Therefore, the distance between any 
two intervals Ji, Jj is null. If the intervals Ji,..., Jp are closed, this implies that 
p = 1. Otherwise, this implies that p = 1 or p = 2; and, if p = 2, then Ji and J 2 
have a common endpoint. 

iii) Let J, J' be two non degenerate invariant intervals. Since LY(/) is dense, 
there exist {x,x') in J x J' such that liminf„_,._i_oo If^ix) — /"(a;')| = 0. By com¬ 
pactness, there exist an increasing sequence of integers (ni)i>o and a point z such 
that 

lim r'ix)= lim P^{x')=z. 

z—>-+oo z—>-+oo 

Since J and J' are invariant (and hence closed), the point z belongs to J n J'. □ 

Lemma 6.8. Let f be a densely chaotic interval map. Suppose that there exists a 
sequence of non degenerate invariant intervals {Jn)n>o such that lirB.n-^+oo \ Jn\ = 0. 
Then there exists a fixed point z in Hrixo Moreover, there exists a sequence of 
non degenerate invariant intervals {Jn)n>o such that lim„_y+oo \ Jn\ = 0 ond, for all 
Ti > 0, J'n^i is included in the interior of J'„ with respect to the induced topology 
on Jg. 

Proof. First we are going to show that 

+ 00 

Pi 7 ^ 0. 

n—0 


( 6 . 1 ) 



158 


6. OTHER NOTIONS RELATED TO LI-YORKE PAIRS 


If the interval n^=o nonempty for all > 0, then >/n ^ 0 by compact¬ 
ness. Otherwise, let N be the greatest integer such that nn=o degener¬ 

ate. Then the interval K := nn=o closed, non degenerate and invariant. By 
Lemma [Tzl^ih), Jat+i n iL 0, and thus the set Jn+i H iL is reduced to one point 


z according to the definition of N. Then, again by Lemma 6.7 iii), JnC\K ^0 and 
Jn n Jat+i ^ 0 for all n > 0. Thus z belongs to J„ by connectedness. We deduce 


that z G Jn- This proves ( |6.1[ ). The set Jn is reduced to {z} because 
lim„_,.+oo I J„| =0. Moreover, f{z) = z because, f{Jn) C Jn for all n > 0. 

Either there exist infinitely many integers n such that Jn O (z, -l-cx)) ^ 0, or 
there exist infinitely many n such that J„n(—oo, z) ^ 0. Without loss of generality, 
we may suppose that the first case holds, that is, there exists an increasing sequence 
{ni)i>o such that, Vi > 0, J„. D [z,z + e^] for some > 0. We set K„^ := Jnt 
for all m > 0. Then is a non degenerate invariant interval and Km+i C K^- 
We split the end of the proof into two cases. 

Case 1. There exists an increasing sequence (mi)i>o such that ATmi+i C 
Int (Kmi) for all i > 0. Then we define J- := K^m and we get a suitable sequence 
of intervals. 

Case 2. Suppose that the assumption of Case 1 is not satisfied. Then there 
exists M > 0 such that Km ^ Int {Km) for all m > M. Since {Km)m>o is a 
sequence of nested intervals, this implies that 

(6.2) either Vm > M, min Km = min Km, or Vm > M, max Km = max Km- 

Since limm->.+oo \Km\ = 0, there exists an increasing sequence of integers {mi)i>o 
with mo = M such that \Kmi^i \ < {Km) for all i > 0. Together with (6.2), this 
implies that Kmi^i is included in the interior of Kmi for the induced topology on 
Km- Then J' := Km^ gives a suitable sequence of intervals. □ 


The next lemma will be an important tool. It gives a sufficient condition for a 
densely chaotic map to be generically 5-chaotic for some (5 > 0. 

Lemma 6.9. Let f: I ^ I be a densely chaotic interval map. Suppose that there 
exists e > 0 such that every non degenerate invariant interval has a length greater 
than or equal to e. Then there exists i5 > 0 such that / is generically 5-chaotic. 


Proof. Suppose that 

(6.3) V5 > 0, 3 J non degenerate closed interval such that Vn > 0, |/"(J)| < S. 

We are going to show that this is impossible. We fix 5 G (0, |). Let J be a non 
degenerate closed interval such that |/"(J)| < 5 for all n > 0. There exists a 
Li-Yorke pair in J x J, which implies that 


(6.4) 


limsup|/”(J)| > 0. 

n—>-+oo 


Thus there exist positive integers N,p such that f^{J) n f^^^{J) ^ 0 (otherwise, 
all (/"'(J))n>o would be disjoint, and (6.4) could not hold because / has a finite 
length). Let X := [Jn>N f^iJ)- The set X has at most p connected components, 
which are cyclically mapped under /. Moreover, the connected components of X are 


non degenerate by Lemma 6.7 4). Thus, according to Lemma |6.7Kii), X has either 


one connected component or two connected components with a common endpoint. 
In both cases, X is an interval. 
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Suppose that there exist a point z and an integer no > N such that /^(z) = 
z and z S f'^°{J). Then z € for all k > 0. By assumption on J, 

|/"(<^)| < ^ for all integers n > 0, which implies that Ufe>o 


U>or“ 


+2fc+l 


< 25 and 

(J) < 25 (these two sets are intervals containing respectively z and 

/(z)). Let Y ■= Un>no-^"^'^) “ Then T is a non degenerate closed 

interval, f{Y) C Y and |y| < A5. Moreover, |y| > e according to the hypothesis of 
the lemma, which is a contradiction because 5 < e/4. We deduce that 

(6.5) X contains no point z such that f‘^{z) = z. 

Let Xq be the connected component of X containing /^(J). We set g := p. 
Then 5 (^ 0 ) C Xq (because X has at most two connected components) and g\xo 
has no fixed point by ( |6.5[ ). By continuity, either 

(6.6) Vx e Xq, g{x) < x, 


or 


5/x G Xo, g{x) > X. 


We assume that (6.6) holds, the other case being symmetric. Let a := inf Xq. The 
fact that g{Xo) C Xg combined with (6.6) implies that g(a) = a (and a ^ Xq). 
Let b := max/^(J). We set maxg^{[a, b]) for every n > 0. Then, for every 

n > 0, there exists G [a, 6] such that g"+^(a;„) = 6„+i. Thus, by (6.6), 6„+i = 
g{g'^{xn)) < g'^ixn) < bn. Therefore, the sequence (6„)n>o is non increasing, and 
thus has a limit in Xq. We set boo '■= lim„_>+oo&n- Note that baa G Xq U {a} 
because a < boo < b and b G Xq. We have 


n Pi[a, b]) = n [a, bn] = [a, bo 


n>0 


n>0 


and 


ns"(Ki>i) = 9(n 5 "([a, 6 ])) because the intersection is decreasing 

n>0 n>0 

= 5 ([a,&oo]) 3 [0,5(600)]. 

Hence 5 ([a, 600 ]) = [o, 6 oo]. Thus there exists x G [o, 600 ] such that g{x) = 600 , 
which implies that g{x) > x. According to ( | 6 . 6 | ), this is possible only if a; = o, and 
hence boo = g{a) = a. Since \g'^~^^{J)\ < | 6 „ —a|, we have lim„_j.+oo = 0. 

By continuity of /, this implies that hm„_>+oo \f^{J)\ = 0, which contradicts (6.4). 
We conclude that (6.3) does not hold, that is, there exists 6 > 0 such that 

(6.7) for every non degenerate closed interval J, 3n > 0, |/"(J)| > 5. 

Let J be a non degenerate closed interval. Then the closed interval /"(J) is also 
non degenerate by Lemma [ 6 ?Hi). Thus, according to (6.7), 


( 6 . 8 ) 

We define 


limsup |/”(J)| > 5. 

n—>-+oo 


Akiri) := {{x,y) G I x I \ 3i > k, \f\x) - f{y)\ > g} 


and 


^(<5) — n n ^kiS- 1/n) = {{x,y) G / X J I limsup I(a;) - p{y)\ > 6 }. 


n>lfc>0 


k—¥-\-oo 













160 


6. OTHER NOTIONS RELATED TO LI-YORKE PAIRS 


We are going to show that Ak{ri) is dense for all 77 < <5 and all fc > 0. Let Ji, J 2 be 
two non degenerate closed intervals. We consider two cases. 

• For some m > 0, /'"(Ji) C /'"(J2)- By (6.8I, there exists n > max{fc,TO} such 
that |/"(Ji)| > S > rj, thus there exist x,x' S Ji such that |/"(a;) —/”(a;')| > t] and 
there exists y G J 2 such that /"(y) = /”(a:'). Consequently Ak{r]) n (Ji x J 2 ) yf 0. 

• For all m > 0, /’"(Ji) \ /'"(J2) 7 ^ 0 - By (6.8), there exists n > k such that 
|/"(<^2)| > S > rj, thus there exist x,x’ € J2 such that |/"'(t) — f^{x’)\ > y. By 
assumption there exists y £ Ji such that ^ /"(^2)- Since /"(J2) is an interval 
containing x, x' but not y, we have either |/"(y) — /"(a;)| > 77 or |/"(77) — /"(a;')| > 77. 
Consequently Ak{r]) C (Ji x J2) yf 0 . 

The sets Ak{r]) are open and dense in J x /. Thus, according to the Baire 
category theorem, ^1(5) is a dense G^-set. Moreover, the set 


B(0) := {{x,y) £ I x I \ liminf |/”(a;) - /”(2/)l = 0} 


is a Ga-set by Lemma |6.2| and it is dense because / is densely chaotic. Therefore 
the set LY{f,6) = B{0) n A((5) is a dense G^-set and / is generically i5-chaotic. □ 


6.1.3. Generic chaos and transitivity. Using the structure of transitive 


non mixing interval maps (Theorem 2.19), one can show that Proposition 6.4 


plies that any transitive interval map is generically ^-chaotic for some i5 > 0. The 
converse is not true (see Example 6.14 below), yet it is partially true since a gener¬ 
ically i5-chaotic interval map has exactly one or two transitive intervals, as it was 
shown by Snoha; he also proved that for an interval map, the notions of generic 
(5-chaos, generic chaos and dense (5-chaos are equivalent (Theorem 6.11 below). 

We shall need the Kuratowski-Ulam Theorem [TMlIToi] . 


Theorem 6.10 (Kuratowski-Ulam). Let X,Y be complete metric spaces. If G 
is a dense Gs-set in X xY, then there exists a dense Gs-set A <Z X such that, for 
all X £ A, the set {y £Y \ (x,y) £ G} is a dense Gs-set. 


The next theorem is due to Snoha HSU. 


Theorem 6.11. Let f be an interval map. The following properties are equiv¬ 
alent: 

i) / is generically chaotic, 

ii) / is generically 6-chaotic for some (5 > 0, 
hi) / is densely 6-chaotic for some (5 > 0, 

iv) either there exists a unique non degenerate transitive interval, or there 
exist exactly two non degenerate transitive intervals having a common 
endpoint; moreover, if J is a non degenerate interval, then f{J) is non 
degenerate, and there exist a transitive interval Iq and an integer n > 0 
such that f^{J) n Int (Jq) 7 ^ 0. 

Moreover, (ii) and (Hi) hold with the same 6. 

Proof. The implication (ii)^(i) is trivial and the equivalence (ii)<t^(iii) with 
the same 6 is given by Proposition |6.3[ We are going to show the implications 
(i)=4>(ii) and (iii)^(iv)^(ii). 

(i)^(ii). 

Assume that / is generically chaotic. Suppose that there exists a sequence 
of non degenerate invariant intervals {Jn)n>o such that | J„| —7 0 when n goes to 
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infinity. We are going to show that this situation is impossible. According to 


Lemma 6.8 we may assume that J„+i C Int (J„) for the induced topology of Jg. 
From now on, we work in Jq] notice that /| : Jg —t Jo is a generically chaotic 

interval map and LY(/|jo) = LY(/) n (Jg x Jg). By compactness, nn>o 
nonempty, and hence is reduced to a single point {z}. 


The set LY(/) n (Jg x J„) is a dense Gs-set in JqX Jn- Thus, by Theorem 6.10 
there exists a dense G^-set A„ in Jg such that for all x S A„, there exists y € Jn 


with [x,y) S LY(/). According to the Baire category theorem (see Corollary 8.53), 


A := nn>o is a dense Gs-set in Jg. Let x G A and n > 0. There exists y S J„+i 
such that (x,y) € LY(f); in particular liminffe_,._|_oo |/'"'(x) — /^(y)| = 0. Since 
Jn+i is included in Int (J„) and the intervals {Jn)n>o sxe invariant, this implies 
that there exists p > 0 such that f^{x) S Int(J„), and hence f^{x) S J„ for all 
k > p. Since this is true for all n > 0, we have limfe_>+oo f^{x) = z (recall that 
nj>o Jn = {-z})- On the other hand, A x A is a dense G^-set in Jg x Jg, and thus 
(A X A) n LY(/) ^ 0. This leads to a contradiction because 


V(x,x')sAxA, lim f^[x) = 

fe—>- + oo 


lim f^{x')=z, 
-—>• + 00 


and thus (x, x') is not a Li-Yorke pair. This shows that there exists e > 0 such that 
if J is a non degenerate invariant interval, then | J| > e. 

Then Lemma [ 6 .9| applies: the map / is generically d-chaotic for some <5 > 0. 


(iii)^(iv). 

Suppose that / is densely i5-chaotic. According to Proposition |6.5[ the map / is 
sensitive to initial conditions. By Proposition |2.40[ there exist some non degenerate 
closed intervals Ii,... ,Ip such that /(A) = li+i mod p for all i G |l,p] and /| 7 iu--u/p 


is transitive; by Lemma |6.7| (ii), we have p = 1, that is, the interval Ii is transitive. 
Suppo se th at I 2 is another non degenerate transitive interval. Then /i H /2 ^0 
If Int (/i n I2) 7 ^ 0, then Ii = I2 = G/(/i n I2)] otherwise /i n I2 is 


6.7 


by Lemma 

reduced to a single point. Since the ambient space is an interval, we conclude that 
either there is a unique non degenerate transitive interval or there are exactly two 
non degenerate transitive intervals which have a common endpoint. 

Finally consider a non degenerate interval J. According to Lemma [6A](i), /(J) 
is non degenerate. Since (J x J) nLY(/, d) 7 ^ 0, we have limsup„_,,+oo ir(+i > < 5 , 
which implies that there exist some integers i,p > 0 such that /*(J) D f^^^{J) 7 ^ 0 . 
Let X := Un>o ^ most p connected components, which 

are non degenerate closed intervals and are mapped cyclically under /. Thus, by 
Lemma [6.7[ ii), X is an interval. Moreover, /(A) C X and f\x is sensitive. Thus, 
by Proposition 2.40 and Lemma |6.7[ii), there exists a non degenerate invariant 


interval K C X such that /+ is transitive. According to the definition of X, there 
is some integer n > 0 such that f'^{J) n Int {K) 7 ^ 0. 

(iv)^(ii). 

First we show the following fact. 


Fact 1. Suppose that the image of a non degenerate interval is non degen¬ 
erate, that there exist two non degenerate invariant intervals Ii,l 2 such that /j/^ 
is topologically mixing for i € { 1 , 2 } (/i = I 2 is allowed) and that, for every non 
degenerate interval J, there exist n > 0 and z G {1, 2} such that /"(J)nlnt (A) 7 I 0. 
Then / is generically il-chaotic with S := min{|/i|, I/ 2 I}. 
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Let i,j G {1, 2}. Both /|/. and f\i. are topologically mixing, thus (/ x /)| 


liXli 


is transitive by Proposition 2.6 Let Gij be the set of points {x,y) € li x Ij 


whose orbit is dense in li x Ij . According to Proposition |2.3[ Gij is a dense Gs- 
set in li X Ij. By Lemma 6.7 iii), there exists a point z in /i n 12 - We choose 
{xi,X 2 ) & Ii X I 2 such that \xi — X 2 \ = 5. For every {x,y) G Gy, there exists 
a subsequence of (/"(t),/”( y))„>o that converges to {z,z) and another one that 
converges to {xi,X 2 )', thus {x,y) is a Li-Yorke pair of modulus S. It is clear that 
(/ X f)~^LY{f,S) C LY(/, (5), and thus we get 

ijG{l,2} n>0 


Then G is a G^-set (see Propositions 8.24 and 8.72). We are going to show that G 
is dense. 

Let [7, V be two nonempty open intervals. By assumption, there exist integers 
N,M >0 and i,j G {1, 2} such that Hint (li) ^ 0 and /'^(P)Hint {Ij) ^ 0. 

Let Uq C U and Vb C P be nonempty open subintervals such that f^{Uo) C li and 
/^(Lq) C Ij. If n := max{7V, M}, then /"(Go) C G and /"(Vb) C Ij because G, G 
are invariant. Since the intervals /"(Gq), /"(Pq) are non degenerate by assumption, 
there exists {x,y) G (/"(Gq) x /"(Pq)) H Gy-; in other words, 

(GoxPo)n(/x/)-"(Gy)G0. 

Therefore the set G is dense and / is generically b-chaotic. This proves Fact 1. 

Now we assume that (iv) holds with no additional hypothesis. If there is a 
unique non degenerate transitive interval G, then, by Theorem 2.19 either /j/^ is 
topologically mixing or there exist two non degenerate closed intervals J, K such 
that h = J U K and K are topologically mixing. In the first case. Fact 1 

gives the conclusion (taking G := G)- In the second case, Fact 1 applied to 
(with G := J and G := K) shows that is generically b-chaotic, and thus / 
is generically b-chaotic too. If there are two different non degenerate transitive 
intervals G,G then, by Lemma |6.7[ iii), G H G G 0) and this intersection must be 
reduced to a single point because G G G; we call z this common endpoint. Since 
/(z) G G n G = {z}, we have /(z) = z. Thus, by Theorem 2.19 both maps f\i^ 


and /1 72 are topologically mixing. Consequently, Fact 1 applies and / is generically 
b-chaotic. □ 


Remark 6.12. As indicated by Snoha (see |133j L there is a misprint in the 
statement of Theorem 1.2 in [T6T], where the condition “if J is a non degener¬ 
ate interval, then /(J) is non degenerate” in point (h) (equivalent to our Theo- 
6.11[ iv)) is omitted. 


rem 


Remark 6.13. In [T6T], Snoha gave several other properties equivalent to 
generic chaos for an interval map /, in particular / is generically b-chaotic if and 
only if, for every two non degenerate intervals J, J ', one has 


liminf d(/"(J),/"(G)) = 0 and limsup |/"(J)| > 6. 

n-H -00 


Murinova proved that this result is still true in more general spaces except that the 
equivalence does not hold with the same 5 HM]. She also built a continuous map 
on a compact subset of which is generically chaotic but not generically b-chaotic 
for any b > 0. 
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Example 6.14. Figure [^represents an interval map /: [0,a] —>■ [0, a] (for some 
fixed a > 1) which is generically chaotic but not transitive. The restriction of / 
to [0,1] is the tent map T 2 (Example [2.13 1. Thus /|[o,i] is transitive and / is not 
transitive. The interval [l,a] is mapped linearly onto [0,1] (thus, for every non 
degenerate interval J C [l,a], /(J) is non degenerate and /(J) C [0,1]). It is 
then clear that condition (iv) of Theorem 6.11 is satisfied, and thus / is generically 
chaotic. 



Figure 1. This map is generically chaotic but not transitive. 


6.1.4. Dense chaos. For interval maps, generic 5-chaos, generic chaos and 
dense 5-chaos are equivalent and imply dense chaos; but the reverse implication 
does not hold, as shown in Example |6.15| Next we shall give a result on the 
structure of densely, non generically chaotic interval maps: in this situation, there 
exists a decreasing sequence of invariant intervals, and each of them contains a 
horseshoe for the second iterate of the map (Theorem 6.16). 


Example 6.15. We are going to exhibit an interval map that is densely chaotic 
but has no non degenerate transitive interval, and hence is not generically chaotic 
according to Theorem |6.11| By Proposition |2.40[ this map is not sensitive either. 
This example is originally due to Mizera (see uni]). For all n > 0, we set 


_ 1 _ 1 


:= 1 - 


1 


2 • 3 " 


and Jn .— [un 71 ] ■ 


These points are ordered as follows: 


oo := 0 < 5o < Co < oi < 61 < Cl < 02 < • • • < On < < c„ < a„+i < • • • < 1 . 

Then we define the continuous map /: [0,1] —I [0,1] by 

Vu ^ 0, /(Oyi) .— dm f •— I7 J^(Cn) ■— dm 

/(I) := 1, 

and / is linear on the intervals [a„,6„], [bmCn] and [c„,an+i] for all n > 0; see 
Figure [^ 

It is clear from the definition that Jn is invariant and ([a^, 6ri], [6„, c„]) is a 
horseshoe for all n > 0. Thus, /] is chaotic in the sense of Li-Yorke by Theorems 
|4.7| and [5.17| In particular, 

(6.9) Vn > 0, LY(/) n (J„ x J„) ^ 0. 
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Figure 2. This map is densely chaotic but not generically chaotic. 


A straightforward computation shows that the absolute value of the slope of / is 
equal to 4 on each linear piece. Let J, J' be two non degenerate intervals. By 


Lemma 2.10 there exists n > 0 such that /”(T) contains three distinct points in 
{ak,bk,Ck \ k > 0}, which implies that D Jp for some p > 0. Similarly, 

there exist m,q > 0 such that D Jq. Let N := max{n + l,m + 1} 

and k := ma.x{p,q}. Then f^{J) n D Jk because Jfc C Jp n Jq and 

f{Jk) = Jk- It is obvious that (/ x /)“^(LY(/)) C LY(/). Thus (6.9| implies 
that (J X J') n LY(/) ^ 0. In other words, / is densely chaotic. 

Let J be a non degenerate invariant interval. Then, as shown above, there 
exist n,k > 0 such that f^{J) D Jk- Moreover, Jk strictly contains the invariant 
interval Jk+i- Thus f\j is not transitive. We conclude that / has no non degenerate 
transitive interval. 

The next result is due to the author 11161- 

Theorem 6.16. Let f he a densely chaotic interval map that is not generically 
chaotic. Then there exists a sequence of non degenerate invariant intervals {Jn)n>o 
such that lim„_j.+oo \ Jn\ = 0, J„+i C Jn and /^|j„ has a horseshoe for all n > 0. 


Proof. According to Lemma [6l^ for every e > 0, there exists a non degenerate 
invariant interval J such that | J| < e. Thus there exists a sequence of invariant 
non degenerate closed subintervals (/„)„>o such that lim„_>.+oo \In\ = 0. Then, by 
Lemma 6.8 there exists a sequence of invariant non degenerate intervals {Jn)n>o 


such that lim„_>_|_oo I J„| = 0 and J„+i C Int(J„) with respect to the induced 
topology on Jq for all n > 0; moreover, there is a fixed point x such that p| 


Jn — 

{z}. From now on, we consider Jq as the ambient space; in particular, when 


n>0 
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speaking about the interior of a set, it is with respect to Jo- We fix an integer 
no > 0. We are going to show that /^|j^ has a horseshoe. Assume on the contrary 
that 


\j has no horseshoe. We set 


V := {x & Jno I > 1 


lim /"^(ai) exists}. 

t—>- + oo 


If X,?/ G V, then {x,y) is not a Li-Yorke pair. Thus the set J„q \ P is not empty 
because the map /|j„^ is densely chaotic. Let xo G Jno \ we set x^ ■= /"’(xq) 
for all n > 1. Since xq ^ V, the sequence (x„)„>o is not eventually monotone. 


Thus, according to Lemma 5.22 there exist a fixed point c and an integer N such 
that xjv+ 2 n < c < XAr+ 2 n+i for all n > 0. We assume c < z, the case c > z being 
symmetric. Since xo ^ P, the sequence (x/\/+ 2 n)n>o is not eventually monotone, so 
there exists z > 0 such that 

XN+2i+2 < X]V+2i < C < Z. 

By continuity, there exists a non degenerate closed interval K containing Xjv+ 2 i 
such that z ^ K and 

(6.10) Vz/ G K, f{y) < y. 

Since z G nfc>o and limfe_)._|_oo \ Jk \ = 0, there exists fcp > uq such that 

( 6 . 11 ) K<Jk,. 

The set K X K contains a Li-Yorke pair because / is densely chaotic. Thus 
limsup„_,._i_go |/"(Ar)| > 0 and there exist positive integersp,(; such that 
/^(AT) 7 ^ 0. Let L := lj„>g f^{K). The set L is invariant, and the same argument 
as for X in the proof of Lemma 6.9 shows that L is a non degenerate interval. 


Moreover, LD Jk 0 for all fc > ng by Lemma [6/7} iii). Since Jko+i C Int (Jfco), 
this implies that there exists n > 0 such that /"(AT) n Int {Jkg) 0- Thus there 
exists a non degenerate closed subinterval K' C K such that C Jfcg. We 

set g := and we fix uiq > njl. For all y £ K' and all m > mg, we have 


g™{y) G Jfco because Jk^ is invariant. Hence, by (6.10) and (6.11), 

(6.12) Vm > mg, g{y) <y < g'^[y). 

This implies that there exists j G |l,mo — 1] such that g^{y) < g^^^{y). Let 
U{y) ■■= {y' G Og{y) I g{y') > y'}, 

D{y) := {y' G Og(y) \ g(y') < y'}. 


We have y G D{y) by (6.12) and g^{y) G U{y) according to the choice of j. By 


assumption, the map g has no horseshoe. Thus, according to Lemma |3.33| 
(6.13) U{y) < D{y). 


Moreover, for all m > wg, y < g"^{y), so g™{y) G D{y) by (6.13) and because y G 
D{y). This implies that g'^^^{y) < g^{y)- Therefore, the sequence {g^{y))m>mo 
is non increasing, and hence convergent. But this implies that K' x K' contains no 
Li-Yorke pair, which contradicts the fact that / is densely chaotic. We conclude 
that has a horseshoe for every integer rzg > 0. □ 

Consider a densely, non generically chaotic interval map /, and let (J„)„>g 
be the decreasing sequence of invariant intervals given by Theorem |6.16[ By 
the intersection nra>o reduced to a fixed point z. Figure i 


Lemma 


6.8 


IS 
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an example of a such a map when z is an endpoint of all intervals J„. Figure 
illustrates what the graph of / may look like when z is in Int (J„) for all n: in one 
case, the left and right parts of J„ are exchanged under /; in the other case, the 
left and right parts of J„ are invariant (left and right parts are with respect to z). 




Jl ^2 


Figure 3. The map / on the left is the square root of the map 
represented in Figure The map on the right is /^. Both are 
densely, non generically chaotic. 


Using the structure of generically chaotic interval maps and densely non generi¬ 
cally chaotic interval maps, it is possible to have information on the entropy and the 
type of a densely chaotic interval map. Notice also that a densely chaotic interval 
map is chaotic in the sense of Li-Yorke by Theorem |5.34[ 


Corollary 6.17. If f is a densely chaotic interval map, then has a horse¬ 
shoe. Moreover, htopif) > and f is of type n for some n < 6 for Sharkovsky’s 
order (i.e., f has a periodic point of period 6). 


Proof. If / is ge nerically chaotic, then has a horseshoe by Theo rem |6. 11 
and Proposition 3.36 Otherwi se, h as a h orseshoe by Theorem 6.16 
cases, according to Propositions 4.6 and 3.31 


In both 


htopif) ^ has a periodic 

point of period 3. Thus / has a periodic point of period 3 or 6, and hence the type 
of / is <6 by Sharkovsky’s Theorem |3. 13 □ 


Equalities are possible in Corollary |6.17[ the map S in Example |4.71| is transl 


tive, and hence densely chaotic by Theorem 6.11 its entropy is equal to and. 


since S is not topologically mixing, it is of type 6 by Proposition |3.36| 

Example 6.15| shows that there exists densely chaotic maps that are not generi¬ 
cally chaotic. The next result states that such a map cannot be piecewise monotone 
nor C^. The fact that a densely chaotic piecewise monotone map is generically 
chaotic is due to Snoha um 


Proposition 6.18. Let f be a densely chaotic interval map. If f is piecewise 
monotone or , then f is generically chaotic. 
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Proof. Suppose that / is not generically chaotic. According to Theorem |6.16[ 
there exists a sequence of non degenerate invariant intervals (J„)n>o such that 
lim„_>_|_oo \Jn\ = 0 and Jn+i C Jn for all n > 0. Moreover, nri>o ~ {'^1’ where 
z is a fixed point, by Lemma 6.8 We write J„ = [a„, 6„] for all n > 0. Thus 


(an)n>o is non decreasing, (6„)„>o is non increasing, 
lim ttn = lim = z. 

n—>-+oo n—>-+oo 


First we assume that / is piecewise monotone in a neighborhood of z. Then there 
exists k >0 such that both and f\[z,bk] are monotone. If z = a/c or z = 6^, 

we set J := Jk, and thus the map /^|j is non decreasing because the endpoint z 
is fixed. If a?; < z < bk, the fact that Jk is invariant implies that either f\[a^^z] is 
non decreasing and f{[ak,z]) C [afc,z], or /|[afc,z] is non increasing and /([afc,z]) C 
[z, bk]', the symmetric statement holds for [z, bk]- Therefore, there exists an interval 
J among [ak,z\ and [z,bk\ such that P{J) C J and p\j is non decreasing. In 
all cases, we get a non degenerate /^-invariant interval J such that f^\j is non 
decreasing. We are going to show that 

(6.14) Vcc S J, the sequence (/^"(a;)) n>o converges. 

Let P 2 be the set of fixed points of /^; this is a closed set. For all x G P 2 , the 
sequence {P^{x))n>o is stationary, and hence convergent. Suppose that J\ P 2 0 
and let U he a connected component of J \ P 2 - Either inf 17 G P 2 and hence 
/^(inft/) = inf(t7), or inf 17 = minJ and hence /^(inft7) > inft/ because J is 
/^-invariant. Similarly, supC/ belongs to P 2 U {max J}, and /^(sup[7) < sup(C/). 
This implies that f{U) C U because /^|j is non decreasing. Moreover, the fact 
that {7 n P 2 = 0 implies, by continuity: 

either Va: G U, f^{x) > x, 
or Va: G U, f^{x) < x. 


Therefore, for every x G U, the orbit of x is included in U and {f^{x))n >o is either 
non decreasing or non increasing, and thus it converges. This proves (6.14). But 
this implies that J x J contains no Li-Yorke pair, which is a contradiction. We 
conclude that / is not piecewise monotone in a neighborhood of z. 

Secondly we assume that / is C^. If /'(z) ^ 0, then / is monotone in a 
neighborhood of z and the previous case leads to a contradiction. Thus f'{z) = 0. 
Then there exists k > 0 such that 


max I/'(a:) I < 
xeJk 


1 

2 ' 


We recall the mean value inequality: Let ip: I —M be a differentiable map 
(where I is an interval) and let M S K be such that \f'{x)\ < M for all x G I. 
Then for all x,y G I, \f{y) - f{x)\ < M\y - x\. 

Since f{Jk) C Jk and /(z) = z, the mean value inequality implies that 


Vx G Jk, Vn > 0, 


\r{x)-z\<^\x-z\. 


Therefore, for all x G Jk the sequence (/"(a:))„>o converges, and thus Jk x Jk 
contains no Li-Yorke pair, which is a contradiction. 

Conclusion: if / is piecewise monotone or C^, then it is generically chaotic. □ 
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Remark 6.19. In Proposition |6.18[ we get the same result if we only assume 
that / is piecewise monotone or in the neighborhood of every fixed point. 

6.2. Distributional chaos 

In |149| . Schweizer and Smi'tal defined lower and upper distribution functions 
of two points in a dynamical system, and studied them for interval maps. 

Definition 6.20. Let {X, /) be a topological dynamical system and x,y G X. 
For alH S K and all n G N, set 

^{f,x,y,n,t) := #{i G |0,n- 1] | d{f{x),f{y)) < t}. 

The lower and upper distribution functions F^y, F*y : M —>• [0,1] are defined respec¬ 
tively by: 

Vt G K, F^y{t) = liminf -^(/,x, y, n, t), 
n->.+oo n 

Kv{i) = limsup-^(/,x,y,n,t). 

n—>-+oo 

The next properties are straightforward from the definition. 

Proposition 6.21. Let {X, f) be a topological dynamical system and x,y G X. 

• Vt < 0, Fxy{t) = F*y{t) — 0 and Vt > diam(X), Fxy{t) = F*y{t) = 1. 

• The maps F^y and F*y are non decreasing and F^y < F*y. 

The notion of distributional chaos was introduced in |149j (although the name 
“distributional chaos” was given later). Three variants of distributional chaos are 
now known in the literature (see, e.g., |23j l. Distributional chaos of type 1 is 
considered as the original definition of distributional chaos. 

Definition 6.22. Let {X,f) be a topological dynamical system. Then {X,f) 
is called distributionally chaotic of type 1, 2, 3 respectively (for short, DCl, DC2, 
DCS) if the condition (DCl), (DC2), (DCS) respectively is satisfied: 

(DCl) 3x, y G X, 35 > 0, Vt G (0, 5), F^y(t) = 0 and Vt > 0, Ffy(t) = 1, 

(DC2) 3x, y G X, 35 > 0, Vt G (0,5), F^y(t) < 1 and Vt > 0, Ffy(t) = 1, 

(DCS) 3x,y G X, 30 < o < 6, Vt G (a,6), Fxy{t) < Ffy{t). 


Notice that, if condition (DC2) holds for some x,y, then (x,y) is a Li-Yorke 
pair of modulus 5. Therefore, DC2 is a refinement of the definition of Li-Yorke pair. 

It is clear that (DC1)^(DC2)^(DCS). In [149) . Schweizer and Smftal showed 
that, for interval maps, DCl, DC2 and DCS coincide and are equivalent to positive 
entropy (Corollary |6. 27 below). 

We start with the case of zero entropy interval maps. The proofs of Lemma r6.2S| 
and Theorem 6.25 follow the ideas from 


Lemma 6.2S. Let f: I ^ I be an interval map such that htopif) = 0. For all 
X G I and all e > 0, there exist a periodic point z and a positive integer K such 
that 

Vfc > K, Vt > £, ^C(/, X, z,k,t) > 1 — e. 
k 


(6.15) 


















6.2. DISTRIBUTIONAL CHAOS 


169 


Proof. Let x G I and £ > 0. We split the proof depending on oj{x,f) being 
finite or infinite. 

First we suppose that uj{x,f) is finite, that is, there exists a periodic point 
z of period p such that oj{x,f) = Of{z) (Lemma 1.4); we choose 2 such that 
lim„_>_|_oo Thus, by continuity, there exists an integer N such that 

I/"(a:) — f^{z)\ < e for all n> N. Then 

Vn > N, Vt > £, ^(/, X, z, n, t) = ^(/, x, z, N, t) + {n — N). 

This implies that lim„_>+oo ai, z, n, t) = 1- Therefore (6.15) holds for some 
integer K. 

Now we suppose that uj{x, f) is infinite. Let (Lri)n>o be the sequence of in¬ 
tervals given by Proposition |5.24| We fix a positive integer n that will be chosen 
later. Since (L„) = L„, there exists a point z G Ln such that /^"(z) = z 
(Lemma|l.ll[). Let N be an inte ger su ch that f^{x) G p{Ln) for alH > (such an 


integer N exists by Proposition 5.24 Vi)). Thus, if f > iV, both points /*(x),/*(z) 


belong to /*(L„), which is an interval of the family (P(Ln))o<i< 2 "■ Let k > N; 
we write k = N + fc'2" -|- r with fc' > 0 and r G |0, 2" — 1]. Since L„ is a periodic 
interval of period 2", we have 

#{* e |iv, fc -111 \r{x) - r(z)i > £} < #{* G |iv, fc -111 ir(L„)i > £} 

< #{*G [0,r-ll I |/^+XL„)| >£} + fc'#{jG [0,2--ll I |/^'(L„)| >£} 

< (fc' + l)#{jG I0,2"-11 I |/^■(L„)|>£}. 

Among the intervals (/*(Ln))o<i< 2 ", at most — have a length greater than or equal 
to £ because these intervals are pairwise disjoint. Thus 

#{z G [fV, fc - 11 I \f{x) - r (z)| > £} < 


and hence 


^{f,x,z,k,e) > #{* G |Af,fc-ll I |/*(ai)-/Xz)| <£} 

£ £ £ 


Thus we have 


1 , , N + 

-^{f,x,z,k,e) > 1- - 


\i\ 


fc' 


|/| 


> 1 - 


N+'-^ 


m 


N + fc'2" -I- r 

\I\ 


2 "£' 


We choose n such that ^ < I 2" > and we choose K > N such that 


2 |/| 


2"e 


AT+m 


< I- Then 


Vfc > AT, Vt > £, if (/, X, z, fc, t) > if (/, T, z, fc, £) > 1 - £, 


which concludes the proof. 


□ 


Lemma 6.24. Let {X, f) he a topological dynamical system and let z, z' be pe¬ 
riodic points. Then F^z' = F*^,. 
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Proof. Let p € N be a common multiple of the periods of z and z' . For all 
integers k,i > 0, we have f'^P+^z) = f{z) and f’^P+^z') = /*(z')- Let n be a 
positive integer and t G K. We write n = kp + r with fc > 0 and r G |0,p — 1]. 
Then 

C{f,z,z',n,t) = k^{f,z,z',p,t) +C{f,z,z',r,t). 

This implies that lim„_).+oo ^^{f,z,z',n,t) exists and is equal to ^^{f,z,z',p,t). 
Hence (t) = F*^, (t) = z, z',p, t) for all t G M. □ 

Theorem 6.25. Let f: I ^ I be an interval map of zero topological entropy. 
Then, for all points x, y in I, \\Fxy — F'^ylli = 0, where || • ||i is the norm, that 

/*+oo 


IS, 


ll — 


\ip(t)\dt. 


Proof. We fix two points x,y in I and a positive number e. According to 
Lemma |6. 23 there exist periodic points z, z' and an integer K such that 

(6.16) Vfc > K, yt > e, ^(/, X, z, k,t) > k{l — e) and ^(/, y, z', k, t) > k{l — e). 

We set 

Ik ■■= {i G |0,fc- 1| I \ f\x) - f{z)\ < e and \f{y) - f{z')\ < e}. 


Then (6.16) implies that ffik > ^(1 — 2e) if fc > AT. For all integers i, we have 

(6.17) \f\x) - f\y)\ < \r{x) - r{z)\ + \riz) - r(z')i + \ny) - r(^')i- 


If I G Xfc and \riz) - /*(z')l <t-2e, then \P{x) - P{y)\ < t by ( |6.17[ ). Thus, for 
all fc > AT and all t > e, 

£.{f,x,y,k,t) > ff{ielk\\r{z)-f{z')\<t-2e} 

> k{l-2e)^{f,z,z',k,t-2e). 

Dividing by k and taking the limit inf, we get 

Vt > e, Fj;y{t) > (1 - 2e)F„„,{t - 2e) > F„„>{t - 2£) - 2£. 

As in ( |6.17 ), we have: 

\nz) - r(z)i < \f\x) - r(z)i + \r{x) - r{y)\ + \f\y) - r{z')\. 

Similar arguments as above (with t + 2e and limsup instead of t and liminf) give 
yt>£, F:,,{t+2£)>F:^{t)-2£. 


According to Lemma 6.24 Fzz' = A*^,. Thus 

Vt > e, Fzz'{t - 2£) -2£ < Fz;y{t) < F*{t) < Fzz'{t + 2e) + 2e. 


6.21 


By Proposition 
1 for all t G [0, ej. Inis implies that 


^xy ~ /o ^ i^xyi^) Pxyitf) dt and Ff,y(t) Fxy{t) < 


(6.18) 
We set 


\F*.-F, 


xy\\l 


A := 


+ J (Fzz'it + 2£) — Fzz'{t — 2£)) dt + 4£\I\. 

/■IN 

:= J {Fzz' {t + 2^) — Fzz' {t — 2e)) dt. 
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By Proposition 6.21 Fzz'if) = 0 if t < 0 and 0 < Fzz'{t) < 1 for all t. Thus 


AI\+2e 

/ Fzz' (m) du- Fzz' (u) du 

Jse j-e 

r\i\ r\i\ 

< / Fzz> (u) du + 2e — / Fzz' (u) du + 2e = Ae. 

Jo Jo 


r\I\-2s 


A = 


Including this result in (6.181, we have \\F*y — Fg;y\\i < e(5 + 4|J|). Taking the limit 
when e -)> 0, we get \\F* - F^^yWi =0. □ 


The next theorem deals with positive entropy interval maps. The proof is 
different from the one in [Ha]; it uses the semi-conjugacy of a subsystem with a 
full shift, and the arguments are similar to the ones in the proof of Theorem |5.17[ 

Theorem 6.26. Let f: I ^ I be an interval map of positive topological entropy. 
Then there exist a Cantor set K G I and a positive number 6 such that, for all 
distinct points x, y in K, 


Vt e [0, 5), F^yit) = 0 and Vt > 0, F*it) = 1. 


Proof. By Theorem |4.58[ there exists an integer r such that has a strict 
horseshoe (Jq, Ji). Let X , E, (p: X ^ Y. and (Jao...a,^-i)n>i,(ao....,«r.-i)G{o.i}- be 
given by Proposition 5.15 for the map g := /'". 

We set 7 " := 7 • • • 7 if 7 G {0,1}. We first prove the following fact: 


n times 


(6.19) 


lim |Jo^i|= 0 . 

n—>-+oo 


By Proposition 5.15 nn^i Jo" is a decreasing intersection of nonempty compact 


intervals (this intersection may be a non degenerate interval because (0000 ...) may 
be in ip{E)). Thus (min Jo")n>o is a non decreasing sequence that converges to some 
point xi, and (max Jo")n>o is a non increasing sequence that converges to some 
point X 2 . One has 0 : 1,312 G '^O" and xi < x^- Let e > 0 and let > 1 be 
such that 


( 6 . 20 ) 


Vn > N, \xi — min Jq" | < e and |o :2 — max Jq" I < £• 


Let n > N. The intervals Jo»ii and Jq^+i are disjoint and included in Jgr., and 
a:i,a ;2 belong to Jo>*+i. This implies that 

• either Jo"i < To"+i and Jo"i C [min Jo",a:i] (see Figurej^on the left), 

• or > Jon+i and Jo"i C [ 0 : 2 ,max Jg**] (see Figure|^on the right). 

In both cases, | Jo»*i| < e according to (6.20). This proves (|6.19|). 


7 (,n 




H h 


Xn I /gD+l I 




H h 




Ai X 2 

Figure 4. The two cases Jg^i < Jg^x+i and Jg^i > Jgn+i. 
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Let (nfe)fc>o be a sequence of positive integers increasing fast enough to have 

fc— 1 

( 6 . 21 ) 


lim — Hi = 0. 
k—>--\-oo Tlh 

2=0 


In particular, (6.21) implies that 

( 6 . 22 ) 


(6.23) 


and 


lim — = 0 

fc—>-+00 TIIq 

1 - rik 

lim 
fc —>-+00 


= 1 . 


E k 

For all z > 1 and all a = (a„)„>o G S, we set Wi := 0®“^1 and 

B,{a) := VF„,^(ao)"''‘+Kai)”'“■+= ■ ■ ■ (a.-i)”''-+-, 

where {ki)i>i is the sequence defined by fci = 0 and ki+i = ki + i + 1 (in this way, 
Bi{a) ends with (ai_i)"''i+‘ and Bi+i{a) begins with 
We define ^: E —)• E by 

tf}{a) := {Bi{a)B2{a)B3{a)...) 

= (IF„„(ao)”^bF„,(ao)”nai)""t^n,(ao)”nai)"^(a2)”* • ■ •) 

The map ip is clearly continuous. For every d G E, we chose a point Xa in ip~^oip[a) 
and we set S := {x^ € X \ a € E}. According to Proposition 5.15[ the set 
oipia) contains two points if ip{a) G ^{E) and one point if ip{a) ^ ^{E). Thus 
there exists a countable set E C X such that S = (p~^ o '0(E) \ E. 

We fix d = {an)n>o and /3 = {Pn)n>o two distinct elements of E. 

Let t > 0. Since / is uniformly continuous, there exists e > 0 such that 

yx,yGl, |a: - y| < e ^ V'i G |0,r - 1], \f{x) - r{y)\ < t. 


According to (6.19), there exists a positive integer N such that < e for all 

n > N. If j > 0 is such that both cr^('0(d)) and a^{ip{j3)) begin with IF„ with 
n > N, then \g^(xa) — g^(xp)\ < e because both points g^{xa),g^{x^) belong to 
Jon-ii. We set 

ki 

rrii := 

k=0 

The integer rm is the length of the sequence Bi(d)... Bi_i(d)VF„^.. Then, by the 
definition of ip, for all i such that Uk, > N, 

Vj G [fV,nfeJ, \g^'-^(xa) - g"^'~^{xp)\ < e. 

This implies that ^{g, Xa,Xp, nii, s) > rik^^ — N and ^(/, x^, Xp, r.mi, t) > rpak^ —N). 
According to (6.23), limi_j.+oo = 1, and hence F*_^.{t) = 1. 

Since d^ j3, there is an integer q such that Uq ^ jSq. Let D > 0 be the distance 
between Jq and Ji, and let J > 0 be such that 

\/x,yGl, < (5^ Vz G |0,r-1], \f\x) - f\y)\ < D. 

We set Pi := mi + {ki + l) + ... + {ki + q). If h+i — ki > g + 1, then pi is the length 
of the sequence 

Bi{d)... B,_i{d)Wk,{aQY^i+^ ... (ag_i)"''“i+‘'. 
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and aP^{ip{a)), begin respectively with (ag)”'=i+«+^ and (/3q)"''i+'’+b Then 

Vj G [0,nfc,+,+i - 1], \gP'+^Xs) - > D 

because either g^^^^Xa) G Jq and gP'~^^{x^) G Ji, or the converse. This implies 
that ^{g,Xa,Xp,pi + nk,+q+i,D) < pi and ^{f,Xs,Xp,r{pi + nki+q+i),S) < r.pi. 
One can compute that pi = rrii + qkt + . Thus 


Pi 


Pi 


- < 

Pi + nki+q+1 nki + 1 


< 


rrii + qkj + q{q + l)/2 

P^ki + l 


This last quantity tends to 0 according to (6.21) and (6.22), and hence 

Pi 


lim 


= 0 . 


l-l+oo P^ + Tlki+q+l 

We deduce that = 0 for all t G [0,5). Finally, by Theorem 

exists a Cantor set K c S because S = o i/i(S) \ F is a Borel set. 


5.16 


there 

□ 


Corollary 6.27. Let f be an interval map. The following properties are 
equivalent: 

• f is DCl, 

• f is DC2, 

• f is DCS, 

• htopif) > 0 . 


Proof. It is clear than DC1=>DC2=>DC3. Theorem 6.25 implies that, if 


htopif) = 0) then / is not DCS. By refutation, we get DCS htopif) > 


Finally, if htopif) > 0, then / is DCl by Theorem 6.26 


Remarks on graph maps and general dynamical systems. The results 
of Schweizer and Smital on distributional chaos was generalized to graph maps by 
steps, first to circle maps [m 1120] . then to tree maps [641 166] and finally to 
general graph maps. The next result is due to Hric and Malek |88| . 


Theorem 6.28. Let f:G^G be a graph map. The following properties are 
equivalent: 

• f is DC2, 

• htopif) > 0 - 

For general dynamical systems, Downarowicz showed the following implica¬ 
tion |76| . 

Theorem 6.29. Let iX,f) be a topological dynamical system. If f has positive 
topological entropy, then f is DC2. 


The equivalence of the three types of distributional chaos is not true for general 
dynamical systems. On the one hand, Pikula showed that positive topological 
entropy does not imply DCl [US]. On the other hand, Balibrea, Smftal and 
Stefankova exhibited a dynamical system which is DCS and distal (i.e., for all 
X ^ y, liminf„_>+oo d(/"(a;),/"(y)) > 0) |24j . and thus DCS does not even imply 
the existence of Li-Yorke pairs (recall that, on the contrary, positive entropy implies 
Li-Yorke chaos according to Theorem 5.18). Therefore, 
distinct notions in general, 
whereas DCl and DC2 are. 


_ DCl, DC2 and DCS are 

Moreover, DCS is not invariant by conjugacy 



















CHAPTER 7 


Chaotic subsystems 


7.1. Subsystems chaotic in the sense of Devaney 

In |74j . Devaney mainly studied maps on the interval or on the real line. Ob¬ 
serving some chaotic behavior, he introduced a definition of chaos. For Devaney, 
chaos is seen as a combination of unpredictability (sensitivity) and regular behaviors 
(periodic points), transitivity ensuring that the system is undecomposable. 

Definition 7.1 (chaos in the sense of Devaney). A topological dynamical sys¬ 
tem {X, f) is chaotic in the sense of Devaney if 

• / is transitive, 

• the set of periodic points is dense in X, 

• / is sensitive to initial conditions. 


For interval maps, transitivity is enough to imply the other two conditions, as 
it was pointed out by Silverman |158j and Vellekoop and Berglund |166j . It is a 
straightforward corollary of Propositions 2.15 and |2.39| 


Proposition 7.2. An interval map is chaotic in the sense of Devaney if and 
only if it is transitive. 


Devaney was actually interested in systems having a chaotic subsystem. Shihai 
Li showed that, for interval maps, this is equivalent to positive entropy ^m- 


Theorem 7.3. Let f be an interval map. The following are equivalent: 

i) htopif) > 0, 

ii) there exists an invariant set X such that {X,f\x) is chaotic in the sense 
of Devaney, 

hi) there exists an infinite invariant set X such that {X, f\x) is transitive and 
X eontains a periodie point. 


Proof. First we suppose that htopif) > 0- By Theorem 
closed intervals Jq, Ji and an integer n > 1 such that {Jq, Ji) is a strict horseshoe 
for /". Let X, E and (/?: X —>■ E be given by Proposition |5.15| for the map g := f^. 
Then {X,g\x) is transitive and X is a ^-invariant Cantor set. We are going to show 
that (X, g\x) is sensitive to initial conditions and has a dense set of periodic points. 

We dehne the following distance on S: for all a = (an)n> 0 i/d = (/3n)n>o in S, 


4.58 


there exist two 


+ 00 


dia,f ) := 


\Pn - 


n—0 


(see also Definition 8.28 in the Appendix). Since X is compact, the map ip is 
uniformly continuous and there exists 5 > 0 such that 


(7.1) Vx, y G X, \x-y\ <6=> d{ip{x), ip{y)) < 1. 
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Let xq G X and e > 0. The Cantor set X has no isolated point and (p is at 
most two-to-one, thus there exists y G X such that jcco — y\ < £ and ip{y) ^ p{xo)- 
Let a = (a„)„>o := p(xq) and j3 = {l3n)n>o ■= piy), and let A: > 0 be an integer 
such that Uk ^ Pk- Then d{a^{a), ($)) > 1. Since 

cr'=(d) = ip{g'^{xo)) and cr'"{^) = p{g’^{y)). _ 

\g’^{xo) — g^{y)\ > 5. This proves that {X,g\x) is <5-sensitive. 


cr'=(/3)) > 

ki^.w According to (|7.1|), this implies that 


IS a semi-conjugacy, 


Let xq G X \ E and e > 0. 
an integer k such that 


Let (q!„)„>o := pixo). Since xq ^ E, there exists 


(7.2) 


diamjx G X | (p(x) begins with ag ... afc-i} < £■ 


Let P = {Pn)n>o € S be the periodic point such that Pq ... Pk-i = ag ... ak-i 
and <7^{P) = P (i.e., P is the infinite repetition of ao-.-cifc-i). Since p is onto 
and at most two-to-one, there exist two (possibly equal) points yi,j /2 in X such 
that p~^{P) = {yi,V 2 } (one_hasj/i = y 2 ii P ^ ^{E)). Then, for i G {1,2}, 
= o-''(/3) = P, and g’^iy,) G p~'^{P) = {?/i, 2 / 2 }- This implies 
that either g^^(?/i) = yi or g^^{y 2 ) = 2 / 2 - Thus there is a periodic point among 
2 / 1 ) 2 / 2 ; we call it y. By (7.2), |a;o — y\ < £ because p{y) = p. Thus the set of 
periodic points is dense in A \ if. This implies that the set of periodic points 
is dense in X because X is an uncountable set with no isolated point and E is 
countable. 

We set X' := X L) f{X) U • • • /”“^(A). Then X' is closed, /-invariant, and 
(A', f\x') is chaotic in the sense of Devaney. Thus (i)=^(ii). 


The implication (ii)= 
infinite). 


/iii) is trivial (notice that a sensitive system is necessarily 


Now we suppose that there exists an infinite /-invariant set A such that f\x is 
transitive and A contains a periodic point. By Proposition |2.3[ A has no isolated 
point and there exists x G X such that oj{x,f) = A. If htopif) = 0, then, by 


Proposition 5.23 the set a;(a;, /) contains no periodic point, which contradicts the 
fact that A contains a periodic point. We conclude that htopif) > 0; that is, 
(iii)^(i). □ 


Remarks on graph maps and general dynamical systems. The results 
of this section are still valid for graph maps. The generalization of Proposition 7.2 
is given by Theorem 2.45[ Corollary |2.46| and the fact that a rotation is not sensitive 
to initial conditions. The proof of Theorem |7.3| for graph maps is the same since 


Propositions 5.15 and 5.23 remain valid for graph maps (see “Remarks on graph 
maps” at the end of Sections 5.3 and 5.5). 


It was shown simultaneously in several papers that there is a redundancy in the 
definition of chaos in the sense of Devaney, sensitivity being implied by the other 
two conditions 


Theorem 7.4. Let (A,/) be a topological dynamical system where X is an 
infinite compact space. Suppose that f is transitive and that the set of periodic 
points is dense. Then f is sensitive to initial conditions, and thus f is chaotic in 
the sense of Devaney. 
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7.2. Topologically mixing subsystems 

Xiong showed that an interval map / has an infinite mixing subsystem in which 
the set of periodic points is dense if and only if / has a periodic point of odd period 
greater than 1 [169]. The “if” part, which is a variant of Proposition |5.15[ relies 


on the fact that / has a subsystem “almost” conjugate to the subshift associated 
to the graph of a periodic orbit of odd period p > 1, and this graph is known when 
p is minimal. The “only if” part can be strengthened: the existence of an infinite 
subsystem on which is transitive is sufficient to imply that / has a periodic point 
of odd period greater than 1. 


Remark 7.5. According to Xiong’s terminology [169], an interval map / is 
called strongly chaotic if there exists an invariant subset X such that (X,f\x) is 
topologically mixing, the set of periodic points is dense in X and the periods of 
periodic points in X form an infinite set. 


Much can be said about subshifts associated to a directed graph, which belong 
to the class of subshifts of finite type (see, e.g., m). We just give the definition; 
we shall not explicitly use the properties of such systems. 


Definition 7.6. Let G be a directed graph and V its set of vertices (recall 
that directed graphs are defined in Section 1.5). Let r(G) denote the set of infinite 
paths in G, that is. 


r(G) := {(an)n>o € I Vn > 0,a„ —)■ a„+i is an arrow in G}. 

The set is endowed with the product topology (where V has the discrete 
topology) and r(G) C is endowed with the induced topology. The shift map 
a: r(G) ^r(G) is defined by ct((q!„)„>o) := (a„+i)„>o. Then (r(G),CT) is a topo¬ 
logical dynamical system, called the subshift (or topological Markov shift) associated 
to the graph G. 


Theorem 7.7. Let f: I ^ I be an interval map. Assume that f has a periodic 
point of odd period greater than 1. Then there exists an uncountable invariant set 
X such that f\x' X ^ X is topologically mixing and the set of periodic points is 
dense in X. Moreover, the set of periods of periodic points in X is infinite. 


Proof. Let p be the smallest odd period greater than 1, and let Gp be the 
graph of a periodic orbit of period p given by Lemma |3.17| According to Proposi¬ 
tion 4.37 for every n-tuple of vertices (oq, ..., On-i), if oq —t oi —t • • • —t On-i is 
a path in Gp, then (ao, ai,..., On-i) is a chain of intervals for /. For every n > 0, 
let r„ denote the set of paths of lengths n in Gp. We apply Lemma 1.13’iii) to 
the family of chains of intervals (oq, ai)(Q,p^Qj)gri) obtain non degenerate 

closed subintervals with disjoint interiors (Jaoai)(ao,Qi)Gri such that Jagai C ao 


and f{Jaaai) = ai. Using Lemma 1.13 inductively, we define non degenerate closed 
subintervals (Jao...a„)(ao,...,a„)Gr„ such that, for all (oq, • • ■ ,an), (/3o, ■ ■ ■, l3„) inP^: 


(7.3) 

(7.4) 

(7.5) 


Jfy 


C Ja 


'aQ...ty.n ^ ^ OLQ...OLri-11 

(oig ; ■ • ■ 5 (/^O ; ■ • ■ ; ^n) ^ ^ (t/' 
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For every a = {an)n>o € r(G'p), we set 


+ 00 


Jql ■— Ja.Q...o 


n—0 

This is a decreasing intersection of nonempty compact intervals, so Ja is a nonempty 
compact interval too. Moreover, (7.5) implies that 

Vd, /3 e r(G'p), a ^ Int (Jg) n Int (J^) = 0. 

Now we are going to show that 

+ 00 

(7.6) Vd e r(Gp), /(Ja) = fl /(Jao...aJ. 

n—0 

The inclusion C is obvious according to the definition of Ja. Let y be a point in 
r\n >0 and, for every n > 0 , let Xn S '7ao...a„ be such that /(x„) = y. 

By compactness, there exist an increasing sequence of positive integers {ni)i>o and 
a point X such that limi_>+oo Xm = x. Moreover, x € Jao...an because this is 

a decreasing intersection of compact sets; and f(x) = y by continuity of /. This 
proves that n(((Lo /('7ao...a„) C f{Ja), and thus (7.6) holds. Then (7.4) and (7.6) 
imply that 


(7.7) 

Let 


Va G r(Gp), f{Ja) — Ja{a)- 


E := {a G r(Gp) | Ja is not reduced to one point}. 
By definition, we have 


(7.8) 


V(a „)„>0 e r(Gp) \ S, lim |J, 


+ 00 


= 0 . 


The set E is countable because the intervals {Ja)aeE are non degenerate and have 
disjoint interiors (see Lemma 1.5). Moreover, ( |7.7[ ) implies that cr (r(Gp) \ E) C 
r(Gp) \ E. We define the map 


r(Gp)\G 


X such that Ja = {a;}. 


It is easy to show that this map is continuous using (7.3) and ( |7.8[ ), and tpoa = foip 
by ( T^ . Moreover, (p is at most two-to-one. Indeed, if (q;„)„>o, (;d„)n>o, (7«)n>o 
are three distinct elements of r(Gp) \ E, there exists n > 0 such that (ao, ■ ■ ■: cin), 
(/3o, • • ■, /^n), (70 j • ■ ■ j 7 ra) are not all three equal to the same (n + l)-tuple, and thus 
(7.5) implies that Jao...a„ Ll n is empty. 

We set 

Xo := </7(r(Gp) \ E) and X := 

These sets satisfy /(^o) C Xq and f{X) c X because tT(r(Gp) \E) c r(Gp) \ E. 
Moreover, Xq and X are uncountable because p is at most two-to-one and r(Gp)\G 
is uncountable. Looking at the graph Gp described in Lemma 3.17 we see that there 
exists fc > 0 (fc := 2y — 3 is suitable) such that, for all vertices a, (3 of Gp, 

(7.9) there exists a path {oJq^,... , w^^) G T^ such that lvq^ = a and = /3. 
We are going to show that 

(7.10) Vz > 0, V(ao, ■. ■, aO e L^, f+HJco-o., r)X)=X. 
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We fix (ao,... ,ai) in F^. Let e > 0. Let y G Xq and (/3„)„>o G ^{Gp) \ E he 

../ 3 j < £■ We 


such that <p((/3n)n>o) = y- By (7.8), there exists q > 0 such that \ Jp 
define the map ijj: r(G'p) —)■ r(Gp) by 

ip{{'ln)n>o) ■= (cio ■ ■ • f3o ■ ■ ■ ... 7„ ...), 


where uJq"^° .. .uj^ 

Pq to 7 o) defined in (7.9). The map ijj is one-to-one. Since r(Gp) is uncountable and 


ai0o 
k 


(resp. 


is the path from Oi to /3o (resp. from 


E is countable, there exists 7 G r(Gp) such that i/’( 7 ) ^ E. Let x := ipoiplj) G Xq. 
Then x G Jag...on and p^^{x) G Jpg.../3g, so \f'^~^^{x) — y\ < s. Since this is true 
for any e > 0, this implies that the set f''~^’^{Jao...ai H Xq) is dense in X. By 
compactness, we get f''~^^{Jao...ai Cl X) = X; this is (7.10). 


Finally we are going to show that f\x- X —)■ X is topologically mixing and 
that the set of periodic points is dense in X. Let U be an open set of I such that 
G n X 7 ^ 0. By denseness of Xq in X, there exists y in G n Xg. Let (a„)„>o € 
r(Gp) \ E he such that <p((a„)n>o) = y- Since lim„^+oo 
there exists an integer q such that Ja„ 

(7.10). Therefore 


|Ja 


= 0 by (7.8), 


C G. Then /9+'=(G n X) = X by 
f\x is topologically mixing. Let 7 = ( 7 n)ra>o be the periodic 
sequence of period q beginning with (og ■ • -cig-i), that is, jn = <Xr n = pq + r 
with r G |0, <7 — 1]. The difficulty to find a periodic point in G n X is that 7 may 
belong to if (if 7 ^ E, then we have z := G Xg n G and /^(z) = z). For every 
n > 0, there exists z„ G {J'yo...'y„ F -^ 0 ) \ Let (ni)i>o be an increasing sequence 

of integers such that (z„.)i>g converges, and let z denote the limit. The point z 
necessarily belongs to dJ^ because nn>o "Ao -.t.* = Jj is a decreasing intersection 
of intervals and z„ ^ Jy. Moreover, z G X because X is closed. For every n > q, 
f^izn) G J-yg...-y^_^ \ Jj because cr'^( 7 ) = 7 . Therefore the sequence (/'^(z„J)i>g 
converges to the point /'^(z) by continuity, /'^(z) G X because X is invariant and 
f‘^{z) G dJ^ for the same reason as above. Similarly, /^*(z) G dJ^ n X. The 
three points {z,/'^(z),/^*(z)} belong to dJj, and thus two of these points are 
equal. Therefore, either z or f‘^{z) is a periodic point and belongs to G n X. This 
shows that the set of periodic points is dense in X. Finally, the facts that f\x is 
topologically mixing and has a dense set of periodic points ensure that the set of 
periods of periodic points in X is infinite (if the set of periods is finite and if N is 
a common multiple of all the periods, then f^\x is the identity map by denseness 
of the set of periodic points, and thus f\x is not mixing). □ 

Theorem 7.8. Let f be an interval map. The following are equivalent: 

i) / has a periodic point of odd period greater than 1, 

ii) there exists an infinite f -invariant set X such that (X, f'^\x) is transitive. 


Proof. The implication (i)^(ii) is given by Theorem 7.7 


We suppose that there exists an infinite /-invariant set X such that f^\x is 
transitive. Let y G X be a point whose orbit under is dense in X. Since 
X is infinite, the points (/"(y))n>g are pairwise distinct. We may assume that 
minX < f{y) < maxX (otherwise, we can replace y by some iterate). We also 
assume that f(y) < f'^{y), the case with reverse inequality being symmetric. Since 
Op{y) is dense in X, there exists n>2 such that /^"(y) GjminX, f{y)). Thus we 
have /^"(y) < /(y) < P{y). According to Proposition 3.34 applied to the point 
X := f{y), there exists a periodic point of odd period greater than 1. That is, 
(ii)^(i). □ 
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According to Theorem |4.58[ an interval map has positive entropy if and only if 
it has a periodic point of period 2"p for some n > 0 and some odd p > 1. Therefore 
the next corollary follows straightforwardly from Theorems |7.7| and |7.8| 

Corollary 7.9. Let f be an interval map. The following are equivalent: 

i) htopif) > 0, 

ii) there exist a positive integer n and an uncountable -invariant set X 
such that (X,/”|x) is topologically mixing and the set of periodic points 
is dense in X, 

hi) there exist a positive integer n and an f'^-invariant set X such that 
(X,/”|x) is topologically mixing, 

iv) there exist a positive integer n and an infinite f'^-invariant set X such 
that (X,/^"|x) is transitive. 


Remark 7.10. A result similar to, but weaker than, the equivalence (i)<;4>(iii) 
in Corollary 7.9 was stated by Osikawa and Oono in mi- they proved that an 
interval map / has a periodic point whose period is not a power of 2 if and only if 
there exists a mixing /"-invariant measure for some positive integer n. The proof 
relies on the construction of a set X such that /"(X) C X and (X, /"|x) is Borel 
conjugate to the full shift on two symbols (i.e., the conjugacy map is only Borel and 
may not be continuous); in particular, X may not be closed in this construction. 


Remarks on graph maps. For graph maps, there is no simple relation be¬ 
tween positive entropy and the periods of periodic points. Moreover, an irrational 
rotation is totally transitive but not topologically mixing and has zero entropy; 
thus there is no way to get a result similar to Theorem |7.8| However, Corollary |7.9| 
can be partially generalized to graph maps. Indeed, a graph map / has positive 
entropy if and only if /” has a horseshoe for some n (Theorem |4.12[ ), which implies 
that there exists an /"-invariant set X such that (X, /") is “almost” conjugate to 


the shift (S, a) (Proposition 5.15). Moreover, the properties of w-limit sets for zero 
entropy graph maps (Theorems 5.35 and 5.36) imply that a zero entropy graph 


map admits no topologically mixing subsystem. This leads to the following result. 


Theorem 7.11. Let f be a graph map. The following are equivalent: 

i) htopif) > 0; 

ii) there exist a positive integer n and an uncountable f^-invariant set X 
such that (X,/"|x) is topologically mixing and the set of periodic points 
is dense in X, 

iii) there exist a positive integer n and an f'^-invariant set X such that 
(X,/"|x) is topologically mixing. 


7.3. Transitive sensitive subsystems 


One may consider a variant of Devaney’s definition of chaos by omitting the 
assumption on periodic points. What can be said about interval maps having tran¬ 
sitive sensitive subsystems? By Theorem |7.3[ a positive entropy interval map has 
a transitive sensitive subsystem. The converse is not true: the map built in Exam¬ 
ple [AM has zero entropy but has a transitive sensitive subsystem by Lemma 5.64 


We are going to show that the existence of a transitive sensitive subsystem implies 
chaos in the sense of Li-Yorke. The converse is not true either: a (rather compli¬ 
cated) counter-example is given in Subsection 7.3.2 It follows that, for interval 
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maps, the existence of a transitive sensitive subsystem is a strictly intermediate 
notion between positive entropy and chaos in the sense of Li-Yorke. These results 
were shown by the author in 

Remark 7.12. A topological dynamical system {X,f) is sometimes called 
chaotic in the sense of Auslander-Yorke or chaotic in the sense of Ruelle and Tok¬ 
ens if it is transitive and sensitive to initial conditions [20l HH], and chaotic in 
the sense of Wiggins if there exists an invariant set Y G X such that (Y, fly) is 
transitive and sensitive to initial conditions |80j . 

7.3.1. Transitive sensitive subsystem implies Li-Yorke chaos. The next 
result is [mi Theorem 1.7]. 

Theorem 7.13. Let f be an interval map. If Y is an invariant set such that 
fly is transitive and sensitive to initial conditions, then f is chaotic in the sense 
of Li- Yorke. 


Proof. We show the result by refutation. Suppose that / is not chaotic in the 
sense of Li-Yorke. By Theorem |5.17[ the topological entropy of / is zero. Consider 
an invariant set Y such that f\y is transitive. If Y is finite, then f\y is not sensitive. 
If Y is infinite, there exists yo G Y such that uj{yo,f) = Y (Proposition |2.3[i)). 
By Theorem |5.21[ Y does not contain two /-non separable points. Let £ > 0. 
According to Proposition 5.32[ i), there exists an integer n > 1 such that 

max diam(a;(f*( 1 / 0)1 )) < £• 

We set li := [minw(/*(?/o),/^"), maxw(/*(?/o),/^")] for all i G |0, 2" - 1]. Then 
f{Yr\Ii) = YnA+ii„od 2 " because f(aj{.fHyo),.f")) = a;(/*+i ^"(yo),/^") and 

^ = UgIo. 2 "-i 1 ‘^(r(yo),/^") by Lemma 
are pairwise disjoint by Proposition |5.24 


1.3 Moreover the intervals {Ii)o<i< 2 ^-i 
Let i5 > 0 be such that the distance 
between two different intervals among (/i)o<i< 2 "-i is greater than 6. Let x,y GY 
be such that \x — y\ < S. Then there exists i G |0, 2” — 1] such that x,y G li and, 
for all fc > 0, f’^ix), f^{y) G Ii+k mod 2-, so \f'"{x) - f^{y)\ < e. We conclude that 
f\y is not sensitive to initial conditions. □ 


7.3.2. Li-Yorke chaos does not imply a transitive sensitive subsystem. 

The aim of this subsection is to exhibit an interval map h: [0,3/2] -G [0,3/2] that 
is chaotic in the sense of Li-Yorke but has no transitive sensitive subsystem. This 
example is taken from HU]. Let us first explain the main underlying ideas of 
the construction of h. This map is obtained by modifying the construction of the 
map g of Example |5.59| The maps h and g have the same construction on the 
set lJn>i ~ which is the core of the dynamics of </ - but the the lengths of the 
intervals (/)()n>i are not the same and the definition of h on the intervals (Ln)n>i 
is different. For g, we showed that K := n„>o Ui=o ^ a non degenerate 

connected component C and that the endpoints of C are (/-non separable. The same 
remains true for h with C := nn>o — [^i 1] (the fact that a, 1 are h-non separable 
will be proved in Proposition 7.17). For g, we proved that BdnAT C uj(0,g), hence 
dC C uj{0,g). For h, it is not true that dC C uj{0,h) because the orbit of 0 stays 
in [0,a]. The construction of h on the intervals allows one to approach 1 from 
outside [0,1]: we shall see in Proposition 7.17 that oj{ 3/2, h) contains both a and 1, 
which implies chaos in the sense of Li-Yorke because a and 1 are h-non separable. 
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On the other hand, the proof showing that g\ui{o,g) is transitive and sensitive fails 
for h because uj{0,h) does not contain {a, 1}, and w(3/2,/i) is not transitive. We 
shall see in Proposition |7.20| that h has no transitive sensitive subsystem at all. 

Let (a„)„>o be an increasing sequence of numbers less than 1 such that gq = 0. 
We set Iq := [oq, 1] and 

^Tl ^ 1, .— [U2n—2 ; ^2n—l] 1 .— [U2n—11 C^2n]; •— [l^2n5l]- 

It is clear that U U = I^-i- We fix (a„)„>o such that the lengths of the 
intervals satisfy 

Vn > 1, \I^\ = |L„| = and \I^\ = 

Let a := lim„_>+oo a„. Then lJn>i('^n = [0,a). Moreover, a < 1 because 


2 ^ 

— > —oo, 

the last inequality follows from the facts that log(l + x) ~ a; when x —>■ 0 and 

E ^ < +00. 

Notation. If I is an interval, let mid(/) denote its middle point (that is, 
mid([&, c]) = ^). For short, we write f (resp. |) for “increasing” (resp. “decreas¬ 
ing”). 

For all n > 1, let : /)) —>■ be the increasing linear homeomorphism mapping 
7° onto /^. We define the map h: [0,3/2] —>• [0,3/2] such that h is continuous on 
[0,3/2] \ {a} and 


+ O0 


log(l-a) = ^log 


h{x) = o o ■ ■ ■ o ip~\ o Lpnix) for all X G 1°, n > 1, 

h is linear f of slope A„ on [minL„, mid(L„)] for all n > 1, 

h is linear / on [mid(L„), maxL„] for all n > 1, 

h{x) = 0 for all x G [a, 1], 

h{x) = X — 1 for all X G [1,3/2], 


where the slopes (A„) will be defined below. We shall also show below that h is 
continuous at a. The map h is represented on Figure 

We set Jq := [0,1] and, for all n > 1, we define J°, as subinterval of J°_i 

such that min = 0, max J/ = max J°_i ^.nd = |/t^ ^ "i®’ 


also set Mn := [max J°,min J/]. 

Notice that, on the set lJn>i ^ i® defined similarly to the map g of 

Example 5.59|(the reader can refer to Figure [^ page [149] and the explanations of the 


underlying construction of g on this set). Therefore, the assertions of Lemma 5.60 
remain valid for h, except the point (i) and its derived results (viii), (x), (xi). 


Lemma 7.14. Let h be the map defined above. Then, for all n > 1, 


i) HO = Jl 

ii) h'’\jo is linear f for all i G |0, 2” — 1], 

hi) H 

iv) h^iO C ULi 4° for all 7 G [0, 2" - 2], 

v) J°))o<z< 2 " are pairwise disjoint, 
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Figure 1. The graph of h] this map is chaotic in the sense of 
Li-Yorke but has no transitive sensitive subsystem. 


vi) h'^" ^1/0 is linear X and = InJ 

vii) is linear \ and h? = L„, 

viii) /i(minL„) = minM„_i, 

ix) (minL„) = minL„_i. 


Proof. For the assertions (i) to (vi), see the proof of Lemma 5.60 ’ii)-(vi) + (ix). 
According to (ii), the map ~^|m„ is linear f because is included in 
J^-i- Since = [max J°,minand = [max7°,min/,)], the combination of 
(i), (ii) and (iii) implies that /i^" ^“^(M„) = L„; this is (vii). 

The map is increasing and minL„ = max/®. Hence, according to (i), we 
have /i(minL„) = max J,) = max = minM„_i; this is (viii). 

Finally, (ix) follows from (vii) and (viii). □ 


For all n > 0, we set Xn '■= mid(M„_|_i), that is, Xn = f n”i.^ It is a 
decreasing sequence and xg = 1/2. Therefore h(l + Xn) is well defined and equal 
to Xn for all n > 0. 

For all n > 0, let := slope by convention, is the identity map, 

so to = 1. We fix Ai := and we define inductively (A „)„>2 such that 


(7.11) '-^Y[X^Y[u=Xn. 

i—1 i—0 

By convention, an empty product is equal to 1, so ( 7.11| ) is satisfied for n = 1 too. 

The slopes (A„)„>i are such that ([minL„, mid(L„)]) = [1,1 + a;„], as 
proved in the next lemma. This means that, under the action of , the image 
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of Ln falls outside of [0,1) but remains close to 1. We also list some properties of 
h on the intervals L„, and [1,1 + a;„]. 

Lemma 7.15. Let h be the map defined above. Then 

i) h^ is linear f and hf {[l,l + x„]) = [min/°_|_]^, mid(L„+i)] for all 

n > 0, 

ii) \lminLr„m[d{L^)] is linear f and h'^" ([minL„, mid(L„)]) = [1,1 + x„] 
for all n > 1, 

hi) is f and h^ ([1, l+x„]) =U [1, l+x„+i]/or aH n > 1, 

iv) h{lf) C [0, mid(M„)] for all n>l, 

v) h^"([min/i,l + x„]) C [minJ^,l + x„] and/i*([min/i, 1+ x„]) C [0,1] for 
all n > I and all i G |1, 2" — 1]. 

Proof. The map/i|[iis linear f and/i([l, l+x„]) = [0,mid(M„+i )] c J°, 
thus is linear f by Lemma 7.14'ii). Moreover h^ ~^(0) = min/°_|_]^ and 

h^’'“^(mid(M„+i)) = mid(L„+i) by Lemma 7.14'ii)+(iii)+(vii); this implies (i). 

Before proving (ii), we show some intermediate results. Let n,k be integers 
with n>2 and k G |2,n]. Then 


' tn—2 • ■ ■ tk—2 — 


n n—2 

n A, n t, 

k-1 k-3 

n n 

2 = 1 2=0 

1| 


^k—1 \^n\ 

n+1 -| n—1 

n s n 

2=fe+l 2=fc—1 


by ( I7.11D 
1 3' 


1-i 3^-1 


1 1 


^n—fc+1 


n 

i—k— 1 


3 * - 2 


and so 
(7.12) 


• ■ • ^k ’ in—2 • ■ • ik — 2 1 - 


\Lr.\ 


By definition, ^|fminL^,mid(L„)l is linear f and /i(mid(L^)) = /^(minL^) + ^ 

By (fm|, 


Ayi 


n—1 n—3 


t . 


n — 2 


n A, n ti 


2=1 2 = 0 

^n\^n—l I 

2Xn—ltn—2 

1 

3 n+l 2 ’ 
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the last equality is because J °_2 3 M^-i, so t „_2 = by Lemma 


Therefore 


7.14 


\I^ 

2 


< 


|M„i 


Moreover, /i(minL„) = minM„_i by Lemma 7.14[ viii), hence 

(7.13) /i([minL„, mid(L„)]) C [minM„_i, mid(M„_i)] for all n > 2. 

Fact 1. For all k € |2,n], 

• the map h? is linear f of slope A„ ... \ktn -2 ■ ■ ■ tk -2 on 

[minL„, mid(L„)] and sends minLn to minLk-i, 

• h*([minL„, mid(L„)]) C [0,1] for all i G |0, 2”“^ + 2"“^ + ■ 


We show this fact by induction on k, where k decreases from n to 2. 
• By (|7.13| we have h([minL„, mid(L„)]) C M„_i C J°_ 2 ) so 


is linear f of slope Xntn- 2 - By Lemma 


7.14 


ix), 


min Ln,rr\'\d{Ln)] 

(minL„) = minL„_i. Then 


(7.13) and Lemma 7.14'iii)+(iv) imply that ft,*([minL„, mid(L„)]) C [0,1] for all 


i G |1, 2" ^]. This is Fact 1 for fc = n. 

• Suppose that Fact 1 holds for some k G |3,n]. By (7.12), we have 


An . . . Afc • tji—2 • ■ • tk—2 


\^n\ ^ 


< 


so that 




^+ 2 " 


- 1 _ 2 » 


([minL„, mid(L„)]) C [minLfc_i, mid(Lfc_i)]. 

The map h is of slope Afc_i on this interval, h(imnLk-i) = mmMk -2 according to 
Lemma 7.14[viii) and /i([minLfe_i, mid(Lfe_i)]) C Mk -2 by (7.13). Since Mk -2 C 
the map^ is linear f of slope An ... Afc_i •tn -2 ••• ifc-3 
on [minLnj rnid(Ln)]) and it sends minin to minLfc _2 by Lemma 7.14[ix). More¬ 
over, h\[m inLn , mid(L„)]) C [0,1] for all i G |0, 2"-2 -h 2"-3 • • • +^"2 2'=-3] 

by Lemma 7.14| [iv) and the induction hypothesis. This is Fact 1 for k — 1. This 
ends the induction and proves Fact 1. 

For k = 2, Fact 1 implies that is linear increasing of 

slope nr=2A.nUo' ti on [minL„, mid(L„)], with 

hf' “^(minLn) = minLi 

and “^([minLn, rnid(Ln)]) C [minLi, mid(Li)]. 

The map h is of slope Ai on this interval, hence, according to the definition of (An), 
(ii) holds for all n > 2; it also trivially holds for n = 1. Fact 1 for fc = 2 also shows 
that 

(7.14) h®([minL„, mid(L„)]) C [0,1] for all i G |0,2"“^ — 1] and all n > 1. 
Then (iii) follows from (i), (ii) and Lemma 7.14K vi). 

We have = Ufe>n+i(^fc ^ Lk) Xi [a, 1]. From the definition of h, we can see 

that 

max{h{x) | a: G 1° U Lk} = h{m\d{Lk)), 
so h{I^ U Lk) C [0, mid(Mfc_i)] by ( 7.13| ). Hence 

(7.15) h{I^) C [0, mid(M„)] = J° U [minMn, mid(Mn)]; 
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this is (iv). 

According to Lemma 7.14[ iii) + (vii), 

and “^([minM„, mid(M„)]) = [minL„, mid(L„)], 
and by (ii), /i^" \[minL„, mid(L„)]) = [1,1 + a;„]. Combined with (7.15), we get 

(7.16) /i2’'(ji)c/iu[l,l + x„]. 

Moreover, C [0,1] for all i G |0,2" — 2| an d /i®([minM„, mid(M„)]) C [0,1] 

for all i G |0, 2"“^ — 2] according to Lemma [7.14| ]iv). In addition, 

^ 2 " ^+*-i([ininM„, mid(M„)]) = /i*([minL„, mid(L„)]) C [0,1] 

for all i G 10,2"“^ — 1] by Lemma [7.14[ vii) and (7.14). Therefore, 

(7.17) h\I^) C [0,1] for all i G |0, 2^ - Ij. 

Finally, since h([l, 1 + a;„]) = [0, mid(M„+i)] C J°, statement (i ) imp lies that 

iv), this 

□ 


{[1,1 + Xn]) C !„. Combined with (7.17), ( |7.16 ) and Lemma 
implies (v). 


7.14 


Now we show that h is continuous at the point a as claimed at the beginning 
of the section. 

Lemma 7.16. The map h defined above is continuous. 

Proof. We just have to show the continuity at a. It is clear from the definition 


that h is continuous at a+. According to Lemma 7.15]iv), we have h{lf) C Jn-i- 


By definition, h{a) = 0 and a = max if for all n. Moreover, by definition of the 
intervals (J°)n>o, 


lim max J„ = lim j j)]j = 0, 

n—v+oo n—>-+oo 

and thus lim max h{lf) = 0. This implies that h is continuous at a~ 

n—>-+oo 


□ 


Proposition 7.17. Let h be the map defined above. Then the set uj{1-\-Xq, h) is 
infinite and contains the points a and 1, which are h-non separable. Consequently, 
the map h is chaotic in the sense of Li- Yorke. 


Proof. Lemma 


7.15 


iii) implies that (1 + x„) = 1 + Xn+i for all n > 0. 
Since —?► 0 when n goes to infinity, this implies that 1 belongs to lu{ 1 XQ,h) 
(recall that a;(l + xo,h) is closed by Lemma [l.3[ i)). Moreover, Lemma 
implies that h^ (1) = min/°_|_j = a 2 n for all n > 1, so a belongs to uj{l,h) C 
a;(l + xo,h). 

Suppose that Ai,A 2 are two periodic intervals such that a € Ai and 1 G A 2 , 
and let p be a common multiple of their periods. Since h{a) = h{l) = 0, it follows 
that hP{a) = h'P{l) G Ai n A 2 , so Ai, A 2 are not disjoint. This means that a and 1 
are h-non separable. 

A finite w-limit set is a periodic orbit (Lemma |1.4| ). Therefore, if yo, yi are two 
distinct points in a finite w-set, the degenerate intervals {po}) { 2 / 1 } are periodic and 
yo,yi are /i-separable. This implies that w(l -\-xo,h) is infinite. We deduce that 
the map h is chaotic in the sense of Li-Yorke by Theorem |5.21| □ 


The next lemma is about the location of transitive subsystems. 
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Lemma 7.18. Let h be the map defined above and let Y be an invariant set with 
no isolated point such that /ijy is transitive. Then 
i) [0,a], 


ii) F C [J h''{Jn) for all n > 1, 

i=0 

iii) n F) = h^{Jn) nY = h^ ^ for all i >0 and all n > 0. 

Proof. Since /|y is transitive, there exists yo & Y such that uj{yo, h) = Y hy 
Proposition 2.3 in particular, the set Y' := Oh{yo) is dense in Y and y € uj{y,h) 
for all y G Y'. Note that Y' is infinite, otherwise Y would be a finite set and would 
contain isolated points. 

Let n > 0. By Lemma 7.15’hi),1 + a:„]) =U [1,1 + x„+i]. Thus 
Lemma 


and h*( 


7.15 


v) implies that, for all fc € N, 1 + Xn]) C if+i U [1,1 + x„+i] 


1,1 + x„]) C [0,1] for all i > 2”+^ such that i ^ 2"+^N. This implies that 

h\{\ + x„+i, 1 + x„]) C [0,1 + x„+i] for all i > 2"+^ 

Consequently, there is no y G (1, 3/2] = Un>o(l + 1 + x„] such that y is in 

U!{y, h). So Y' n (1,3/2] = 0, and thus + C (f, 3/2] = 0 because +' is dense in Y. 
Since h? “^(0) = a 2 n by Lemma 


7.14 


ii)+(iii), the point 0 is not periodic, so 
h^{0) ^ [a, 1] for all fc > 1. If y G (a, 1), then h{y) = 0 and h^{y) ^ [a, 1] for all 
fc > 1, which implies that y ^ w(y, h). Consequently, Y n (a, 1) = 0. We have 
shown that Y C [0,a] U {1}; in addition, 1 ^ F because Y has no isolated point; 
this proves (i). 

Let n > 1. Since minL„ = max/® and maxL„ = min/®_|_]^, it follows that 
/i(minL„) = max J/ and /i(maxL„) = min according to Lemma 7.14 4), and 
thus /i(maxL„) < /i(minL„). Moreover, h|[minL„.mid(L„)] is t and h|[n,id(L„),maxL„] 
is linear so there exists c„ in [mid(L„),maxL„] such that /i(c„) = /i(minL„). 

is included in the interval J®_i, 
ii). Moreover, M„ is included 
. Thus 


7.14 


Since /i([c„,maxL„]) = [min max 
the map hf |[c„,maxL„] is linear by Lemma 
in /i([c„,maxL„]), so hfi ([c„,maxL„]) contains L„ by Lemma 
there exists a po int Zn in the interval [c„,maxL„] such that {zn) = Zn 

(by Lemma 1.11) and we have slope(/i^" ^ l[c„,maxL„]) ^ ~2. Then for every 
X G [Cn, ma xLn] with x Zm there exists / > 1 such that (x) ^ [c„, maxL„]. 


7.14 


By Lemma 7.15 ]v), we have h?" {I^-i U [1, l + x„_i]) C In_i U [1,1 + Xji_i], which 


implies that 

(7.18) Vx G [c„,maxL„], x ^ 3k > 1, 

\x) G /° U [minL„,c„] U /^ U [1,1 + x„_i]. 

We show by induction on n that 

(7.19) Vn>0, Y'r\ll^%. 

This is true for n = 0 because Y C [0,1] = Jg by (i). Suppose that there exists 
y G F' n lh_i for some n > 1. We write lf_i = /® U U if; to prove that 
F' n 7 ^ 0, we split into four cases according to the position of y. 

• If y G /;(, there is nothing to do. 

• If y G /®, then (y) G /)( by Lemma 


7.14 


vi) and (y) e Y'. 
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• li y G [minL„, c„], then h{y) G /i([minL„, mid(L„)] and (y) G [1,1 + Xn] by 
Lemma 7.15 li), which is impossible because Y C [0, a] by (i). 

• If y € [c„,maxL„], then y ^ Zn because Y' is infinite. In addition (y) G [0,1] 
for all j > 0 according to (i). Then (7.18) states that there exists j > 1 such that 
h^{y) belongs to U [minL„, Cn] U and one of the first three cases applies with 
y' := y{v) G Y'. 

We have h(/^) C J° U [minM„, mid(M„)] by Lemma 7.15[ iv), and also 

/i^'‘“^([minM„, mid(M„)]) = \[minL„, mid(L„)]) = [1,1 + x„] 

by Lemmas |7.14| [vii) and 7.15[ ii). Combined with (i) and the /-invariance of (K, 
this implies that 

(7.20) hiYfMDcJl 

We have Y C Oh{,lh) by (7.19). Combined with (7.20) and Lemma 7.14'i)-f (iii), 
we get 

2"-l 

y C IJ for all n> 1; 

i=0 

this is (ii). 

Furthermore, Y n = F C /i* for all i > 0. Since h(Y) = F, it 

is clear that h*(J° C F) C C F and that C F) C h2"+*(j0) n F. 

Thus 

h\J° n F) = h\J°) n F = /i* n F for all i > 0, 

which is (iii). □ 

The next lemma is the key tool in the proof of Proposition |7.20[ It relies on 
the knowledge of the precise location of J°) in /°. 

Lemma 7.19. Let h be the map defined above. Then slope > 1 

for all n > 1 and all k G |0, 2" — 1]. 


Proof. A (finite) word B is an element of N" for some n S N. It B G N", 
the length of B is \B\ := n. It B = bi... bn and B' — b( ... b'^i Eire two words, then 
BB' denotes the word obtained by concatenation, that is, 

BB' := 6i... bnb[ ...b'„,G N™+". 

An infinite word is an element of 

We define inductively a sequence of words (i?n)n>i by: 

• Si := 1, 

• Bn ■= nBiB2 . . . Bn-l, 

and we define the infinite word a = {a{i))i>i by concatenating the S„’s: 

a := B1B2B3 ... Bn .... 

A straightforward induction shows that |S„| = 2"’“^; thus |Si | -|- |i32| + • • • + |S/j| = 
2^ — 1 and, in d, the word starts at the index 2^, which gives 

(7.21) a{2^) = k + l, 

(7.22) a{2’^ + 1)... a{2^+^ - 1) = B^ ... B^ = a(l)... a(2'= - 1). 

We prove by induction on fc > 1 that 

(7.23) /i®“^(J°) C for all n > fc and all i G |1,2* — 1]. 
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Case k=l: J„ C = ^a{i) n > 1. 

Suppose that (7.23) holds for k and let n > fc+1. Since C Lemma 


7.14 


i) 

implies that C and thus {J^) C C by Lemma 7.14'i). 

According to the induction hypothesis, we have C for all i S |1, 2*^ — 

1], and ( |7.22[ ) yields 0 ( 7 ) = a(2^ + i) for all i G |1,2^ — 1]. Consequently, 
J°) C 7°^2fc+i) foi' * G [li2^ — 1]. Together with the induction hy¬ 
pothesis, this gives (7.23) for A: -|- 1. 

Let := slope(/i|/o). By definition of h, we have 

^ slope(y)„) 
nr=i^ slope((^i) 


It is straightforward from (|7.23|) that 
(7.24) 


fc-i 


Vfc e |2,2” - 1], s\ope{h^ ^|js) = n^“d)- 


By Lemma 7.14 ii)-l-(iii), the map ^|jo is linear and ^(J^) = Thus 

U^l 


slope(h^ |jo) = 


ijl I _^ 

Since slope((^i) = |ji 7 | = , we get 


1-^ 






(7.25) 


slope(h^" ^|jo)= J| = ]Jslope(v?i). 


Z=1 


2=1 


We show by induction on n > 1 that for all k G |1, 2^ — 1] 


(7.26) = Y[ for some s{i, k, n) G {0,1}. 


2=1 


2 = 1 


• Ma(i) = Ml = slope((/:3i); this gives the case n = 1. 

• Suppose that ( 7.26| ) holds for some n > 1. Since Mq{ 2 ^) = Mn+i by (7.211, we 
have 


2^-1 


Ma(2) Ma(2) * Mn+1 


= P[slope(yi) ■ , by (|7.25|) 


n*=i slope((^, 

= slope((/3„.+i). 


This is (7.26) for n -|- 1 and fc = 2” with e{i,k,n -I- 1) = 0 for all i G |l,n] and 
e{n -I- 1, A:, n -I-1) = 1. 
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Next, a(2" + 1)... — 1) = a(l)... a(2" — 1) by (|7.22|); so, if k is in 

|2" + l,2"+i - 1], then 

k 2^ fc k—2^ 

i—1 2=1 i=2^+l 2=1 


= slope((p„+i) ]^slope(v?j 


,£( 2 ,fc —2”',n) 


2=1 


That is, (7.26) holds with e(i,k,n + 1) = e{i,k — 2",n) for all i G |l,n] and 
e{n + 1, A:, n + 1) = 1. This concludes the induction. 

Equations ( 7.24[ ), ( |7.25[ ) and ( |7.26[ ) imply that, for all k G |1, 2” — 1], 

k 71 

(7.27) slope(/i^|jo) = ]^A^a(i) = slope((/5i)'^^*’^’"'^ for some e{i,k,n) G {0,1}. 


Since 


slope (j 


2"-l-fc| 




slope(/i^ ^|j“) 
slope(/i^| jo) 


(7.25) and (7.27) imply that slope (/i^" ^ )) is a product of at most n terms 

of the form slope(y)i). This concludes the proof of the lemma because slope((^i) > 1 
for alH > 1. □ 

Proposition 7.20. Let h be the map defined above. Then there exists no 
invariant set Y such that fly is transitive and sensitive to initial conditions. 

Proof. Let Y be an invariant set such that /i|y is transitive. If Y has an 
isolated point, it is easy to see that /|y is not sensitive to initial conditions. We 
assume that Y has no isolated point. 

The sets H ^ are closed and, by Lemma 


7.14 


pairwise disjoint; let > 0 be the minimal distance between two of 


v), they are 
'these sets. If 


x,x' G Y and \x — x'\ < (5„, then there is i S 10,2” — 1] s uch th at x,x' G 
and h'^ix), h^{x') G ^ (J°) for all fc > 0 by Lemma 7.18 4i)+(iii). We set 

6n ■= max{diam(/i*(J°) n F) \ i G |0,2" — 1]}. 
implies that diam (fe'"'( J °) n F) < diam(h^"“^(J°) n F) for all intege rs 


Lemma 


7.19 


k in |0,2” — 1]. By Lemma 7.14'iii), ^(J°) = Ik, and by Lemma 7.18 4), 


ifCiYc [a 2 n, a]- Thus Sn < diam(/;) n F) < a — a 2 n- This implies that 


lim Sn = 0. 

n—>-+oo 


□ 


This shows that /i|y is not sensitive to initial conditions. 

Propositions |7.17| and |7.20| show that the map h is chaotic in the sense of Li- 
Yorke but has no transitive sensitive subsystem. At last this example is completed. 























CHAPTER 8 


Appendix: Some background in topology 


The aim of this appendix is to recall succinctly some definitions and results in 
topology. For details, one can refer to |57L I58LI105LI132L1138] (and also |143j for 
topological notions related to analysis). 


8.1. Complement of a set, product of sets 

Definition 8.1 (complement of a set). Let X be a set and Y c X. The 
complement of E in X is X \ F := {x & X \ x 

Lemma 8.2. Let X be a set and A, B C X. 

• a: \ (A U H) = (X \ A) n (X \ H), 

• X \ (A n H) = (X \ A) U (X \ H). 

These two properties remain valid for a countable union or intersection. 

Definition 8.3 (product of sets). Let Xi,X 2 be two sets. The (Cartesian) 
product of Xi and X 2 is the set Xi x X 2 := {{xi,X 2 ) | ti G Xi, 0:2 € X 2 }. One can 
define similarly the product Xi x X 2 x • • • x X„. When Xi = X 2 = • • • = X„ = X, 
let X" denote X x • • • x X. 

n times 

The set X^ is the countable product of copies of X, that is, 

X^^ := {{Xn)n>o I Vn G Z+,a;„ G X}. 

8.2. Definitions in topology 
8.2.1. Distance, limit. 

Definition 8.4 (distance, metric space). Let X be a set. A distance on X is 
a map d: X x X —>■ [0, + 00 ) such that, for all x,y, z G X: 

• d{x,y) = d{y,x), 

• d{x,y) = x = y, 

• d{x, z) < d{x, y) + d{y, z) (triangular inequality). 

The set X endowed with a distance is called a metric space. 

The distance will be denoted by d in any metric space, except when several 
distances are involved. 

Example 8.5. In K, the usual distance is given by d{x,y) := \y — x\. 
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In M" (n > 2), there are several usual distances. If a: = (xi,...,a;„) and 
y = {yi,... ,yn) are elements of K”, 

dooix,y) := max{\yi - Xi\ \ i G |l,n]}, 

n 

di{x,y) := ^ \yi - Xi\, 

i^l 

n 

d2{x,y) := , — (Euclidean distance). 

\ i=i 

doo,di and d 2 are three distances in M”. They are said to be equivalent because, 
for all i,j G {I, 2, oo}, there exist positive real numbers to, M such that 

yx,y G M”, md^{x,y) < dj{x,y) < Mdi{x,y). 

Definition 8.6 (limit). Let X be a metric space. A sequence (x„)„>o of points 
of X converges (or tends) to x G A if lim d{xn,x) = 0, that is, 

n—>-+oo 

Ve > 0, 3N G N, Vn > N, d{xn,x) < e. 

Then x is called the limit of (x„)„>o, and one writes lim x„ = x. 

~ n—^-\-oo 

8.2.2. Open and closed sets, topology; limit point of a set. 

Definition 8.7 (open and closed balls). Let A be a metric space. If x G A 
and r > 0, the open ball of center x and radius r is B{x, r) := {y G A | d{x, y) < r}, 
and the closed ball of center x and radius r is B{x,r) := {y G X \ d{x,y) < r}. 

Definition 8.8 (open and closed sets). Let A be a metric space and A c A. 
The set Y is open if 

Vx GY, 3r > 0, B{x,r) C Y. 

The set Y is closed if A \ A is open. 

The family of all open sets of A defines the topology of A. 

Example 8.9. In M”, the three distances doo,di,d 2 define the same topology, 
that is, the same open and closed sets. The notion of convergence of a sequence of 
points is also the same for these three distances. 

Definition 8.10 (discrete topology). Let E be a set endowed with the distance: 
yx,yGE, d{x,y) := | J ^ ^ f 

The topology corresponding to this distance is called the discrete topology. This 
topology is the usual topology for finite or countable sets (e.g. {0,1} or Z). Eor 
the discrete topology, every singleton {x} is both open and closed. 

Proposition 8.11. Let X be a metric space. 

• Any (finite or not) union of open sets is open. 

• Any finite intersection of open sets is open. 

• Any (finite or not) intersection of closed sets is closed. 

• Any finite union of closed sets is closed. 

Definition 8.12 (limit point of a set). Let A be a metric space and A c A. 
A point X G A is a limit point of A if for every r > 0, i3(x, r) n A 7 ^ 0. Equivalently, 
X is a limit point of A if there exists a sequence of points of A that converges to x. 
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Proposition 8.13. Let X be a metric space and Y C X. The following asser¬ 
tions are equivalent: 

• the set Y is closed, 

• all limit points of Y belong to Y, 

• for every sequence {yn)n>o of points ofY, if there exists x G X such that 

lim pn = X, then x GY. 

n—>-+oo 

8.2.3. Neighborhoods; interior, closure and boundary of a set. 

Definition 8.14 (neighborhood). Let X be a metric space and x G X. A 
neighborhood of a: is a set U containing an open set V such that x G V. Equivalently, 
U is a neighborhood of x if there exists r > 0 such that B{x, r) C U. 

Definition 8.15 (interior, closure, boundary of a set). Let X be a metric space 
and Y C X. 

• The interior of Y, denoted by Int(y), is the set of points x such that 
there exists a neighborhood of x included in Y. It is the largest open set 
contained in Y. 

• The closure of Y, denoted by Y, is the set of points x such that every 
neighborhood of x meets Y. It is the smallest closed set containing Y. 
Equivalently, Y is the set of all limit points of Y. 

• The boundary of Y is Bd(F) := E \ Int (E). 

Proposition 8.16. Let X be a metric space and A,BcX such that A C B. 
Then Int (A) C Int (B) and A C B. 

Proposition 8.17. Let X be a metric space and Y c X. 

• X\E = Int(E\E), 

• X \ Int (E) = X\Y. 

8.2.4. Basis of open sets. 

Definition 8.18 (basis of open sets). Let X be a metric space. A basis of 
open sets of X is a family B of nonempty open sets of X such that every open set 
can be written as a (finite or not) union of elements of B. It is also called a basis 
of the topology of X. 

Example 8.19. 

• In a metric space X, the open balls form a basis of open sets. 

• In M, the family {(a, 6) | a, 6 € Q, a < 6} is a countable basis of open sets. 

• In a set E endowed with the discrete topology, the family ({x})a;g£; is a basis of 
open sets. 

8.2.5. Distance between two sets, diameter. 

Definition 8.20 (distance between two sets). Let X be a metric space and 
A, B C X. The distance between the sets A and B is 

d{A, B) ■= inf{d(a, b) \ a G A,b G B}. 


Definition 8.21 (diameter, bounded set). Let X be a metric space and E a 
nonempty subset of X. The diameter of E is diam(E) := swp{d{x,y) \ x,y G Y}. 

The set E is bounded if there exist x G X and r > 0 such that E C B{x,r). 
Equivalently, E is bounded if diam(E) < +oo. 
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8.2.6. Dense sets, G^-sets. 

Definition 8.22 (dense set). Let X be a metric space. A set D C A is dense 
in X if y = X. Equivalently, Y is dense in X if 

Vcc G X, \/e > 0, 3y G Y, d{x, y) < e. 

Definition 8.23 (G^-set). A Gs-set is a countable intersection of open sets. 
Proposition 8.24. A countable union of Gs-sets is a Gs-set. 

8.2.7. Borel sets. 

Definition 8.25 (a-algebra). A u-algebra of a set A is a collection A of subsets 
of A such that: 

• 0 e A, 

• if A G A, then A \ A G A, 

• if An G A for all n > 0, then 

An G A and An G A. 

n>0 n>0 

Definition 8.26 (Borel set). Let A be a metric space. A Borel set is any 
subset of A that can be formed from open sets (or, equivalently, from closed sets) 
through the operations of countable unions, countable intersection and complement. 
Equivalently, the family of all Borel sets is the smallest a-algebra containing all open 
sets of A. 

8.3. Topology derived from the topology on A 

Definition 8.27 (induced topology). Let A be a metric space and Y c X. 
The restriction of the distance d to A x A is a distance on A, and the topology given 
by this distance is called the induced topology on A. Equivalently, a set A C A is 
open (resp. closed) for the induced topology on A if there exists an open (resp. 
closed) set A' c A such that A = A' n A. 

Definition 8.28 (product topology). Let Ai,A 2 be two metric spaces. The 
product topology on Ai x A 2 is generated by the basis of open sets of the form 
Ux X U 2 , where Ui is a nonempty open set of A^ for i G {1, 2}. 

If the distances in Ai, A 2 are respectively di,(i 2 , one can define a distance doo 
on Ai X A 2 by 

doo((a;i,a; 2 ), (j/i, 2 / 2 )) = max(di(a;i,yi),^ 2 ( 2 : 2 , 2 / 2 )), 

and the product topology on Ai x A 2 is the topology given by this distance. 

One can define similarly the product topology on Ai x A 2 x • • • x A„. 

Definition 8.29 (product topology on A^^). Let A be a metric space. The 
product topology on A^^ is generated by the basis of open sets of the form 

Go X C/i X • • • X Uk-i X A”^'^ := {(x„)„>o G A^^ | Vn G [0, fc - lj,Xn G G„}, 

where Uq, ... ,Uk are nonempty open sets of A and k G N. If dx denotes the 
distance on A, one can define a distance d on A^^ by 

i/t \ ( \ \ _ dx{Xn,yn) 

d (( Xn ) n > 0 j (2/n)n>o) •— / . „„ 

n—0 
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(if diam(X) = +oo, one should replace dx{xn,yn) by Tmn{dx{xn,yn), !))■ 

The product topology on X is the topology given by this distance. 

Example 8.30. Let E := {0,1} endowed with the discrete topology. The set 
{0,1}^^ is the set of all infinite sequences of 0 and 1. This is a metric space. The 
family 

{(a;«)n>o G {0,1}^^ I Vn e = o„}, where k S N, Oq, ..., afc_i S {0,1}, 

is a countable basis of open sets of (0,1}^^. 


8.4. Connectedness, intervals 

Definition 8.31 (connected set). Let X be a metric space. A set Y c X 
is disconnected if there exist disjoint open sets U,V C X such that Y C U UV, 
T n [/ 0 and Y C\V ^ Otherwise Y is called connected. 

Proposition 8.32. Let X be a metric space and let {Ci)i^x be a (finite or 
infinite) family of connected sets in X. If there exists a point x such that x € Ci 
for all i Gl, then IJigi ® connected set. 

Definition 8.33 (connected component). Let X be metric space, Y c X and 
y G Y. The connected component of y in T is the largest (for inclusion) connected 
set C containing y such that C CY. The connected components of two points are 
either equal or disjoint. The connected components of all points of Y are called the 
connected components of Y. 

Definition 8.34 (interval). A (real) interval / is a subset of M of one of the 
following forms: 

• / = [a, &] = (x S K I a < a: < &} with a, & € K, a < 6 (if a = 6 , then 

• I = (a, b) = {x G M I a < X < b} with a S M U {—oo}, & G K U {+oo}, 

a < 6 (if a = —oo and b = +oo, then / = M; if a = 6 , then 1 = 0 ), 

• / = [a, 5) = (x G K I a < X < 6 } with a G K, 6 G K U {+oo}, a < b, 

• 7 = (a, 6 ] = {x G K I a < X < 6 } with a G K U {—oo}, 5 G M, a < 6 . 

If I is an interval, a subinterval of I is an interval included in I. 

Theorem 8.35. When X is a real interval, the connected sets in X are ex¬ 
actly the subintervals of X. In particular, the connected sets in K are exactly the 
intervals. 


Proposition 8.36. Let (/„)„>o be a (finite or infinite) sequence of intervals 
in K. Then 




i„>o^n interval (maybe empty). 


nn>o 

If there exists a point x such that x G In for all n > 0, then lJn>o 
an interval containing x (this is a particular case of Proposition 8.32). 


8.5. Compactness 

8.5.1. Definition and equivalent conditions. 

Definition 8.37 (open cover). An open cover of a metric space X is a family 
of open sets {Ui)i^x such that X = (j^^x 
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Notice that the set of indices is arbitrary in the previous definition. For exam¬ 
ple, if r > 0, {B{x,r))x^x is an open cover of X. 

Definition 8.38 (compact set). A metric space X is compact if every open 
cover {Ui)i^i of X admits a finite subcover, that is, there is a finite set of indices 
J Cl such that X = IJjgj Ui. 

A subset y C X is compact if Y is compact for the induced topology on Y. 

Definition 8.39 (subsequence, limit point of a sequence). Let X be a metric 
space and (xn)n>o a sequence of points of X. A subsequence of (xn)n>o is a se¬ 
quence of the form (x„Jj>o, where (ni)i>o is an increasing sequence of non negative 
numbers. A point a; € AT is a limit point of (x„)„>o if there exist a subsequence of 
ixn)n>o that converges to x. 

Theorem 8.40 (Bolzano-Weierstrass theorem). A metric space X is eompact 
if and only if every sequenee (xn)n>o of points of X admits a limit point. 

Theorem 8.41. Let X he a compact metric space. A subset Y C X is eompact 
if and only ifY is closed in X. 

Proposition 8.42. A set X c M" (n G N) is compact if and only if X is 
closed and bounded for the distance d^o (or equivalently for di or d 2 ). 

8.5.2. product, intersection of compact sets. 

Theorem 8.43. Let Xi,X 2 he eompact metric spaces. Then Xi x X 2 is a 
eompact metric space. 

Proposition 8.44. Let X be a metrie space. Let (Yn)n>o be a sequence of 
nonempty compaet subsets of X such that Yn+i C Yn for all n > 0. Then 
is a nonempty compact set. If in addition lim„^+oo diam(r„) = 0, then r\t,=oYn 
is a singleton (i.e., it contains a single point). 

8.5.3. Cauchy sequence, complete space. 

Definition 8.45 (Cauchy sequence). Let X be a metric space and (x„)„>o be 
a sequence of points of X. Then (xn)n>o is a Cauehy sequenee if 

Ve > 0, 3N >0, Wn > m> N, d{xn,Xm) < s- 

Proposition 8.46. Let X be a metrie spaee. If{xn)n>o Is a sequenee of points 
of X that eonverges, then it is a Cauchy sequence. 

Definition 8.47 (complete space). A metric space X is complete if every 
Cauchy sequence converges. 

Proposition 8.48. A eompact metric space is eomplete. 

8.5.4. Countable basis of open sets. 

Proposition 8.49. A eompact metric space admits a countable basis of open 
sets, that is, there exists a family {Un)ne'N of nonempty open sets of X such that, 
for every open set U C X, there exists X C N such that U = Unei 
can be chosen to be open balls. 
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8.5.5. Lebesgue number. 

Proposition 8.50 (Lebesgue’s number Lemma). Let X he a eompact metric 
space and {Ui)i^x o-n open cover of X. There exists <5 > 0 such that 

Wx € X, S I, B{x,d) C Ui- 

Such a number S is called a Lebesgue number of this cover. 


8.5.6. Baire category theorem. 


Theorem 8.51 (Baire category theorem). Let X be a complete metric space 
and {Un)n>o o, sequence of dense open sets. Then nn>o ® dense Gs-set. 

Corollary 8.52. Let X be a nonempty complete metric space and (T’„)„>o a 
sequence of closed sets such that X = IJn>o Then there exists an integer n > 0 
such that Int (Fn) 0. 


Proof. Suppose on the contrary that Int(F„) = 0 for all n > 0. We set 
Un ■= X\ Fn. By Lemma 


X \ n =u \ =u 


n>0 


n>0 


n>0 


which implies that nn>o empty. On the other hand, Un = X \ Int (F„) = X 
by Proposition 8.17[ and thus {/„ is a dense open set for every n > 0. There¬ 
fore nn>o is dense according to the Baire category Theorem 


8.51 


which is a 

contradiction. We conclude that there exists n > 0 such that Int (Fn) 0. □ 


Corollary 8.53. Let X be a complete metric space and {Gn)n>o « sequence 
of dense Gs-sets. Then C\n>oTln is a dense Gs-set. 


Proof. For every n > 0, one can write G„ = nfc>o where is an open 
set. Since is dense and G„ C for a ll fc > 0, the sets {Un)n,k>o are dense open 
sets. The Baire category Theorem 8.51 states that is a dense G^-set. 

Finally, we have n„>o Gn = {)n,k>o^ ^ 


8.6. Cantor set 


8.6.1. Definitions. 

Definition 8.54 (isolated point). Let X be a metric space and Y c X. A 
point y G Y is an isolated point in Y ii B{y,r) HY = {y} for some r > 0. If there 
is no such point in Y, one says that Y has no isolated point. 

Definition 8.55. Let X be a metric space and T c X. The set Y is said to 
be totally disconnected if for every y G Y, the connected component of y in T is 
reduced to {y}. 

Definition 8.56 (Cantor set). Let X be a metric space. The set X is a Cantor 
set if it is nonempty, compact, totally disconnected and has no isolated point. 

Proposition 8.57. Let X be a complete metric space and Y C X. If Y is 
nonempty, closed and has no isolated point, then Y is uncountable. In particular, 
a Cantor set is uncountable. 
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8.6.2. Examples of Cantor sets. 

Example 8.58. The set {0,1}^^, endowed with the product topology given by 
the discrete topology on {0,1}, is a Cantor set. 

Example 8.59 (triadic Cantor set). We are going to build by induction on n 
a family of intervals (/Q:o...a„_i )(ao,...,Q:„-i)G{o,i}’* [0; 1] such that, for all n G N, 

• (.fao. .a„-i)(Q:o...Q,i-i)G{o,i}’* sre pairwise disjoint closed intervals, 

• |/ao...a^-i I = ^ for all Oo,..., a„-i G {0,1}, 

• ^aQ...an — ian C — \ foi all Oq, . • . , Oin G {0, 1}. 

See Figure for the first steps of the construction. 

• At step 0, we start with / = [0,1]. 

• At step 1, we cut I in three equal parts and we remove the open interval ( 5 , |) 
in the middle. There remain two intervals Jq := [0, |] and Ii := [|, !]• 

• At step n > f, we cut every interval into three equal parts and 

we remove the open third in the middle. If Iao...a„-i — [ajf*]) there remain two 
intervals lag...a„-iO '■= [O; ^^ 3 ^] and lag.'■= Trivially, these two 

intervals are disjoint, they are included in Iao...a^_x, and their length is equal to 
I |.Io!o...a„_i I, and so their length is ^ by the induction hypothesis. Moreover, the 
sets (/ao,,.a„)(ao,...,Q„)G{o,i}"+i are pairwise disjoint by construction. 


K 


0 


0 


1 I- 1 

0 Iq 1/3 



/ qOO ^001 ^010 -^011 


2/3 


I-1 —I 


To 


Tl 


^100 hoi /no /ill 


Figure 1. The first steps of the construction of the triadic Cantor set. 


Let Kq := [0,1] and, for all n > 1, let /G„ be the union of the intervals Iag...a„_i 
for all (ao,..., Q!„_i) G {0,1}". Then Ar„ is a compact set with 2" connected 
components of length ^ and Al„+i C Ar„. Let K := Then AT is a 


nonempty compact set by Proposition 8.44 One can show that AT is a Cantor set. 


The set AT is called the triadic Cantor set. 


Example 8.60. On can construct other sets in a similar way as in Example 8.59 
by varying the size and/or the number of the gaps. More precisely, 

• At step 0, we start with a non degenerate compact interval Kq. 

• At step n > 1, for every connected component C of Kn-i, we choose p disjoint 
non degenerate closed subintervals of C (with p = p{C) > 2) such that one contains 
minC and another one contains maxC. We call Ar„ the union of all these intervals. 

Finally, AT := n„>o Kn is a nonempty compact set with uncountably many 
connected components and no isolated point. All the Cantor sets included in M can 
be obtained by this construction. But notice that the sets obtained in this way are 
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not all Cantor sets. Indeed, let In '■= maxHCI | C connected component of Kn}] 
then K is & Cantor set if and only if lim„_,.+oo = 0; otherwise K has a non 
degenerate connected component (e.g., the set K built in Example 5.59 is not a 


Cantor set; see Lemma 5.63). 


A classical family of Cantor sets in K is obtained by fixing a ratio r € (0,1/2) 
and constructing the intervals such that all connected components of Kn have the 


same length with in = ‘>'in-i (e.g., r = in Example 2.42). 


Proposition 8.61. 
Then Int (Ai) = 0 


Let K be the ambient space and X a Cantor set included 


Proof. Every nonempty open set in K contains a nonempty open interval. On 
the other hand, every connected component of X is reduced to a single point. This 
implies that Int (X) = 0. □ 

Theorem 8.62. Every Cantor set K is homeomorphic to |0,1 }^^ , that is, 
there exists a homeomorphism ip: X 
definition of homeomorphism). 


{0,1}^^ (see Definition 8.69 below for the 


8 . 7 . Continuous maps 


8.7.1. Definitions. 


Definition 8.63 (image, preimage of a set). Let f: X —>■ Y he a map. The 
image of a set A <Z X under / is f{A) := {f{x) \ x G A}. The preimage (or inverse 
image) of a set i? C T under / is f~^{B) := {a; G AT | f{x) G B}. 

Definition 8.64 (continuity). Let X,Y be metric spaces endowed with the 
distances dx , dy respectively. A map /: AT —^ T is continuous if one of the following 
equivalent assertions is satisfied: 

i) Vt G X,Ve > 0,3^ > 0, Vt' G X,dx{x,x') <5 ^ dY{f{x),f{x')) < e, 

ii) for all open sets U CY, f~^{U) is open, 

iii) for all closed sets F cY, f~^{F) is closed, 

iv) for all a: G A" and all sequences (Xn)n>o of points of X converging to x, 

lim f(xn) = fix). 

n—>-+oo 

Remark 8.65. Let X,Y be metric spaces and f: X ^ Y a continuous map. 
If X' C X, then f\x': X' ^ Y (restriction of / to X') is also a continuous map. 

Proposition 8.66. Let X,Y,Z be metric spaces. If f: X ^Y and g: Y ^ Z 
are continuous maps, then gof: X^Z is a continuous map. In particular, if 
f: X ^ X is a continuous map, then /”: X —>■ AT is a continuous map for every 
n G N, where /" := / o / o • • • o / . 

n times 

Definition 8.67 (one-to-one and onto map, bijection). Let X,Y be metric 
spaces and let /: Ai —)• T be a map. 

• / is one-to-one (or injective) if, for all x,x' G X, x ^ x' ^ fix) ^ fix'). 

• / is onto (or surjective) if /(AT) = Y. 

• / is a bijection (or a bijective map) if it is one-to-one and onto. In this 
case, the inverse map of / is the map f ~^: T —>■ AT satisfying fix) = y 

X = r^iv)- 
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Proposition 8.68. Let f: I ^ J be a continuous onto map, where I,J are 
two nonempty real intervals. Then f is a bijection if and only if 

• either f is increasing, that is, 'dx,y G I, x < y ^ f{x) < f{y), 

• or f is decreasing, that is, 'dx,y G I, x < y ^ f{x) > f{y). 

Definition 8.69 (homeomorphism). Let X,Y be two metric spaces. A map 
/: X —> y is a homeomorphism if / is continuous, bijective and f~^ is continuous. 

Definition 8.70 (uniform continuity). Let X,Y be metric spaces endowed 
with the distances dx,dY. A map f: X ^ Y is uniformly continuous if 

Ve > 0,35 > 0, Va;, x' e X, dx{x, t') < 5 => dY{f{x),f{x')) < e. 

8.7.2. Inverse image of an intersection. 

Proposition 8.71. Let X,Y be metric spaces and let f: X Y be a map. If 
^ family of subsets of , then f Yn)=f]n>orHYu). 

Proof. A point x belongs to f~^{r\n>oYn) if and only if f{x) G r\n>oYn, 
that is, f{x) G Yn for all n > 0. Since f{x) GYn^^xG f~^(Yn), we get 

XGr^if]Yr,)^XG f]f-\Yr,). 


Proposition 8.72. Let X,Y be metric spaces and let f: X ^Y be a contin¬ 
uous map. If G CY is a Gg-set, then /“^(G) is a Gg-set in X. 


Proof. One can write G = n „>0 Un, where 


is an open set 

n > 0. Then /“^(C/„) is an o pen se t of X because / is continuous, 
by Proposition 


n 


8.71 


Therefore, / ^(G) is a G^-set. 


of y for every 
and /-1(G) = 
□ 


8.7.3. Continuity and denseness. 


Theorem 8.73. Let X,Y be metric spaces and D a dense subset of X. Let 
f:X^Y,g:X^Y be two continuous maps. If f(x) = g{x) for all x G D, then 
f{x) = g{x) for all x G X. 

8.7.4. Continuity and connectedness. 


Theorem 8.74. Let X,Y be metric spaces and f:X^Y a continuous map. 
If G C X is a connected set, then /(G) is connected. 


The intermediate value theorem is a corollary of Theorem 8.74 for real maps. 
See Theorem |1.9| in Chapter 


8.7.5. Continuity and compactness. 

Theorem 8.75. Let X,Y be metric spaces and f: X ^ Y a continuous map. 
If K C X is a compact set, then f(K) is compact. 

Proposition 8.76. Let X,Y be metric spaces with X compact, f: X ^ Y a 
continuous map and A C X. Then f{A) = f{A). 
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Pro of. T he set A is compact by Theorem 
Theorem 


8.75 


8.41 


and thus f(A) is compact by 


Trivially, f(A) C f(A), which implies that f(A) C f(A). 


Let cc be a point in A. Then there exists (Xn)n>o a sequence of points of A 
that converges to x. Since / is continuous, lim„_>+oo f{xn) = f{x). This implies 
that f{x) e f{A), and hence f{A) C f{A). We conclude that f{A) = f{A). □ 


Proposition 8.77. Let X,Y be metric spaces and f: X Y a continuous 
bijection. If X is compact, then f is a homeomorphism. 

Proposition 8.78. Let X,Y be metric spaces and f: X ^ Y a continuous 
map. If X is compact, then f is uniformly continuous. 


Theorem 8.79. Let f: X ^ M. be a continuous map, where X is a compact 
metric space. Then f admits a maximum and a minimum, that is, 

3xm e f{xM) = sup{/(a;) | x G X}, 

3xm G X, f{Xm) = in-i{f{x) \ x G X}. 


Corollary 8.80. Let X be a metric space and A, B C X. If A, B are compact, 
then d{A, B) and diam(>l) are reached, that is, 

• there exist a G A,b G B such that d{A, B) = d{a, b), 

• there exist a,a' G A such that diam(Ll) = d(a, a'). 


Proof. Let /: X x X —> K defined by f{x, y) := d{x, y). One can easily show 
that / is continuous. 

The set A x B is compact by Theorem |8.43| Thus /|axb admits a minimum 
by Theorem 8.79 that is, there exists a couple of points (a, 6) vn Ax B such that 
d{a,b) = ini{d{x,y) \ {x,y) G Ax B}; the last expression is the definition of 

dlA,B). 

Similarly, the set A x A is compact, and thus /|axA admits a maximum, that 
is, there exist (a, a’) G Ax A such that d{a, a') = sup{d(x, y) \ {x,y) G Ax A}-, the 
last expression is the definition of diam(yl). □ 


8.7.6. Uniform convergence of a sequence of real maps. 

Definition 8.81. Let F be the space of all maps /: [0,1] -g [0,1]. The uniform 
distance on F is defined by doo{f,g) '■= sup{|g(a;) — f(x)\ \ x G [0,1]}, where 
f,g eF. 

Let (fn)n>o be a sequence of maps of F. Then (fn)n>o uniformly converges to 
/ G if it converges to / for the distance doo, that is, 

Ve > 0,37V > 0,Vn > iV,Va; G [0,1], \ fnix ) — f { x )\ < e. 

Theorem 8.82. The space F endowed with the distance dec defined above is a 
complete space. 


8.8. Zorn’s Lemma 

A partially ordered set is a set endowed with a binary relation that indicates 
that, for certain pairs of elements, one of the elements precedes the other. Such a 
relation is called a partial order to reflect the fact that not every pair of elements 
need be related, contrary to a total order. The formal definitions are given below. 

Definition 8.83 (partial and total order). A partial order on the set U is a 
binary relation < such that, for all a,b,c G E, 
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• a < a, 

• if a < 6 and b < a, then a = b, 

• if a < 6 and b < c, then a < c. 

Such a set E is called partially ordered, li a < b ot b < a, the elements a, b are said 
to be comparable. 

A total order on i? is a partial order such that all pairs of elements are compa¬ 
rable. Such a set E is called totally ordered. 

Definition 8.84 (lower and upper bound). Let i? be a partially ordered set 
and F <Z E. An element b £ E is a. lower bound (resp. upper bound) oi F ii x > b 
(resp. X <b) for all x G F. 

Definition 8.85 (minimal and maximal element). Let i? be a partially ordered 
set. A minimal (resp. maximal) element of E is an element m £ E that is not 
greater (resp. smaller) than any other element in E, that is, if m > x (resp. m < x) 
for some x £ E, then m = x. 

Theorem 8.86 (Zorn’s Lemma). Let E be a nonempty partially ordered set. 
Suppose that every nonempty family of elements of E that is totally ordered has 
a lower (resp. upper) bound in E. Then E contains at least one minimal (resp. 
maximal) element. 

Zorn’s Lemma is equivalent to the axiom of choice; it is a result of set theory 
(see e.g. snu). However it can be used in topology by considering the partial 
order given by the inclusion: the set E is a family of subsets of some space X, and 
A< B ii A G B, where A, B G E. 
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m 


homeomorphism, |2Q0| 
homoclinic point, ]67| 
horseshoe, |52| 

horseshoe for graph maps, |66| 

htop(/), |58| 


htop{U,f)^ 

image of a set under a map, |199| 
increasing, 

induced topology, |194| 
infinite word, [T88| 
injective map, 199| 

Int(y),[^[T9t| 
interior of a set, ^ |193| 

Intermediate value theorem, 

interval, |195| 

interval (P- ), |77| 

interval in a topological graph, 

interval map,[^ 

interval of integers, ^ 

invariant set, 

inverse image of a set under a map, |199 
irrational rotation, |20| 
irreducible matrix, |78| 


isolated point, [19^ 


Lebesgue number, |197| 
length of a word, ^8 
length of an interval, ^ 
leo,[^ 

Li-Yorke pair, |10^ 
lifting of a circle map, pi] 
limit in a metric spaceT P^^ 
limit point of a sequence, |196| 
limit point of a set, |192| 
linear (P- ),|80| 
linear map, [5] 
locally eventually onto, [2T] 
logistic family, [50| 
lower bound, |202| 

LYif, 5), LY(/)ni55| 

M(/|P),[^ 

Markov map, [80| 

Markov shift, [Tt^ 
maximal eigenvalue, |78| 
maximal element, |202| 
mean value inequality, |167| 
metric space, [T9T1 
minimal element, |202| 
Misiurewicz’s Theorem, |60| 
mixing, ^ 
mod n, ^ 
monotone, 
monotone (P- ), |79| 
monotone (for graph maps), 
monotone graph map (P- ), |83| 
Mycielski’s Theorem, [m] 

n,[T] 

iV(W),[57] 

neighborhood, |193| 

no division, |92| 
non decreasing, 
non degenerate graph/tree, 
non degenerate interval, 
non negative matrix , |77| 
non separable (/- ), |117| 
norm of a matrix, [13 

odometer, |147| 

Ofix),OfiE)M _ 

one-to-one map, 199| 
onto map, p'W] 
open ball, |l[ |l92| 
open cover, |57| |195| 
open set, |192| 
orbit, 


P-interval, [77| 

P-linear map, |80| 
P-monotone graph map, 
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P-monotone map, |79| 

partial order/partially ordered set 

partition, |57| 

path in a directed graph, |10| 
perfect set, [m] 
period of a cycle of graphs, [6] 
period of a cycle of intervalsTl^ 
period of a periodic point/obit, 
periodic interval,]^ 
periodic orbit 
periodic point 

Perron-Frobenius Theorem, [78 
piecewise linear map,[^ 
piecewise monotone map, 

positive matrix, |77| 
preimage of a set under a map, [T^ 
primitive cycle in a directed graph, 
primitive matri x, |78| 
product of sets, |191| 
product topology, |194| 

Q,[T] 

r,[T] 

real interval, |195| 
rescaling (of an interval map), 
restriction of a map, 
r„(/, e), !^ 

r„(A,/,£)^p3] 

rotation, |20| 

scrambled set, |109| 

scrambled set (extremally), [m] 

semi-conjugacy, 

sensitive (to initial conditions), |26| 
sensitivity, |26| 
separable (/- ), [m] 
separated set ((A,n,£)- ),| 133| 
separated set ((n,£)- ), |58| 
sequence entropy, |133| 

Sharkovsky’s order, |4l] 
Sharkovsky’s Theorem, 
shift, |113| 

simple directed graph, [TO 
slope (of a linear map)7[5 
slope(/),p 
Sn(/,£), |5^ 

solenoidal cj-limit set, [TOolfTO^ 
spanning set {{A,n,e)- ),|133'| 
spanning set ((n,^)- ), |58| 
specification, |33| 
spectral radius, |77| 
square root of a map, [4^ 
stable point, 
star, US ^ 

Stefan cycle, 
strictly monotone, 


strong transitivity, |22| 

strongly invariant set,[^ 

sub-additive sequence, p7| 

subgraph (of a topological graph), [^ 

subinterval, |195| 

subsequence, |1^ 

subshift associated to a graph, 

subshift of finite type, [T 73 

subsystem, 

surjective map, |199| 


tent map, [TO] 
topological conjugacy, [^ 
topological dynamical system,]^ 
topological entropy, ^ 
topological graph, [6 
topological Markov shift, [T77| 
topological sequence entropy, |133| 
topologically exact, [21] 
topologically mixing, |12| 
topologically weakly mixing, |12| 
topology, [TO^ 

total order/totally ordered set, |20l| 
totally independent set, |112| 
totally transitive, |11| 

T 2 (tent map), Tp, |15| 
trajectory, [^ 
transitive map, |11| 
transitive set, |ll| 
tree, 

tree map, [^ 

triadic Cantor set, |198| 

triangular inequality, |191| 

turbulent, |52| 

turning points, [^ 

type (for Sharkovsky’s order), [TO] 


uniform convergence of a sequence of maps. 


[TOT] 

uniform distance, |201| 
unimodal map, [TO| 

unstable manifold of a periodic point, [67| 
unstable point, [TO] 
upe, |105| 

upper bound, [202] 


uniformly continuous map, 200 
uniformly positive entropy, 105 


vertex, vertices (in a directed graph), [^ 


weak mixing, |12| 
weakly unimodal, |154| 
word, |188| 

Zorn’s Lemma, |202| 













Notation 


[n, m]: interval of integers, ^ 
cardinality of a set, 

/|y: restriction of a mapjuj^ 

I J|: length of an interval,!^ 

(a, 6): interval [a,b] or [6, a],[^ 

X <Y, X <Y: inequalities between 
subsets of R, 

—>■ (e.g. J —>■ K): covering of intervals,]^ 
(e.g. u ^ v)\ arrow in a directed graph, 

m 

II ■ ||: norm of a matrix, |l0| 

<3 5 I >5 Sharkovsky’s order, 

2°°: a type for Sharkovsky’s order, 4^ 

V: refinement of covers, [57| 

C -< if is finer that C, where 
C,X) are covers, [57| _ 

--uw /-^(w) V • • • V ^ 

A > 0: non negative matrix, [ZZl 
A<B^B — A>0 (where A, B are 
matrices), |77| 

A > 0: positive matrix, [77] 

A<B4^B — A>0 (where A, B are 
matrices), |77| 

fp: connect-the-dots map associated to 

f\p,^ 

k\n: k divide s n,|91| 

'll increasing, |18^ 

4,: decreasing, |182| 

|_B|: length of a word, [Ts^ 


57 
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E {0,1}^ _ 

a: shift map on S, m] 

Lj{x,f): oj-limit set of a point, 
aj(/): a;-limit set of a map,[^ 

Bn{x,£)\ Bowen ball, |58| 

G{f\P): graph associated to P-intervals, |76| 

Gifp):=Gifp\P),^ 

htop{G, /): topological entropy of a cover, 

EH] 

htopif)- topological entropy of a map, [5^ 
^a(/)- topological sequence entropy of a 
map with respect to a sequence, |133| 
LY(/, 5), LY(/): set of Li-Yorke pairs, |1^ 


M(/|P): adjacency matrix of G(/|P), |76| 
M{fp) ;=M(/p|P),[^ 
mod n: integer modulo n, ^ 

N(U): minimal cardinality of a subcover of 

N„{UJ):=N:U"),^ _ 

Of{x),Of{E): orbit of a point/set, 

Pn(f)- set of points s.t. /^(x) = x, 

Ra: rotation of angle a, | 20 | 

minimal cardinality of an 
(n, e:)-spanning set, |58| 

Tn (A,/,£•): minimal cardinality of an 
(A, n, £:)-spanning set, |133| 
slope(/): slope of a linear map,[^ 

Sn{f,e): maximal cardinality of an 
(n, e:)-separated set, |58| 

Sn{A, f, e): maximal cardinality of an 
(A, n, £:)-separated set, 11331 


Ue{f)- set of e-unstable points, |26| 

V{z)\ family of neighborhoods of 2 :, |67| 
W'^{z, fP): unstable manifold of 2:, |67| 

Notation of topolo gy 

Y : closure of a set, [l] |l93 | 

Int (Y): interior of a set, [l1|193| 

Bd(Y): boundary of a set, |l| |19^ 
dJ: endpoints of an interval/graph, | 

X \ Y\ complement of Y in X, |191| 

Xi X X 2 : product of sets, |19f] 

:=Xx X Y,[m] 
d{x^y): distance between 2 point s, [Tj 
d{A,B): distance between 2 sets, |193 
B{x,r), B{x,r): open/closed ball of center 
x and radius r, [Tj |19!^ 
diam(Y): diameter of a set, [B [19^ 


Sets of numbers 

C 
N 


set of complex numbers, : 
set of natural integers, [1 
set of rational numbers, ] 
set of real numbers,^ 
set of integers, ^ 
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